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Abstract

Bramoullé et al. (2009) considered a linear social interaction model with network struc-
tures under complete information. However, their model is not appropriate for the case
where the individual outcome is not completely observed or not precisely predictable by
the other individuals in the same group. In this paper, we consider a linear social interac-
tion model with network structures under incomplete information and derive the efficiency
bound. The efficiency bound for the model considered in this paper had not been derived
before. We also provide a sufficient condition for the existence of the efficiency bound.

1 Introduction

The social interaction model describes cases in which an individual’s outcome is affected
by others’ outcomes. Manski (1993) showed that the social effects are not identified in a linear
social interaction model, where each individual is affected by all the others in the group. In
contrast, Bramoullé et al. (2009) showed that the social effects are identified through network
structures. They considered a linear social interaction model under complete information,
where the group members’ outcomes are completely observable or precisely predictable by
the individuals.

The efficiency bound is the lower bound of the asymptotic variance of an estimator. If the
asymptotic variance of an estimator achieves the efficiency bound, the estimator results in
the most precise estimation of a parameter. There are several results on the efficiency bound
for the social interaction models. Aradillas-López (2019, 2021) derived the efficiency bound
for the social interaction model, where the individual outcome is affected by the outcomes of
all the other members in the group. Debarsy et al. (2024) derived the efficiency bound for
the social interaction model, where individuals interact through a network under complete
information. However, the efficiency bound for the social interaction model with network
structures under incomplete information had not been derived before.

The purpose of this paper is to derive the efficiency bound for the social interaction
model with network structures under incomplete information, using the computational method
proposed by Severini and Tripathi (2001), which is based on the Riesz representer. Under
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incomplete information, individuals observe the expectations of others’ outcomes rather than
the outcomes themselves. This setting is more suitable for cases where the individual outcomes
are not completely observed or not precisely predictable. We calculate the efficiency bound
using the approach proposed by Severini and Tripathi (2001), which is simpler than the
existing methods of van der Vaart (1991) and Newey (1990).

We provide a sufficient condition for the existence of the efficiency bound. Without
any conditions guaranteeing the invertibility of the variance-covariance matrix, the efficiency
bound may no longer exist. We reveal that the identification condition provided by Bramoullé
et al. (2009) is sufficient to ensure the existence of the efficiency bound. Since their identifi-
cation condition is easily verified based on the network structures, the sufficient condition for
the existence of the efficiency bound is also easily verified.

The remainder of this paper is organized as follows. Section 2 presents the linear social
interaction model with network structures under incomplete information. In Section 3, we
derive the efficiency bound for the model presented in Section 2. Section 4 provides a sufficient
condition for the existence of the efficiency bound. We prove that the identification condition
provided by Bramoullé et al. (2009) is sufficient to guarantee the existence of the efficiency
bound. Section 5 concludes the paper.

2 The Model

Suppose that there are L independent and identical networks. Each network ℓ = 1, . . . L
has n individuals. The peer group Pi ⊂ {1, . . . , n} is a set of ni individuals who affect
individual i. The adjacency matrix G is an n× n matrix whose elements are given by

(G)ij =

{
1
ni

j ∈ Pi

0 otherwise.

We set (G)ij = 0 if Pi = ∅. We assume throughout this paper that the network structure G
is exogenously given and non-stochastic.

The individual-level model is given by

yℓi = α+ β
∑
j∈Pi

(G)ijE[yℓj |xℓ] + γxℓi + δ
∑
j∈Pi

(G)ijxℓj + εℓi, i = 1, . . . , n, ℓ = 1, . . . , L, (2.1)

where yℓi ∈ R is an outcome variable for individual i in network ℓ, xℓi ∈ R is a scalar stochastic
covariate for individual i in network ℓ, xℓ = (xℓ1, . . . , xℓn)

⊤ is a covariate vector in network ℓ.
The parameter of interest is (β, γ, δ) ∈ R3 satisfying |β|< 1.

By stacking the individual-level model (2.1) for all individuals in the network, we get

yℓ = αι+ βGE[yℓ|xℓ] + γxℓ + δGxℓ + εℓ, (2.2)

where

yℓ =

yℓ1...
yℓn

 , ι =

1...
1

 , xℓ =

xℓ1...
xℓn

 , εℓ =

εℓ1...
εℓn

 .
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We assume that the error term satisfies xℓ⊥⊥ εℓ and E[εℓ] = 0. By taking the conditional
expectation of (2.2) with respect to xℓ, we have

E[yℓ|xℓ] = αι+ βGE[yℓ|xℓ] + γxℓ + δGxℓ. (2.3)

By Proposition A.2 in the Appendix, the operator norm ‖G‖∗ satisfies ‖G‖∗≤ 1. Since
‖G‖∗≤ 1 and |β|< 1 hold, (I − βG)−1 exists. By solving for E[yℓ|xℓ] in (2.3), we have

E[yℓ|xℓ] = (I − βG)−1(αι+ γxℓ + δGxℓ). (2.4)

By substituting (2.4) into (2.2), we obtain the reduced-form equation given by

yℓ = (I − βG)−1(αι+ γxℓ + δGxℓ) + εℓ.

Suppose that v20 is the true density generating xℓ, and φ2
0 is the true density generating

εℓ. Suppose also that p(yℓ, xℓ;λ0), λ0 = (α0, β0, γ0, δ0, v0, φ0) is the true density generating
(yℓ, xℓ).

Assumption 1. (1) The support of the distribution of xℓ is not contained in any proper
linear subspaces of Rn.

(2) We assume ∫
· · ·
∫ ∣∣∣∣ ∂

∂εℓi

[
1

2
φ0(εℓ)

2

]∣∣∣∣ dεℓ1 · · · dεℓn < ∞ (2.5)

and
lim

∥εℓ∥→∞
φ0(εℓ) = 0, (2.6)

where ‖·‖ is the Euclidean norm on Rn.

3 Efficiency Bound

In this section, we derive the efficiency bound of θ0 = (β0, γ0, δ0) ∈ R3 based on the
computational method proposed by Severini and Tripathi (2001).

Theorem 3.1. Let Xℓ be the n× 3 matrix given by

Xℓ =

(I − β0G)−1G(I − β0G)−1(α0ι+ γ0xℓ + δ0Gxℓ)
(I − β0G)−1xℓ
(I − β0G)−1Gxℓ

⊤

,

let ∇φ0(εℓ) be the gradient vector of φ0 given by

∇φ0(εℓ) =


∂φ0

∂εℓ1
...

∂φ0

∂εℓn

 ,
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and let Σ be the 3× 3 matrix given by

Σ = 4E
[

1

φ0(εℓ)2
Var(X⊤

ℓ ∇φ0(εℓ))

]
.

If Σ is a non-singular matrix, the efficiency bound for the parameter of interest θ0 = (β0, γ0, δ0)
⊤

is given by
l.b.(θ0) = Σ−1.

Proof. The parameter set is given by Λ = A×Θ× V × Φ, where

A = R

Θ = (−1, 1)× R× R

V =

{
v ∈ L2(Rn) : v(xℓ) > 0,

∫
v(xℓ)

2dxℓ = 1

}
Φ =

{
φ ∈ L2(Rn) : φ(εℓ) > 0,

∫
φ(εℓ)

2dεℓ = 1,

∫
εℓφ(εℓ)

2dεℓ = 0

}
.

For sufficiently small η > 0, let

(−η, η) 3 t 7→ λt := (αt, βt, γt, δt, vt, φt) ∈ Λ

be a curve passing through λ0 = (α0, β0, γ0, δ0, v0, φ0) at t = 0. We derive the efficiency bound
of ρ(λ0) = c⊤θ0 for any constant vector c ∈ R3.

The tangent set is given by T (Λ, λ0) = T (A,α0)× T (Θ, θ0)× T (V, v0)× T (Φ, φ0), where

T (A,α0) = R

T (Θ, θ0) = R3

T (V, v0) =

{
v̇ ∈ L2(Rn) :

∫
v̇(xℓ)v0(xℓ)dxℓ = 0

}
T (Φ, φ) =

{
φ̇ ∈ L2(Rn) :

∫
φ̇(εℓ)φ0(εℓ)dεℓ = 0,

∫
εℓφ̇(εℓ)φ0(εℓ)dεℓ = 0

}
.

The tangent space is

T (Λ, λ0) = T (A,α0)× T (Θ, θ0)× T (V, v0)× T (Φ, φ0),

where the closure of T (V, v0) and T (Φ, φ0) is taken with respect to the L2(Rn)-norm.
The density of (yℓ, xℓ) is given by

p(yℓ, xℓ;λ) = φ(yℓ − (I − βG)−1(αι+ γxℓ + δGxℓ))
2v(xℓ)

2.

By differentiating (I − βtG)−1 with respect to t using Proposition A.1 in the Appendix, we
get the score function U =

(
d
dt

)
t=0

log p(yℓ, xℓ;λt) as

U =

(
d

dt

)
t=0

{
2 logφt(yℓ − (I − βtG)−1(αtι+ γtxℓ + δtGxℓ)) + 2 log vt(xℓ)

}
=

2{φ̇(εℓ)−∇φ0(εℓ)
⊤((I − β0G)−1α̇ι+Xℓθ̇)}
φ0(εℓ)

+
2v̇(xℓ)

v0(xℓ)
.
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The Fisher information for estimating t is

iF(t) = E

{2{φ̇(εℓ)−∇φ0(εℓ)
⊤((I − β0G)−1α̇ι+Xℓθ̇)}
φ0(εℓ)

+
2v̇(xℓ)

v0(xℓ)

}2


= 4E

[
{φ̇(εℓ)−∇φ0(εℓ)

⊤((I − β0G)−1α̇ι+Xℓθ̇)}2

φ0(εℓ)2

]
+ 4E

[
v̇(xℓ)

2

v0(xℓ)2

]

+ 8E

[
φ̇(εℓ)−∇φ0(εℓ)

⊤((I − β0G)−1α̇ι+Xℓθ̇)

φ0(εℓ)

v̇(xℓ)

v0(xℓ)

]
.

Note that we have

E
[
φ̇(εℓ)

φ0(εℓ)

]
=

∫
φ̇(εℓ)

φ0(εℓ)
φ0(εℓ)

2dεℓ =

∫
φ̇(εℓ)φ0(εℓ)dεℓ = 0 (3.1)

and

E
[
v̇(xℓ)

v0(xℓ)

]
=

∫
v̇(xℓ)

v0(xℓ)
v0(xℓ)

2dxℓ =

∫
v̇(xℓ)v0(xℓ)dxℓ = 0. (3.2)

Each element of

E
[
∇φ0(εℓ)

⊤

φ0(εℓ)

]
= E

[
1

φ0(εℓ)

[
∂φ0

∂εℓ1
· · · ∂φ0

∂εℓn

]]
is calculated as

E
[

1

φ0(εℓ)

∂φ0(εℓ)

∂εℓi

]
=

∫ ∞

εℓ1=−∞
· · ·
∫ ∞

εℓi=−∞
· · ·
∫ ∞

εℓn=−∞

∂

∂εℓi

[
1

2
φ0(εℓ1, · · · , εℓn)2

]
dεℓ1 · · · dεℓn

=

∫ ∞

εℓi=−∞

{[
1

2
φ0(εℓ)

2

]∞
εℓi=−∞

}
dε−ℓi

= 0, (3.3)

where
∫∞
εℓi=−∞

{[
1
2φ0(εℓ)

2
]∞
εℓi=−∞

}
dε−ℓi denotes the integral of (εℓ1, . . . , εℓn) except for εℓi,

the second equality is due to (2.5) in Assumption 1 (2), and the last equality comes from
(2.6) in Assumption 1 (2). Using (3.1), (3.2), and (3.3), we can calculate the cross term of
the Fisher information as

8E

[
φ̇(εℓ)−∇φ0(εℓ)

⊤((I − β0G)−1α̇ι+Xℓθ̇)

φ0(εℓ)

v̇(xℓ)

v0(xℓ)

]

= 8E
[
φ̇(εℓ)

φ0(εℓ)

v̇(xℓ)

v0(xℓ)

]
− 8E

[
∇φ0(εℓ)

⊤((I − β0G)−1α̇ι+Xℓθ̇)

φ0(εℓ)

v̇(xℓ)

v0(xℓ)

]

= 8E
[
φ̇(εℓ)

φ0(εℓ)

]
︸ ︷︷ ︸

=0

E
[
v̇(xℓ)

v0(xℓ)

]
− 8E

[
∇φ0(εℓ)

⊤

φ0(εℓ)

]
︸ ︷︷ ︸

=0

E
[
((I − β0G)−1α̇ι+Xℓθ̇)

v̇(xℓ)

v0(xℓ)

]

= 0.
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Thus, the Fisher information is given by

iF(t) = 4E

[
{φ̇(εℓ)−∇φ0(εℓ)

⊤((I − β0G)−1α̇ι+Xℓθ̇)}2

φ0(εℓ)2

]
+ 4E

[
v̇(xℓ)

2

v0(xℓ)2

]
.

For τ̇1 = (α̇1, θ̇1, v̇1, φ̇1), τ̇2 = (α̇2, θ̇2, v̇2, φ̇2) ∈ T (Λ, λ0), the Fisher information metric on
the tangent space T (Λ, λ0) is given by

〈τ̇1, τ̇2〉F

= 4E

[
{φ̇1(εℓ)−∇φ0(εℓ)

⊤((I − β0G)−1α̇1ι+Xℓθ̇1)}{φ̇2(εℓ)−∇φ0(εℓ)
⊤((I − β0G)−1α̇2ι+Xℓθ̇2)}

φ0(εℓ)2

]

+ 4E
[
v̇1(xℓ)v̇2(xℓ)

v0(xℓ)2

]
.

We show that the Riesz representer τ̇∗ = (α̇∗, θ̇∗, v̇∗, φ̇∗)⊤ of the gradient of ρ(λ0) is given by
α̇∗

θ̇∗

v̇∗

φ̇∗

 =


− 1

n ι
⊤(I − β0G)E[Xℓ]θ̇

∗(
4E
[

1
φ0(εℓ)2

Var(X⊤
ℓ ∇φ0(εℓ))

])−1
c

0
0

 . (3.4)

That is,
c⊤θ̇ = 〈τ̇∗, τ̇〉F. (3.5)

Since we have α̇∗ι = −(I−β0G)E[Xℓ]θ̇
∗, plugging (3.4) into the right hand side of (3.5) yields

〈τ̇∗, τ̇〉F = −4E
[

φ̇(εℓ)

φ0(εℓ)2
∇φ0(εℓ)

⊤(Xℓ − E[Xℓ])θ̇
∗
]

+ 4E
[

1

φ0(εℓ)2
(θ̇∗)⊤(∇φ0(εℓ)

⊤(Xℓ − E[Xℓ]))
⊤∇φ0(εℓ)

⊤(I − β0G)−1α̇ι

]
+ 4E

[
1

φ0(εℓ)2
(θ̇∗)⊤(∇φ0(εℓ)

⊤(Xℓ − E[Xℓ]))
⊤∇φ0(εℓ)

⊤Xℓ

]
θ̇

= −4E

 φ̇(εℓ)

φ0(εℓ)2
∇φ0(εℓ)

⊤ E[Xℓ − E[Xℓ]|εℓ]︸ ︷︷ ︸
=0

θ̇∗


+ 4E

 1

φ0(εℓ)2
(θ̇∗)⊤(∇φ0(εℓ)

⊤ E[Xℓ − E[Xℓ]|εℓ]︸ ︷︷ ︸
=0

)⊤∇φ0(εℓ)
⊤(I − β0G)−1α̇ι


+ 4E

[
1

φ0(εℓ)2
(θ̇∗)⊤Var(X⊤

ℓ ∇φ0(εℓ))

]
θ̇

= (θ̇∗)⊤
(
4E
[

1

φ0(εℓ)2
Var(X⊤

ℓ ∇φ0(εℓ))

])
θ̇

= c⊤θ̇,
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which implies (3.5).
Therefore, the efficiency bound of ρ(λ0) is given by

l.b.(ρ(λ0)) = ‖(α̇∗, θ̇∗, v̇∗, φ̇∗)‖2F

= 4E

[
{∇φ0(εℓ)

⊤((I − β0G)−1α̇∗ι+Xℓθ̇
∗)}2

φ0(εℓ)2

]

= 4E

[
{∇φ0(εℓ)

⊤(−E[Xℓ]θ̇
∗ +Xℓθ̇

∗)}2

φ0(εℓ)2

]

= (θ̇∗)⊤
(
4E
[

1

φ0(εℓ)2
Var(X⊤

ℓ ∇φ0(εℓ))

])
θ̇∗

= c⊤
(
4E
[

1

φ0(εℓ)2
Var(X⊤

ℓ ∇φ0(εℓ))

])−1

c.

Since c ∈ R3 is arbitrary, the efficiency bound for θ0, denoted by l.b.(θ0), is given by

l.b.(θ0) =

(
4E
[

1

φ0(εℓ)2
Var(X⊤

ℓ ∇φ0(εℓ))

])−1

= Σ−1,

which completes the proof. ■

4 A Sufficient Condition for the Existence of the Efficiency
Bound

In this section, we show that the efficiency bound Σ−1 exists under the identification
condition provided by Bramoullé et al. (2009). Their identification condition is stated in the
following proposition.

Proposition 4.1 (Bramoullé et al., 2009). Suppose that γβ + δ 6= 0 holds. If I,G, and G2

are linearly independent, the structural parameters θ = (α, β, γ, δ) are identified.

In the following proposition, we show that the identification condition ensures that Σ is
non-singular.

Proposition 4.2. If γ0β0 + δ0 6= 0 holds and I,G, and G2 are linearly independent, the
matrix Σ is invertible.

Proof. We show that if
a⊤Var(X⊤

ℓ ∇φ0(εℓ))a = 0 (4.1)
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holds for a = (a1, a2, a3)
⊤ ∈ R3, a = (0, 0, 0)⊤ is satisfied. By (4.1),

a⊤Var(X⊤
ℓ ∇φ0(εℓ))a

= Var((Xℓa)
⊤∇φ0(εℓ))

= Var
({

a1(I − β0G)−1G(I − β0G)−1(α0ι+ γ0xℓ + δ0Gxℓ)

+ a2(I − β0G)−1xℓ + a3(I − β0G)−1Gxℓ

}⊤
∇φ0(εℓ)

)
= Var

({
a1(I − β0G)−1G(I − β0G)−1α0ι+ [a1(I − β0G)−1G(I − β0G)−1(γ0I + δ0G)

+ a2(I − β0G)−1 + a3(I − β0G)−1G]xℓ

}⊤
∇φ0(εℓ)

)
= 0. (4.2)

For the variance in (4.2) to be zero, we need

a1(I − β0G)−1G(I − β0G)−1α0ι+ [a1(I − β0G)−1G(I − β0G)−1(γ0I + δ0G)

+ a2(I − β0G)−1 + a3(I − β0G)−1G]xℓ = 0.

Since ι and xℓ are linearly independent by Assumption 1 (1), we obtain{
a1(I − β0G)−1G(I − β0G)−1α0 = O

a1(I − β0G)−1G(I − β0G)−1(γ0I + δ0G) + a2(I − β0G)−1 + a3(I − β0G)−1G = O.

(4.3)
By multiplying I − β0G on both sides of the second equation in (4.3), we have

a1G(I − β0G)−1(γ0I + δ0G) + a2I + a3G = O. (4.4)

By Proposition A.3 in the Appendix, G(I − β0G)−1 = (I − β0G)−1G holds. We can rewrite
(4.4) as

a1(I − β0G)−1G(γ0I + δ0G) + a2I + a3G = O. (4.5)

By multiplying (I − β0G) on both sides of (4.5), we get

a2I + (a1γ0 − a2β0 + a3)G+ (a1δ0 − a3β0)G
2 = O.

Since I,G, and G2 are linearly independent, we have
a2 = 0

a1γ0 − a2β0 + a3 = 0

a1δ0 − a3β0 = 0.

(4.6)

By plugging a2 = 0 into the second equation of (4.6), we get

a1γ0 + a3 = 0. (4.7)

Summing (4.7)×β0 and the third equation of (4.6) yields

a1(γ0β0 + δ0) = 0.
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Since γ0β0 + δ0 6= 0, we have a1 = 0. By plugging a1 = 0 into (4.7), we obtain a3 = 0.
Therefore, if a 6= (0, 0, 0)⊤ holds,

a⊤Var(X⊤
ℓ ∇φ0(εℓ))a 6= 0

is satisfied, which implies that Var(X⊤
ℓ ∇φ0(εℓ)) is positive definite. Therefore, Σ is positive

definite, which implies the non-singularity of Σ. ■

5 Conclusion

In this paper, we derived the efficiency bound for the social interaction model with network
structures under incomplete information. Bramoullé et al. (2009) considered a linear social
interaction model under complete information. However, their model is not appropriate for the
case where the outcomes of others are not completely observed or not precisely predictable by
the individuals. In our paper, we considered the linear social interaction model with network
structures under incomplete information and derived the efficiency bound. The efficiency
bound for the model considered in this paper had not been derived before. Moreover, we
provided a sufficient condition for the existence of the efficiency bound. We showed that the
identification condition provided by Bramoullé et al. (2009) is sufficient for the existence of
the efficiency bound.

Appendix

Proposition A.1. The differentiation of A(t)−1 of a matrix A(t) with respect to t is given
by

d

dt
A(t)−1 = −A(t)−1

(
d

dt
A(t)

)
A(t)−1.

Proof. By differentiating both sides of A(t)A(t)−1 = I with respect to t, we get(
d

dt
A(t)

)
A(t)−1 +A(t)

(
d

dt
A(t)−1

)
= O.

Thus, we obtain
d

dt
A(t)−1 = −A(t)−1

(
d

dt
A(t)

)
A(t)−1,

which completes the proof. ■

Proposition A.2. For an adjacency matrix G, ‖G‖∗≤ 1 holds, where ‖·‖∗ is an operator
norm.

Proof. By the definition of the operator norm,

‖G⊤‖∗=
[
max
u∈Rn

√
(G⊤u)⊤G⊤u s.t.

√
u⊤u = 1

]
. (A.1)
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The Lagrangian function of (A.1) is

L = u⊤GG⊤u+ λ(1− u⊤u),

where λ is the Lagrange multiplier. The first-order condition is given by

∂L
∂u

= 2GG⊤u− 2λu = 0,

which implies
n∑

i=1

n∑
j=1

(G̃)ijuiuj = λ,

where G̃ := GG⊤. Note that λ is an eigenvalue of G̃. Since each element of G is less than or
equal to 1 and each row sum of G is 1 or 0,

|(G̃)ij |=

∣∣∣∣∣
n∑

k=1

(G)ik(G)jk

∣∣∣∣∣ ≤
n∑

k=1

|(G)ik||(G)jk|≤
n∑

k=1

|(G)ik|≤ 1.

By the Cauchy-Schwarz inequality,

|λ|=

∣∣∣∣∣∣
n∑

i=1

n∑
j=1

(G̃)ijuiuj

∣∣∣∣∣∣ ≤
n∑

i=1

n∑
j=1

|(G̃)ij ||ui||uj |≤

(
n∑

i=1

|ui|

)2

≤
n∑

i=1

u2i = 1.

Since ‖G⊤‖∗= ‖G‖∗ and ‖G⊤‖∗=
√
λmax, where λmax is the maximum eigenvalue of G̃,

‖G‖∗=
√

λmax ≤ 1

is shown. ■

Proposition A.3. For an adjacency matrix G,

G(I − β0G)−1 = (I − β0G)−1G (A.2)

holds.

Proof. In the case of β0 = 0, (A.2) is trivially satisfied. In the case of β0 6= 0,

(I − β0G)−1G = − 1

β0
(I − β0G)−1(−β0G)

= − 1

β0
(I − β0G)−1((I − β0G)− I)

= − 1

β0
(I − (I − β0G)−1)

= − 1

β0
((I − β0G)− I)(I − β0G)−1

= G(I − β0G)−1

holds, implying (A.2). ■
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