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. A triangle AABC is such that its angles satisfy the condition
sin A = 2 cos Bsin C.

What can you say about this triangle?

. Find all positive integers x,y which satisfy the condition

1 1 1

xr y 6

. Find all third-order polynomials f(z) and real numbers a which satisfy
the following three conditions:

(i) The coefficient of 22 is 1. (ii) The graph of y = f(z) is tangent to the =
axis at = a. (iii) y = f(x) takes its local maximum value  at x = —%.

. Consider the points A = (a,0,0), B = (0,b,0), C = (0,0, ¢) and the origin
0O = (0,0,0) in three-dimensional space. Assume that a,b,c > 0. Answer
the following questions.

(i) Show that the vector (ﬁ = (f, %, %) is perpendicular to the vectors
AB, BC, CX.
(ii) Find k if the point H lies within the triangle AABC.
(iii) Find the area of the triangle AABC.

. Consider the sequence of numbers {a,} with initial terms and recurrence
relation given by

a1 =1, ax=-¢e, ap(ani2)® = (ans1)? (n=1,2,3,...)

Here e denotes the base of the natural logarithm. Answer the following
questions.

(i) Let b, =logan+1 — loga,. Find the general term of {b,}.
(ii) Find the general term of {a,}.
(iii) Find the limit lim a,,.

n—oo

. Consider a point P(a,e®) of the plane curve C' given by the equation
y = e*. Let C’ be the plane curve given by the equation y = log . Assume
that the tangent line to C' at P touches C’ at the point Q. Answer the
following questions.



(i) Show that a is a solution of the equation
(x) te'—el—t—1=0.

(ii) If ag is a solution of (x), show that —ag is also a solution of (x).

(iii) Show that () has exactly one solution in the range ¢ > 0.

. Let P be a point in the interior of an equilateral triangle AABC which
has sides of length 1. Denote by A’, B/, C’ the intersection points of the
lines through AP, BP, CP with the opposite edges of the triangle. (For
example, the line from A passing through P meets the edge BC in the
point A’.) Denote the lengths of the segments BA’. CB’, AC’ by =z, y, 2.
Answer the following questions.

(i) Express z in terms of z, y.

(ii) If the areas of the triangles AABC, AA’B/C’ are denoted by S, 57,
show that S’ = 2zyzS.

. Denote by P1,Ps,...,Pgs the vertices of a regular hexagon whose sides
have length 1. Denote by F' the figure given by connecting the vertices
Pi,,Pi,,Pi,, Pi,, Pi, in that order by line segments, where ij,is,i3,14 are
obtained by rolling a dice 4 times. Answer the following questions.

(i) Find the probability that F' is a convex quadrilateral.

(ii) Find the probability that the area of F is maximal.

. Let z be a point of the complex plane which satisfies the condition
2 _
|z — 4] :5—3(2—1—2)

Answer the following questions.
(i) Find the quadratic equation satisfied by the real numbers z, y where
z=x+yi.
(ii) Sketch the curve C traced out by the points z.

(iii) Find the volume of the solid body which is obtained when the region
enclosed by C' is rotated once around the line y = —3.



