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Type-I Berkovich Points. Each point a in the standard unit disk D(0, 1) of C, is
associated to a point of the Betkovich disk, which we denote by

Ea'o E .ﬁs.

Type-TI Berkovich Points. Each closed disk D(e, 7) contained in D(0, 1) with ra-
dius r € |C;| = p® is associated to a point of the Berkovich disk, which we
denote by

Ear € DE.

Type-IH Berkovich Points. Similarly, each closed disk D(a,r) € D(0,1) with
positive radius r ¢ |Cp| = p? is associated to a point of the Berkovich dick,
which we naturally also denote by £;..-.

g

In order to visualize the Berkovich disk, we place the Gauss point £p,; 2t the top of
the page and observe that there is a line segment ruaning from any point £ % £p,3 up
to the Gauss point. If§ = £, - is of Type-1, II, or I, then this line segment is the set
of points

Lyp= {Ea,t -G 5.9 1}

Notice that any two line segments L, end Ly, merge with one another at the
point £, ; = &, determined by

t = max{r,s, |b - al}.

This is the smallest allowable value of ¢ for which the disks D(e, t) and D(b, 1)
acquire a common point, hence for which they coincide. Thus one can imagine the
various line segments continually merging as they run upward towerd the Gauss point
at the top of the tree.

el

The picture for points of Type I is clear. In order to undesstand Types Il and I1I,
suppose that we fix a point &, » of Type I or I Each &6 € D(a,r) gives a line
segment Ly g that runs up from the Type-I point &0 and through the point £y q.
Two such line segments Ly and Ly g merge before reaching &, if and only if
16— b] < r, s0 it is really each open disk D(b, ) inside the closed disk D(a, r) that
gives a line segment running up to &,

I£€, - is of Type I, then D{(b, 7) = D(e, ) for any b € D{a, ), so there is only
one segment running downward from &, ..

The situation is much more interesting, and complicated, if €, is of Type IL. In
this case D(e, ) is covered by a countable union of open disks D(b, ), so there is
a countable set of brenches downward from &, . A convenieat, although noncanon-
ical, way to describe the branches is as follows. Let % = {z € C; : |2| < 1} denote
the maximal ideal in the ring of integers of C, and fix some ¢ € C, with [c| = 7.
Then the open disks of redius r ave in one-io-one correspondence with the residue
field T, via the map

{disks D(b, ) inside D(a,r)} — F5,  D(b,r) — (b/c) mod .

The susjectivity of this map is clesr, and the injectivity follows from the fact
that D(b,v) = D(¥, =) if and only if [b — ¥'| < 7 = |¢].

HB Joseph H. Silverman, The Arithmetic of Dynamical Systems, Graduate Texts in
Mathematics (2007), vol. 241, Springer, pp. 295—299.
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