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B Kripke semantics
B Heyting arithmetic
B Notations

Preliminary



BAA : the set of Axioms of (Peano) Arithmetic

BPeano Arithmetic (PA) :
# Classical Logic (CL) + AA
OPAra e AAcL a
EHeyting Arithmetic (HA) :
@ Intuitionistic Logic (IL) + AA
OPHAFa S AA L a

BAN arithmetical substitution is a mapping which assigns a arithmetical
sentence to a propositional variable.

Heyting Arithmetic



BKripke model K = (W, <, {M,,}wew) :
® (W, <) is a partial order

®each M, is a (classical) model s.t.
*w<v=Dom(M,) € Dom(M,)
w<vand M,, E a = M, = «a for each (M,,-)sentence a

B, wiFa:
K, wira e M, E aif ais atomic (M,-)sectence
K, wiraAn(V/->)B e K,vIFaand (or/implies) X,v I+ g foreachv > w
K, wirV@)xa e K,v I+ [x = ¢]a,
for each (some) e € Dom(M,,), foreachv > w

BKIFae K,wIi-raforeachweWw
BlrFrae KX FaforeachX s.t. X -y foreachy €T
Thm [Kripke 1965]

[y aiff T IF a.

Kripke semantics



@ . propositional formula.

CPL : Classical Propositional Logic.
IPL : Intuitionistic Propositional Logic.
N : standard PA model.

Notations



B CPL vs PA
B |PL vs HA

Introduction to
de Jongh’s theorem



Thml If --p; @, then PA + o(¢) for each arithmetical substitution o.
— very easy.

Thm2 If #-p; @, then PA ¥ a(¢) for some arithmetical substitution o.
Proof If #-p; @, then M ¥ ¢ for some model M.

Let o be the following arithmetical substitution:

_(0=0ifM EDp
U(p)_{0¢0if]\/[l#p’

then we have N ¥ ¢.

AN TN <7 T N
M E pq, P2, P4 NEO=O0
M#pg NEO+0

- N/ - J

CPL vs PA



Thm2 If #-p; @, then PA ¥ o(¢p) for some arithmetical substitution o.

Thm?2+ There exists an arithmetical substitution o s.t. if ¥.p; @, then

PA ¥ o(o).
T 5

Lemma [Myhill1972]
There are X,-sentences S;, S,, ... S.t.
if S; = S; or =S; then AA U {S{,S;, ...} has a model.

o(p;) =S;:

S M (PLD2P3Pa) TN 7 N (51,5,53,5)
M = lePZJpél N = 51752154

\ % \ J

CPL vs PA



Q If #;p; @, then does HA ¥ a(¢) hold for some o ?

< Can we find the following $;,S,, ... and £ ?

-,

\&

K W @(p1, 02,03 Pa)

M
M E p1, 02, P4

M ¥ ps3

\_ )

K~ b
M E py,Da

M ¥ pq,p3

-/

\

-

L ”7( (,0(51,52,53,54_)

T M T
N ES51,5,,5,

N ¥ S,

. /

N RS
N ES,,S,

N ¥ Sy, Ss

S

N

-/

Q+ Is there an arithmetical substitution o s.t. if ¥;p; @, then HA ¥ a(p) ?

CPL vs PA



Q If #;p; @, then does HA ¥ a(¢) hold for some o ?
A Yes! There Is a substitution.

(Weak version of de Jongh’s theorem / Arithmetical completeness)

Q+ Is there an arithmetical substitution o s.t. if ¥;p; @, then HA ¥ o(¢p) ?

A Yes! There is a uniform substitution. 4@

(de Jongh’s theorem / Uniform version of arithmetical completeness)

IPL vs HA



B Proof of (weak) de Jongh’s theorem

B Strong verision

B de Jongh's theorem for one
propositional variable

Some variants of
de Jongh’s theorem



Thm If ¥;p; @, then HA ¥ o(¢) for some arithmetical substitution o.
Lemma [Jaskowski1l936,Smorinskil973]
If i£;p; @, then K I¥ ¢ for some K based on either of the following tree:

SRR LS S

Lemma [Myhill1972]
There are X;-sentences S, S,, ... S.t.
if S; = S; or =S; then AA U {S;,S,, ...} has a PA model.

Proof of (weak) de Jongh’s theorem



Thm If ¥;p; @, then HA ¥ o(¢) for some arithmetical substitution o.

[Mw[ng Myu~\ - Ms M26] D2
P1 v T S;

: AZ = —|51 /\ _ISZ /\ _ISS /\ _IS4

LI

___________________

Ts T

]

____________________________

Al = —|Sl /\ _I53 /\ _IS4_ /\ _ISS /\ _|S6

N

| | LY @p(Aq,A5)

Proof of (weak) de Jongh’s theorem



Thm If ¥;p; @, then HA ¥ o(¢) for some arithmetical substitution o.

Thm+ If ¥;p; @, then HA ¥ a(¢) for some arithmetical X, -substitution o.

Thm++ There exists an arithmetical I1,-substitution ¢ s.t. ¥;p; @ implies
HA + o(o).

Thm+++ Let Sy, S,, ... be arbitrary II,-sentences, independent over
PA + {true I[1;-sentences}, and let a(p;) = S;. Then ¥;p; ¢ implies
HA + o(p).

Strong version



Thm

Ho(p) : propositional formula consisting of only one propositional
variable p.

WS : arbitrary Z,-sentence independent over PA.

= li-;p; @ iImplies HA ¥ o (S).

Lemma [Nishimural960]
O ¢(p) : propositional formula consisting
of only one propositional variable p.

O tp @(p).
= N I ¢(p) N

de Jongh’s theorem for one propositional variable



Thm

Ho(p) : propositional formula consisting of only one propositional
variable p.

WS : arbitrary Z,-sentence independent over PA.

= li-;p; @ iImplies HA ¥ o (S).
Proof M Ep

M ¥EDp

MI

-

de Jongh’s theorem for one propositional variable



Summary
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