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Abstract

What would be one of the most sensible ways for a country to invest to achieve maximal economic 
growth?  A recent study by economists at Harvard and Columbia Universities shows that better teacher quality 
results in signi�cantly higher students’ lifetime earnings. And investing in public school teachers results in an 
expanding skilled work force, the foundation for maximal economic growth. 

Although Japan’s economic growth has declined in recent decades, Japan has been and still is one of the 
several countries successfully educating students to participate in a large, highly skilled work force that generates 
a high per capita GDP. 

In this paper, characteristics of Japanese public schools that have contributed to attracting and retaining 
superior teachers will be described from the perspective of a high school mathematics teacher with 20 years 
teaching experience in Japanese public high schools and more than 13 years teaching in the United States; and 
more recently as department chairperson, hiring mathematics teachers for a private, residential high school. 

�e paper will explore how better to select teachers with reference to actual practice in Japan and in the 
US and will include an analysis of actual qualifying/employment examinations and their outcomes. Prospects to 
foster and maintain a top tier, public school teaching profession that will expand the high skilled population and 
counteract “brain drain” for a developing country will be discussed.
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要旨

　国家が最大の経済成長を達成しようとするときに採るべき最も賢明な方策は何であろうか。最近、
ハーヴァード大学、コロンビア大学の経済学者により、米国での数学と英語の教員の質とその生徒の
生涯での収入総額との間に強い正の相関関係が見出された。公立学校の教員に投資することは最高度
の経済成長の基礎である質の高い労働力を拡大することになる。
　この十年余り、日本の経済成長は以前より低下しているとはいうものの、日本は高い国民一人当た
りの国内総生産を生み出す高度な労働力を広範に供給する教育に成功している国のひとつである。
　本稿では、日本の公立教育が質の高い教員の確保を可能にした要因を、筆者の20年間の日本の公立
高校と13年余りの米国での数学教育、さらに近年での米国私立寮制高校において教科主任として教員
採用を行った観点から推考する。
　さらに本稿では、実際の数学教員採用試験問題と応募者の解答の分析を行いながら、数学教員を採
用するためのより良い方策を日本と米国での実情から考察する。発展途上国において高い質の労働力
を拡大し、さらには頭脳流出を防ぐ手立てともなる高い質の教員の養成とその維持についての見通し
について検証する。

査読付き研究ノート



Background and Introduction

　A recent report from the Organization for Eco-
nomic Cooperation and Development, OECD (2011) 
states that with technology progressing rapidly, the 
failure of a country’s educational system to meet the 
demand for skilled workers results in widening income 
inequality－a factor which may destabilize the coun-
try－and that a country’s educational goal should be 
not merely to increase school attendance but to im-
prove the competence and employability of its people. 
Simply put, a country’s education system forms the 
basis of its future success. 
　What is, then, a major factor that contributes 
to students’ future success? In the United States, 
Chetty, Friedman and Rockoff (2011) showed that 
public school teacher quality in teaching English and 
Mathematics, assessed by a “value-added”１ measure, 
had a statistically significant positive correlation with 
students’ future success in many aspects of life.  The 
researchers tracked one million US children from 4th 

grade to adulthood and found that as their lives pro-
gressed, those who had had better teachers were more 
likely to attend college, command a higher salary, live 
in a better neighborhood, save more for retirement, 
and have a lower likelihood of having a child before 
adulthood. The study stated, “Replacing a teacher 
[for one year] whose value-added is in the bottom 
5% with a teacher of average quality would generate 
lifetime earnings gains worth more than $250,000 for 
the average classroom [of 28.3 students]” and “Given 
that many teachers have long careers, the cumula-
tive gains from deselecting a low value-added teacher 
can be quite large.” In short, “Good teachers create 
substantial economic value.” This has a very impor-
tant implication for a country building its education 
system. And it is interesting that even in the famous 
“exam schools” of the New York and Boston public 
school systems, Duke University and MIT Researchers 

Abdulkadiroglu, Angrist and Pathak (2011) found no 
increase in performance that could be attributed to the 
exam school in the absence of superior teachers - even 
with a rich offering of advance placement courses and 
a highly capable, highly motivated peer environment. 
For teachers, “exam school staffing decisions are pre-
scribed by the union contract in force”.  In their table 
of exam school resources, Abdulkadiroglu, Angrist 
and Pathak list “More senior teaching staff (though 
not necessarily the best teachers)”. Evidently, for exam 
schools, even with superior students, superior course 
resources, and presumably superior family and peer 
support, without superior teachers, there is no superior 
outcome. 
　To build a high quality teaching force, the research-
ers in the above Chetty et al’s study suggest replacing 
teachers at the bottom 5% of accumulated “value-
added” measure for three years. There will, of course, 
be always the bottom 5% however many times we re-
peat the replacement, and the study does not indicate 
the target number of “value-added” for a country to 
achieve. Also, a loss imposed on students assigned to 
low quality teachers before they are replaced will be 
likely to remain as a loss. It will be much better if we 
can select individuals who will become high “value-
added” teachers before they enter the teaching profes-
sion. 
　Is there any good predictor for a person to be a high 
“value-added” teacher? Since “value-added” is defined 
“as the average test-score gain for his or her students, 
adjusted for differences across classrooms in student 
characteristics such as prior scores” (Chetty, Friedman 
and Rockoff, 2011), high “value-added” teachers can 
be described as the ones who can educate their stu-
dents to the extent that their education outcomes can 
be measured as high score gains on well constructed 
tests. Therefore, the above question can be stated as 
whether or not there is any good predictor for a person 
to be a teacher whose students yield a high score gains 
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on well constructed tests. 
　Programme for International Student Assessment 
(PISA) is one of the most highly regarded interna-
tional tests examining 15 year old students’ math-
ematical literacy. The COACTIV project conducted by 
researchers at Max Planck Institute, the University of 
Kassel and the University of Oldenburg in Germany 
“correlated the achievement gains of the students (on 

class level), measured by the gain in PISA scores from 
9th to 10th grade (in 2003 and 2004), to the degree of 
professional knowledge of the class teacher” (Neu-
brand, 2008). In particular, teachers’ pedagogical con-
tent knowledge (PCK)２ and content knowledge (CK)３ 
were assessed by the tests developed by the research-
ers. Baumert, Kunter and Blum (2010) reported the 
outcome of the study stating that the levels of CK and 
PCK demonstrated by teachers were strong predictors 
of students’ score gains. Neubrand (2008) went on to 
say that “It is not simply PCK which makes an effect 
on students’ achievement. PCK seems to be positively 
influenced by a sound CK.”  According the study, 
strong PCK with strong CK seems to be a good pre-
dictor for a person to become a teacher whose students 
yield high score gains in well constructed tests, in other 
words, a high “value-added” teacher, who will presum-
ably strengthen economic growth of the country. 
　From which group of its people can a country most 
effectively recruit prospective mathematics teachers 
with strong PCK and strong CK? The researchers in 
the above study unexpectedly found that mathematics 
major students at their end stage of their university ed-
ucation demonstrated not just higher level of content 
knowledge, CK, but also higher level of pedagogical 
content knowledge, PCK, than students at their end 
stage of their university education in the most rigorous 
teacher education track qualifying them as mathemat-
ics teachers at gymnasium (upper level high school for 
academic, college bound students). However, the latter 
appears to continue acquiring PCK eventually sur-

passing that of the former over the years as they gain 
experience and progress in the course of their gymna-
sium teaching careers. Through this process, they also 
acquire CK close to the level of students majoring in 
mathematics as shown in the following chart made 
with the data provided by the study (Krauss, Neu-
brand, Blum, 2008).

PCK CK
Gymnasium Mathematics Teacher
 (Average age: 47.2 years) 21 8.5

University Student [Mathematics Major] 19.7 8.6

University Student [Gymnasium 
Mathematics Teacher Program] 18.2 6.6

Non-Gymnasium Mathematics Teacher 16.8 4

High School Students in Advanced
 Mathematics Course 9.7 2.6

Gymnasium Chemistry/Biology Teacher 7.6 0.4

　According to the data, it seems to be reasonable to 
say that (1) setting a separate teacher education track is 
not likely to produce the highest quality teaching force 
and (2) recruiting future teachers from among the full 
range of mathematics majoring students is most likely 
to yield the best high school mathematics teachers. 
　But, will just being a mathematics major be enough 
to be a high quality mathematics teacher?  In fact, the 
researchers of the above study address this in a part 
of their study entitled “The unexpectedly high PCK 
scores of students majoring in mathematics” and argue 
that the higher level of pedagogical content knowledge 
demonstrated by the mathematics major students in 
comparison to the students in the gymnasium teacher 
education track are due to the following factors: 
(1) The mathematics major students have studied only 
one subject, which means that they have had more 
than twice the time to engage in mathematics com-
pared to the students in the teacher education track 
that requires them to study two subjects plus general 
pedagogy and psychology in Germany.
(2) The mathematics major students were most proba-
bly not a representative sample because only volunteers 



took the PCK test, in contrast to the teacher education 
track student sample.
(3) The test developed by the researchers focused more 
on algebra where the mathematics major students are 
typically better; in fact, the teacher education track 
students outperformed significantly the mathematics 
major students in geometry problems.
　Suppose that the above explanations are valid. Ex-
planation (1) indicates that to be worthwhile, a sepa-
rate education track for mathematics teachers requiring 
them to study two subjects plus general pedagogy and 
psychology at the expense of CK and PCK would have 
to significantly increase PK (pedagogical knowledge), 
which includes skills such as class room management, 
but which was not measured in this study.  In addi-
tion, gains in PK as the result of the teacher training 
track program would have to match or significantly 
exceed that gained by a mathematics major being 
mentored on the job in his/her first year teaching high 
school.  Explanation (2) indicates that the best future 
high school mathematics teachers can be recruited 
from mathematics majors who volunteer to take the 
PCK test such as those who volunteered to participate 
in the study. Explanation (3) indicates that having 
mathematics major students study more geometry will 
create even better mathematics teachers.  Regardless 
of how the test data are interpreted, the researchers do 
note that “these findings may indicate that very strong 
subject matter competence can indeed be one route to 
pedagogical content knowledge.”(Krauss, Baumert 
and Blum, 2008)    
　Thus, the next question would be ‘how can we 
select the best teacher candidates?’ According to the 
above study, majoring in mathematics seems to be a 
good predictor for a person to become a good math-
ematics teacher, but as stated above, we need to select 
among the mathematics majors, those with a high level 
of pedagogical content knowledge. Also, mathemat-
ics majors may not be the only possible candidates for 

good mathematics teachers. Although, as indicated 
above, requiring students to major in two subjects and 
take courses in psychology and pedagogy may be less 
than ideal, this does not imply pedagogical knowledge 
is unnecessary.  Indeed for a novice teacher, pedagogi-
cal knowledge such as classroom management is es-
sential, but in practice, this may be developed through 
apprenticeships, mentoring and on the job training 
as well if not better than in formal education courses. 
What about students majoring in a subject with an 
intimate connection to mathematics, such as phys-
ics, who studied in the same depth that mathematics 
majors study mathematics? Can physics or engineering 
majors become good mathematics teachers? Finally, can 
those who are actually involved in hiring individuals for 
teaching positions rely on degrees from highly selective 
universities, teaching certificates or interviews alone?  
Or is some kind of further testing also necessary? 
　In an attempt to answer these questions the follow-
ing topics are presented below: 
-  A brief historical overview of public high school 
teacher education, training and recruitment in Japan.
-  A specific focus, with examples, on examination 
questions that prospective mathematics teacher can-
didates are likely to encounter in their college applica-
tions and that college graduates are likely to encounter 
in their teacher employment applications.
-  Japanese public school teacher recruitment with 
emphasis on salary policy; professional self-regulation 
of teachers with emphasis on the equal distribution of 
teacher quality throughout a system of district high 
schools independent of academic and/or socio-eco-
nomic status; student/teacher relations and the three 
year student/teacher “teams”; teacher/teacher relations 
and the “teachers’ room”.
-  An introduction to the controversy and critical 
analysis of current K-12 public school education in the 
United States.
- A case study conducted by the author of the present 
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paper illustrating development and outcome of a pro-
cedure designed to select candidates for mathematic 
teaching positions at a highly selective, accredited, 
private, residential high school in the United States 
nearly all of whose students enroll in selective/highly-
selective universities after graduation.

Public High School Teaching, Training and 
Recruitment in Japan 

　Although Japan’s students’ performance has de-
clined somewhat on recent international tests－which 
is likely to be a result of a recently reversed national 
curriculum revision that reduced subject content and 
class hours－ Japan has been and still is one of the 
countries successfully educating students who on aver-
age enter a highly skilled work force and generate a 
high per capita GDP. 
　Scholars seem to agree that Japan succeeded in the 
second half of the twentieth century in building a 
strong public school teaching profession by selecting 
and recruiting capable, intelligent people with a dem-
onstrated expertise in subjects they teach, and mentor-
ing them in their first years of teaching. 

Education System of Post World War II Japan

　After World War II, with the strong leadership of 
the American occupation officials, a pre-war tracking 
system, in which students had to decide by the time 
they would finish the compulsory education whether 
they would have just two more years of education 
at upper elementary school or would pursue further 
education at middle school, was consolidated into the 
single 6-3-3-4 system. Following optional three years 
of preschool/ kindergarten education, nine years of 
compulsory education is provided mostly at municipal 
schools and at small number of private and national 
schools. The nine years are divided into elementary 
education from age of six to twelve and middle school 

education from age of twelve to fifteen. Children are 
assigned to elementary school and middle school ac-
cording to their residence unless they wish to attend a 
private or national school.
　After their compulsory education, students who 
wish to enter high school must pass an entrance exam-
ination. There are two types of high schools; academic 
high school and vocational training high school. Cur-
rently 97 % of middle school graduates attend high 
school and more than 70% of these attend academic 
high school (Ministry of Education, Culture, Sports, 
Science and Technology of Japan, 2003). Students are 
given a choice to attend schools in the high school 
district of their residence or other schools that accept 
non-resident students. Within a high school district, 
high schools are typically ranked “by the number of 
graduates they send to universities and the level of the 
prestige of the universities to which their graduates are 
accepted” (Trelfa, 1998). 

College Entrance Examinations in Japan

　After high school education, higher education is 
provided by public and private universities, most of 
which also have graduate programs. To attend, stu-
dents must pass a highly competitive entrance exami-
nation open to all graduates of high schools including 
vocational training high schools. Currently 35 % of 
high school graduates attend four year colleges and 
10 % attend two year junior colleges. Regarding the 
selection of students, the statement in “The Educa-
tional System in Japan” (Trelfa, 1998) that “Japanese 
universities generally admit students entirely on the 
basis of the Center Entrance Examination”, which is 
a national examination and “is made up of multiple 
choice questions [that] has been likened to the SAT 
in the United States”, is not entirely accurate in that 
universities select students based on both scores of the 
Center Entrance Examination and their own entrance 
examinations.



Teacher Education and Entrance Examinations at 

Teacher Colleges in Japan

　Teacher education, which had been on a separate 
track from the university system in the pre-war teacher 
training system, was consolidated into the Japanese 
university system after World War II. For training el-
ementary and middle school teachers, special colleges 
were newly established in the university system. These 
colleges also give their own entrance examination to 
select students. There is no difference in levels of dif-
ficulty between teacher college entrance examination 
problems and university entrance examination prob-
lems in Japan in contrast to the United States where, 
in general, getting into a major university requires sig-
nificantly higher SAT or ACT scores than getting into 
a teachers college (Eide, Goldhaber and Brewer 2004, 
Gross, 1999, Berliner and Biddle 1995). The following 
problems are examples of mathematics problems from 
teacher college and university faculty of education en-
trance examinations. 

[Osaka Teacher College, 1995]
A (1, 0), B (2, 0) and the line L: y =mx (m≠0) are 
given in the xy-plane.
(1) Express x and y of P(x, y) on L in terms of m that 
minimizes AP + BP
(2) Find the equation of the locus of the point P with 
all values of m.

[Gifu University, Faculty of Education, 1996]
For any real number x, [x] is the largest integer that 
does not exceed x.
(1) Prove that any real number ‘a’ that is equal to or 
greater than 1 satisfies the following condition (C). 
Condition (C): For any real number x and y that are 
equal to or greater than 0, [x + y] + a ＞ 2 (xy)1/2

(2) Prove that minimum value of ‘a’ that satisfies the 
condition (C) is 1.

[Gifu University, Faculty of Education, 1988]
P (t, t 2) is the point on the parabola y = x2. Consider 
a circle with the radius (1 + 4t 2 )1/2 and a tangent at 
P that is also a tangent of the parabola at P. Find the 
equation of the locus of the center of the circle with all 
positive real values of t. Also graph the equation.

　Currently, all university students－not just students 
in faculties of education or teacher colleges－ can 
obtain a teacher certification upon earning sufficient 
credits to graduate, credits in the subjects relevant 
to the certificate, and credits in specialized subjects 
relevant to the teaching profession that are designed 
by each university. At both universities and teacher 
colleges, the emphasis is mainly on the subject matter 
content (“Teacher Training Course”, Waseda Univer-
sity, 2003). 

Teacher Employment Examination in Japan

　To become a teacher at a public elementary, middle 
or high school, certified graduates have to pass an em-
ployment examination, which is highly competitive. 
The examination for prefectural high school teaching 
positions usually consists of two parts: written tests 
and an interview. The written tests usually consists of 
three kinds of examinations: (1) general knowledge 
of social and natural science, mathematics, Japanese 
literature and English, (2) knowledge of teaching as 
a profession, such as history of education, education 
system, laws regarding education, psychology, educa-
tion theories, school and class management and issues 
in current education, (3) academic competency on the 
subject an applicant wishes to teach (“Ippan Kyouyou 
no Jisshi Mondai”, “Kyoushoku Kyouyou no Jisshi 
Mondai”, Jijitsuushinsha, 2002). The following is a 
translation of the written mathematics examination 
given by Kyoto prefecture in 2002 (Kyouto-fu kyouin 
saiyou shiken senmon kyouka (koukou suugaku) fuku-
gen mondai 2002).
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[1]  Assume that f (x)＞0 for any x, and f (x1 + x2) = 
　  f (x1) f (x2).
　　(1) Express f (-x) in terms of f (x).
　　(2) Evaluate f (x) if f (1) =a.
[2]  Roll m dice at the same time, and repeat the trial n 

times.   Find the following probabilities.
　　(1) Getting at least one 1 in every trial.
　　(2) Getting m 1s in at least one trial.
[3]  In triangle ABC, D is the intersection of the bi-

sector of the angle A and the side BC, and I is the 
intersection of the bisector of the angle B and AD. 
Assume that AB : BC: CA =2 : 3 : 4. Express vector 
AD and vector AI in terms of vector AB and vector 
AC.

[4] y =x +e (x-1), x =1 and x =0 are given.
　　(1) Find the area surrounded by above given 

graphs and x-axis.
　　(2) Find the volume of the solid made by rotating 

the figure described in (1) around the x-axis.
[5] Show how to solve the sequence an +1 = 5an + 1 for 

an with three different methods. Discuss advan-
tages and disadvantages of each method.

[6] Write Cauchy’s Theorem of which part is given as 
follows, and show a proof:
“For functions  f (x) and g (x) where g (x) is not 

equal to 0, and for a and b there exists c such that 
............”

[7] Describe concretely how you will introduce matri-
ces first time with real life examples that can grab 
the attention of students. 

[8] Describe what you will write on a blackboard to 
explain and prove the Law of Sine to tenth grade 
students who are studying the theorem for the first 
time.

Teacher Recruitment in Japan

　To secure teachers of high quality, the salary sched-
ule for public school teachers has been revised several 
times since the end of World War II. In 1954, teacher 

salary schedule was differentiated from other govern-
ment employees to allow a generally higher pay scale, 
and divided into three increasing categories: elemen-
tary and middle school teachers, high school teachers, 
and university teachers. In 1972, a special adjustment 
was added to the basic salary of teachers to compensate 
for overtime work, which was not required of teach-
ers by administrators but was found to be unavoid-
able for teachers wishing to fulfill what they felt was 
required by their profession. In 1974, “Human Re-
source Recruitment Law” was enacted, and teachers’ 
salaries have been increased significantly three times 
since then. To secure the necessary numbers of teach-
ers in elementary and middle schools, most of which 
are funded by municipal government, the national 
government has been providing half of the salary for 
the teachers (Ministry of Education, Sports, Science 
and Technology, 2003). In 1984, according to the U.S. 
Department of Education, “the ratios of the average 
teacher’s salary to the average wage in manufacturing, 
to average salary in all nonagricultural activities, and 
to salaries in various other occupations, are all higher 
in Japan than in the United States” (U.S. Department 
of Education, 1987). In 2001, Japanese national aver-
age of high school teachers’ yearly wage was approxi-
mately $ 45,730 (@ 120 yen / dollar) (Roudou Hourei 
Kyoukai, 2001) while Japanese national average yearly 
wage was approximately $ 28,590 (@ 120 yen/ dollar) 
(Ministry of Health, Labour and Welfare of Japan, 
2001). This amount does not include the bonuses that 
teachers and most other Japanese employees receive 
in June and December and which can add up to the 
equivalent of two or three months’ salary. It should be 
noted that teachers in Japan are full-year employees. 
The numbers of days for summer and winter vacations 
available to Japanese public high school teachers are 
five and six, respectively. Though teachers do not have 
classes during students’ vacations - forty days in the 
summer, two weeks in the spring and two weeks in the 



winter - they are required to come to school 5 days a 
week, or to submit a report of school related study they 
have done outside.
　It should be also noted that in the Japanese pub-
lic school system, the teacher quality of a school is 
not determined by the academic level of the school. 
As described in “The Educational System in Japan” 
(Kinney, 1998), public school teachers in Japan are 
employed by a local government, not by an individual 
school, and they are subject to transfers to any school 
in the district. The school a teacher will be transferred 
to is determined not only by seniority, but also by a job 
rotation system designed to give every teacher working 
experience in a wide range of schools and academic 
levels. Most teachers want to work in a school with less 
distractive behaviors in class, and the higher academic 
level a school has, the less a teacher encounters prob-
lematic behaviors. This creates a situation in which 
most teachers try to move to, and stay in upper level 
schools. To break this cycle in Kanagawa Prefecture, a 
professional association of teachers initiated a dialogue 
with the local government and created a job rotation 
system, which worked in such a way that a teacher in a 
top academic level school was most likely to be trans-
ferred to a bottom or close to a bottom academic level 
school at some point in his/her career.

Characteristics of Japanese Public High  Schools－Teach-

ers’ Room and Longitudinal Team of Teachers

　In the United States, teachers stay and teach in their 
classroom almost all day separated from their fellow 
teachers, and the teachers’ room is usually a small 
lounge where teachers can retreat to for a break be-
tween classes. In Japan, the teachers’ room is a large, 
office style room where teachers spend a major portion 
of their day. Except for the time they spend in class－
which is three class periods a day on average－ teach-
ers work at their own desks in the teachers’ room, 
beside other teachers.  

　The teachers’ room facilitates free and spontaneous 
conversations among teachers. This is where teach-
ers share mathematical knowledge with other teach-
ers. This is where they come back from their classes 
and share their classroom experience and information 
about students. In the teachers’ room, teachers con-
stantly exchange their daily teaching experiences with 
their fellow teachers, particularly the mistakes that stu-
dents  make and stumbling blocks they encounter. 
　Without the teachers’ room, teachers have to call 
or to visit one another to talk. In this situation, com-
munication among teachers－ especially spontaneous 
communication－ is certainly less likely to occur than 
when there is a large, common teachers’ room. In fact, 
when the author of the present paper was teaching at 
an American girls’ private, residential high school, she 
was in her classroom almost all day, usually surrounded 
by students. The only time to get together with other 
teachers was at lunch time, but the presence of stu-
dents in the same cafeteria made hard for teachers to 
talk to each other about their classroom experiences. 
Mathematics teachers had department meetings, but 
the meeting was rarely the time to talk about “small” 
experiences in the classroom. In addition, the meetings 
were not held frequently enough for a teacher to keep 
momentum or initial excitement to talk about what 
happened in class several days earlier.
　In Japanese high schools, teachers are usually as-
signed to a team of teachers that follows a given class 
from year to year. Mathematics teachers teach algebra 
when their class is in 10th grade, precalculus when it is 
in 11th grade and calculus when it is in 12th grade. By 
the time their students reach the final grade of high 
school, teachers have gotten to know them particularly 
well and can confidently guide them to choices of 
colleges or other careers that best fit their individual 
needs and talents. 
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United States Teacher Education and Devel-
opment Study in Mathematics (TEDS-M)

　In the United States Teacher Education and De-
velopment Study in Mathematics (U.S. TEDS-M４), 
mathematics content knowledge of future elementary 
school teachers and future middle school mathemat-
ics teachers finishing their teacher preparing pro-
grams at colleges, universities or normal schools in 16 
countries５ were examined with a test. A report entitled 
“Breaking the Cycle: An International Comparison 
of U.S. Mathematics Teacher Preparation” (Michigan 
State University the Center for Research in Math and 
Science Education, 2010) revealed that the future U.S. 
teachers mathematics content knowledge was not as 
high as the county would like it to be. Comparing the 
results with elementary and middle school students’ 
test scores in the Trends in International Mathematics 
and Science Study (TIMSS), the report stated, “The 
parallelism of the results between the knowledge base 
of the future teachers and the corresponding knowl-
edge level of those whom they will teach is most likely 
more than just a coincidence.” 
　In particular, “Perhaps, not surprisingly, the perfor-
mance of the U.S. elementary future teachers inter-
nationally is quite consistent with the performance of 
third and fourth graders in the Trend of International 
Mathematics and Science Study (TIMSS)－mired 
near the international mean.” And middle school 
teachers’ mathematics content knowledge level was 
also “in the middle of the international distribution” 
and “it is rather disconcerting [to the U.S. authors] 
that the future Taiwanese teachers scored over one and 
a half standard deviations higher on the mathematics 
content knowledge test. This is a substantially large 
difference in performance between the United States 
and Taiwan. For the Russian Federation and Singapore 
their future teachers outperformed those of the United 
States by a half a standard deviation or more.” 

　The report also revealed a great variation among fu-
ture teachers within the U.S. in mathematical knowl-
edge. It says, regarding the future elementary teachers, 
“There are some institutions in the U.S. whose perfor-
mance places them in the lower end of the distribution 
for Taiwanese primary future teachers and at the up-
per end of those from the Russian Federation, Poland, 
Switzerland and Singapore (where there is only one 
institution). On the other hand, there are universities 
or colleges in the United States where the average per-
formance of the future teachers in that institution is 
like that of some institutions in the poorest performing 
countries.” Regarding the future middle school teach-
ers, the report says, “There are U.S. teacher preparation 
universities or colleges whose students perform at the 
highest levels in terms of mathematics content knowl-
edge as is found in the top achieving countries. On the 
other hand, there are certain U.S. institutions where 
the average level of knowledge of mathematics, of its 
future teachers places them in the middle among the 
Georgia institutions and at the upper end of the Chile 
and Botswana distributions.” 
　One of the most important findings is that teach-
ers’ mathematical content knowledge and their stu-
dents’ international test scores are closely related to 
each other. The report states, “It is quite striking that 
the performance of the future teachers in terms of their 
mathematics content knowledge at both levels parallels 
so closely that of the students they teach.”

High School Teacher Candidates’ Math-
ematical Competence in the United States
- A Case Study by the Author of the Present Paper

　The following is a case study, by the author involv-
ing the testing of individuals applying for mathematics 
teaching positions at a private, residential high school 
in the United States.  The mathematical competence 
of the applicants was assessed with a test as an es-



in the New York Times and through two teacher 
recruitment agencies stating, “Bachelor’s degree in 
mathematics/physics/engineering required. Teaching 
experience of high school level mathematics through 
AP calculus BC preferred. Master’s degree in math-
ematics or physics is desirable. A 60 minute written 
examination, which consists of 10 problems on the fol-
lowing topics will be given on the day of an interview: 
quadratic functions, exponential functions, logarithmic 
functions, trigonometric functions, matrices, vectors, 
sequences and series.” 
　Calculators were not allowed and all work had to 
be shown although the department did not lower the 
score just because an answer did not show every step. 
Each of the ten questions carried 10 points with a to-
tal of 100. Partial credits were given rather generously 
whenever an answer showed at least some understand-
ing of a concept relating to a given problem. When 
the test was given to students as a placement test, they 
were given 90 minutes and the average score was 50 in 
a range from 12 to 95. Teacher candidates were given 
60 minutes although they were told that extra time 
would be given if necessary. None of them, however, 
requested for the extension at the end of the 60 minutes. 
1.  Simplify. (10 points each.)

　　(1)　 

　　(2)　 

2.  Solve the following equation/inequality for x  (0 ≤ x ≤ 2π).
     (10 points each.)
　　(1)　3sinx - 1 = cos2x
　　(2)　sinx < sin2x
3.  Suppose sinα+ sinβ= a,    cosα+ cosβ= b.  Express 
　 cos (α-β) in terms of a and b.
4.  Find the minimum of the function y =9x -2 .3x +5.
5.  Which is greater,  log10x2 or (log10x)2 ? Explain.

6.  Express  in terms of n.

7.  Let  and . Find the matrix X that 

sential part of the selection process, and the results are 
presented along with other material from applicant 
resumes. The test was originally designed as a 90 min-
ute placement test to assess 11th grade students’ math-
ematical competence to determine their qualification 
for a 12th grade, Advanced Placement type calculus 
class. Basically, the test is a straightforward 11th grade 
level mathematics content knowledge test. 

Mathematics Department Prof ile and Mathematics Em-

ployment Examination in the Case Study

　The school is a private, college preparatory school 
located in a suburb of New York City and serving a 
primarily foreign student population, all of whom at-
tend a selective/highly selective college after gradua-
tion. Currently, with the inclusion of the two recent 
hires described below, the mathematics department 
consists of five teachers, one with elementary through 
college education in a European country, and four 
with elementary and middle school education in Asian 
countries, one of whom attended undergraduate col-
lege in the US. Two teachers majored in mathematics 
in college, one teacher majored in physics, one teacher 
majored in engineering, and one majored in geo-
science. All teachers have a master’s degree either in 
mathematics, in physics, in engineering, or in math-
ematical statistics and computer science. Two teachers 
also have PhD’s., one in physics and one in mathemat-
ics education. The department requires all 9th graders 
to take algebra and geometry, all 10th graders algebra 
and trigonometry, all 11th graders pre-calculus and all 
12th graders calculus, and it expects all teachers to be 
able to teach any course, even on short notice, with 
mathematical rigor. No teacher has American teaching 
certificates of any kind.  First year teachers are men-
tored by the department chairperson and receive on 
the job training on how to teach. 
　The department has had an opening in 2009 and 
in 2010. It was announced on the school’s web-site, 



Strengthening a Country by Building a Strong Public School Teaching Profession

manager did not like his resume listing assistant sushi 
chef and tutor as his only job experience, and agreed to 
invite him for an interview only after he came to know 
that a visa could not be secured for the leading con-
tender who had already been interviewed and tested 
with the score of 85. The candidate’s phone conversa-
tion and a preliminary meeting with the manager did 
not go well either. He gave the manager an impression 
that he might not be able to handle teenagers trying 
to take advantage of a new young teacher who did not 
look very strict. The department chairperson got the 
same impression in the interview while only the Eu-
ropean teacher was favorably impressed because of his 
somewhat reserved demeanor. After reviewing his test 
results, however, the department chairperson and the 
European teacher were both very positive and decided 
to recommend him. They eventually overcame the hu-
man resource manager’s reservation and he was hired.
　During the first year of the new teacher, the de-
partment chairperson sat in his classes several times, 
reviewed all tests and talked with him every day. 
Although he had trouble managing the class at first, 
by the middle of the school year, the strength of his 
mathematical knowledge and his sincere effort had 
won over the class. His students tested well, and over 
all, his performance exceeded department chairper-
son’s expectation.

Teacher Candidates’ Prof iles and their Test Performances 

in 2010 in the Case Study

　In 2009, as described in a previous section, to let 
applicants know what to expect on the test, topics on 
the test were posted on the school web-site. However, 
without sample questions, the candidates educated 
in the United States may not have expected the level 
of difficulty of the test questions. A research scientist 
who took the test in 2009 sent the school the follow-
ing email after the test:

satisfies XA=B.
8.  Two vectors a and b are given. Suppose that‖a‖=
‖b‖and (5a - 4b)⊥ (a + 2b), where a ≠ 0 and b ≠ 0. 
Find the angleθbetween the vector a and the vector b.

Teacher Candidates’ Prof iles and their Test Performances 

in 2009

　In 2009, nine applicants were invited for an in-
terview and then the test. The resume of one of the 
candidate impressed the human resource manager of 
the school, who then invited him first among the nine 
candidates for an interview and the test. He was one 
of the former hedge fund managers. He had decided 
to become a teacher and was finishing an accelerated 
certification program. In the interview, he spoke highly 
of the department policy of regarding a candidate’s 
mathematical competence as most important. The 
department chairperson and the teacher from Europe, 
the other interviewer, who had also worked on Wall 
Street, enjoyed talking with him so much that the 
meeting lasted more than twice as long as scheduled. 
After grading his test, however, the European teacher 
was so disappointed with the candidate’s low test score 
that he suggested that next time they give the test 
first. They subsequently tried to move on to the test as 
quickly as possible whenever an interview was sched-
uled. 
　The highest score was 100 and the lowest 6. Pos-
session of a state teaching certificate was found to be 
negatively associated with mathematic content test 
performance. In particular, none of the candidates 
whose test score was in the upper half of all the test 
scores of candidates who took the test possesses teach-
ing certificates of any kind. On the other hand, all but 
one whose test scores were in the lower half possess a 
state high school teaching certificate. Ultimately, the 
candidate with the score of 100 was hired. But the ini-
tial resume review process was filled with a lot of issues 
and conflicting views. First of all, the human resource 



Examples of Mistakes Candidates Made in the Case 

Study

　Except for the candidates with scores of 85, 90 or 
100, every one of the other candidates gave at least one 
answer containing mistakes that the department con-
sider egregious. Instruction from teachers who make 
mistakes such as these can actually harm students. 
Here are some examples of mistakes candidates made.
　The question 1(1) is about simplifying the following 
radical expression: 

A candidate made the following egregious mistake:

What was he thinking? Perhaps he thought that each 
term could be cubed separately. Still, the second term 
does not make any sense.
　The question 1(2) is about simplifying the following 
logarithmic expression:

 A candidate made the following egregious mistake:

What was she thinking? Perhaps she thought that
log 2

is the same as 
2e.

　The question 2 (1) is about solving the following 
trigonometric equation forx (0 ≤ x ≤ 2π):

3sinx -1=cos2x
After correctly factoring

(2sinx -1)(sinx +2) = 0
a candidate made the following egregious mistake:

sinx =-2 ,  x =sin-1(-2)
What was he thinking? Perhaps he forgot the fact that    

-1 ≤ sinx ≤ 1.
　The question 2 (2) is about solving the following 
trigonometric inequality x (0 ≤ x ≤ 2π):

sinx < sin2x
After correctly using the double angle formula

sinx < 2sinx cosx, 

“Besides enjoying my conversation with your fac-
ulty, I was very impressed by the test questions. 
They showed a level of thinking and skill that 
I am not accustomed to see in US high schools. 
Even though I don’t think I did very well on 
this test, some of the questions stayed with me 
and think I solved them on my way home from 
the interview. If this is the level at which you are 
teaching math at [(school name)] you can be very 
proud. Thank you for the interesting experience 
and all the best.”

　In 2010, in an attempt to select out less capable 
applicants, and also to allow capable applicants who 
have been out of school for a long time to see what 
materials they may have to review for the test, the 
department posted a sample test on the school web-
site. Nine candidates were invited for an interview, but 
this time before scheduling it, they were encouraged 
to try out the sample test. Four of them called later to 
withdraw their applications saying, in one way or an-
other, that it would be a waste of the school’s time and 
their own to come to take the test and implying, at the 
very least, that they could not manage the sample test 
questions with anything like the facility necessary to 
teach students. Their resumes looked great. Three were 
mathematics or engineering majors, and all but one 
were from most selective colleges. Also all but one had 
a state high school teaching certificate. 
　Five candidates were invited for the test and inter-
view. The highest test score was 90 and the lowest 0. 
Again, possession of a state teaching certificate was 
found to be negatively associated with mathematic 
content test performance. Early on, the department 
considered the European lady but settled on the gen-
tleman with the score of 90 from Asia. Why the candi-
dates who got 14 or 0 decided to continue is a mystery. 
Perhaps they mistakenly thought that they had done 
well on the sample test since they did not have access 
to the correct answers.
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　The question 6 is about the following summation of 
series:

A candidate made the following egregious mistake:

What was he thinking? Perhaps he just focused on the 
right side of the formula  

  neglecting the meaning of   

.
　The question 7 is about solving a matrix equation as 
follows: 

Let  and  . Find the matrix X that 

satisfies 
XA = B.

A candidate made the following egregious mistake:

What was she thinking? Perhaps she confused matri-
ces with determinants and multiplication with subtrac-
tion. Still, the answer does not make any sense.
　The question 8 is about finding an angle between 
two vectors as follows:
Suppose that‖a‖=‖b‖and (5a - 4b)⊥ (a + 2b) 
where a ≠ 0 and b ≠ 0. Find the angleθbetween the 
vector a and the vector b.
A candidate made the following egregious mistake:

⊥ so  

What was he thinking? Perhaps he was thinking that 
vectors were the same as slopes of lines. 

Case Study Discussion

　New York Times (2010) reported that although 
manufactures could expect a large number of quali-
fied people to fill their openings after so many workers 
were laid off during the worst of the recession, some of 
them could not fill their openings. As an example, the 
article cites a Cleveland suburb contract drug maker 

a candidate made the following egregious mistake:

What was he thinking? Perhaps he did not think about 
the possibility of       

sinx < 0 .
　The question 3 is about trigonometric identities as 
follows:
　　Suppose  sinα+ sinβ= a , cosα+ cosβ= b . 
　　Express  cos(α-β) in terms of a and b.
A candidate made the following egregious mistake:

  ,　　　　

What was he thinking? Perhaps he thought that just 
giving an example without solving the general case 
would be all right. His answer degenerates into non-
sense.
　The question 4 is about finding the minimum value 
of the following exponential function:

y = 9 x - 2 .3 x + 5
A candidate made the following egregious mistake:

2(3)x = 6x

What was he thinking? Perhaps she completely forgot 
the laws of exponents.
Another candidate made the following egregious mis-
take:

ln y = ln 9 x - ln(2 .3 x) + ln 5
What was he thinking? Perhaps he thought that he 
can put “ln” in front of the each term.
　The question 5 is about comparing the following 
values of logarithmic functions:

log10x 2 and (log10x ) 2 
A candidate made the following egregious mistake:

2log10x = (log10x )(log10x )
What was he thinking? Perhaps he thought that

2log10x = (log10x ) 2

confusing with the fact that 
2log10x = log10x 2



An International Comparison of U.S. Mathematics 
Teacher Preparation” states, “the weak K-12 math-
ematics curriculum taught by teachers with an inad-
equate mathematics background produces high school 
graduates who are similarly weak. Some of them then 
become future teachers who are not given a strong 
preparation in mathematics and then they teach and 
the cycle continues.” 
　Perhaps, the mathematics department may have 
been seeing something of the effect of this cycle in its 
hiring attempts. But, in particular, what the depart-
ment has learned is that judgments concerning poten-
tial mathematics teachers based on degrees, certificates, 
resumes and interviews alone are insufficient when not 
corroborated by an in-depth, written, comprehensive, 
mathematics content knowledge test.

Conclusions

　International Association for the Evaluation of 
Educational Achievement (IEA) and TEDS-M proj-
ect at Michigan State University conducted a study of 
twenty countries investigating a relationship between 
teacher pay - as compared to mathematics-oriented 
professions, such as engineers and scientists - and stu-
dent mathematics scores on TIMSS 2003 and PISA 
2003. The study stated that “students in countries 
where teachers are paid more relative to males’ salaries 
in competing professions do better on mathematics 
knowledge tests” (Carnoy et al., 2009) with the provi-
so that this relationship may not necessarily be causal.
　Another study by OECD (2010) reported that the 
average teacher salary in Korea and in Finland, the 
countries whose students’ performances on interna-
tional tests were at the top level, was slightly above 
80% and 90% of the average salaries of all college 
graduate workers in the respective country. By contrast, 
the average teacher salary in the US where the average 
student score on international tests is significantly low-

for pharmaceutical companies that could find only 47 
people out of 3600 job applicants to hire because “a 
significant portion” of applicants failed to “pass a basic 
skill test showing they can read and understand math 
at a ninth-grade level.”  
　The drug maker’s predicament seems to be exactly 
the same as the one in which the previously described 
private high school mathematics department found 
itself during its attempt to  hire a teacher with the 
mathematical understanding and competence to teach 
11th grade level mathematics. Neither a bachelor’s de-
gree in mathematics from selective universities, nor a 
U.S. mathematics teaching certificate, nor a master’s 
degree in mathematics education seems to guarantee 
that a candidate would be competent at 11th grade level 
mathematics. The test demonstrated this beyond any 
doubt.
　Describing the history of U.S. K-12 education in 
her book entitled “Left Back: A Century of Failed 
School Reform”, Ravitch (2000) quotes Isaac L. Kan-
del, an internationally regarded American scholar, 
defending a national examination developed by the 
American Council on Education in 1939 and first of-
fered in 1940６, stating that “critics of the examination 
reflected an old American tradition that all a teacher 
needed to know was how to teach” and that education 
psychology and philosophy at his time “were aligned 
with a native tradition of anti-intellectualism.” These 
traditions still seem to be alive in 21st century America.
　What is interesting in American education is that 
at the graduate school level, it is quite successful in 
producing many internationally recognized research-
ers as Cole (2010) describes in his book entitled “The 
great American university”.  Cole (2010) attributes the 
success to the uniquely American relationship between 
professors and students in which they work as a team 
as intellectual equals.
　On the other hand, at the K-12 level, a Michigan 
State University report entitled “Breaking the cycle: 
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growing, educated population will attract capital and 
companies to build infrastructure which will slow and 
eventually reverse the trend of students leaving for jobs 
abroad, and a positive feedback loop will result.  Just 
as it did in post-war Japan, a common sense, incentiv-
ized teacher salary schedule will lead the developing 
country’s education to a virtuous cycle in which “the 
strong K-12 mathematics curriculum taught by teach-
ers with the best mathematics backgrounds produces 
high school graduates who are similarly strong. Some 
of the best of them then become future teachers who 
continue to receive the best preparation the country 
can offer in mathematics and then they teach and the 
cycle continues”7.  
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