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Abstract

Bramoullé et al. (2009) considered a linear social interaction model with network struc-
tures under complete information. However, their model is not appropriate for the case
where the individual outcome is not completely observed or not precisely predictable by
the other individuals in the same group. In this paper, we consider a linear social interac-
tion model with network structures under incomplete information and derive the efficiency
bound. The efficiency bound for the model considered in this paper had not been derived
before. We also provide a sufficient condition for the existence of the efficiency bound.

1 Introduction

The social interaction model describes cases in which an individual’s outcome is affected
by others’ outcomes. Manski (1993) showed that the social effects are not identified in a linear
social interaction model, where each individual is affected by all the others in the group. In
contrast, Bramoullé et al. (2009) showed that the social effects are identified through network
structures. They considered a linear social interaction model under complete information,
where the group members’ outcomes are completely observable or precisely predictable by
the individuals.

The efficiency bound is the lower bound of the asymptotic variance of an estimator. If the
asymptotic variance of an estimator achieves the efficiency bound, the estimator results in
the most precise estimation of a parameter. There are several results on the efficiency bound
for the social interaction models. Aradillas-Lépez (2019, 2021) derived the efficiency bound
for the social interaction model, where the individual outcome is affected by the outcomes of
all the other members in the group. Debarsy et al. (2024) derived the efficiency bound for
the social interaction model, where individuals interact through a network under complete
information. However, the efficiency bound for the social interaction model with network
structures under incomplete information had not been derived before.

The purpose of this paper is to derive the efficiency bound for the social interaction
model with network structures under incomplete information, using the computational method
proposed by Severini and Tripathi (2001), which is based on the Riesz representer. Under
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incomplete information, individuals observe the expectations of others’ outcomes rather than
the outcomes themselves. This setting is more suitable for cases where the individual outcomes
are not completely observed or not precisely predictable. We calculate the efficiency bound
using the approach proposed by Severini and Tripathi (2001), which is simpler than the
existing methods of van der Vaart (1991) and Newey (1990).

We provide a sufficient condition for the existence of the efficiency bound. Without
any conditions guaranteeing the invertibility of the variance-covariance matrix, the efficiency
bound may no longer exist. We reveal that the identification condition provided by Bramoullé
et al. (2009) is sufficient to ensure the existence of the efficiency bound. Since their identifi-
cation condition is easily verified based on the network structures, the sufficient condition for
the existence of the efficiency bound is also easily verified.

The remainder of this paper is organized as follows. Section 2 presents the linear social
interaction model with network structures under incomplete information. In Section 3, we
derive the efficiency bound for the model presented in Section 2. Section 4 provides a sufficient
condition for the existence of the efficiency bound. We prove that the identification condition
provided by Bramoullé et al. (2009) is sufficient to guarantee the existence of the efficiency
bound. Section 5 concludes the paper.

2 The Model

Suppose that there are L independent and identical networks. Each network £ =1,...L
has n individuals. The peer group P; C {1,...,n} is a set of n; individuals who affect
individual ¢. The adjacency matrix GG is an n X n matrix whose elements are given by

1 .
n Jeb
(G)ij:{ i

0 otherwise.

We set (G);; = 0 if P, = (). We assume throughout this paper that the network structure G
is exogenously given and non-stochastic.
The individual-level model is given by

yii = a+ B Y (Q)iElyeled + v +0 Y (Gijwgy +en, i=1,...,m, £=1,...,L, (2.1)
JEP; JER;

where yy; € R is an outcome variable for individual ¢ in network ¢, zy; € R is a scalar stochastic
covariate for individual 4 in network ¢, zy = (x41,...,%¢,)  is a covariate vector in network £.
The parameter of interest is (3,7, 0) € R? satisfying |3|< 1.

By stacking the individual-level model (2.1) for all individuals in the network, we get

Yo = au + BGE[ye|z] + v + 0Gwp + €4, (2.2)
where
Ye1 1 Ty €0
Yo = , L= , Ly = y €0 =
Yin 1 Lon Eln



We assume that the error term satisfies z; 1L e, and E[e;] = 0. By taking the conditional
expectation of (2.2) with respect to xy, we have

Elye|xe] = aw 4+ BGE[ye|ze] + yap + 0G4 (2.3)

By Proposition A.2 in the Appendix, the operator norm |G|* satisfies ||G||*< 1. Since
|G|*< 1 and |B|< 1 hold, (I — BG)~! exists. By solving for E[y|z,] in (2.3), we have

Elye|ze] = (I — BG)  (ow + v 4+ 6Gxy). (2.4)
By substituting (2.4) into (2.2), we obtain the reduced-form equation given by
yo = (I — BG) Y aw + yap + 6Gxy) + 4.

Suppose that v% is the true density generating x,, and go% is the true density generating
g¢. Suppose also that p(ys, ze; Ao), Ao = (a0, Bos Y0, 0, Vo, po) is the true density generating

(ye, xe).

Assumption 1. (1) The support of the distribution of z, is not contained in any proper
linear subspaces of R".

(2) We assume

o [1
// D2, |:2900(6g)2:| depy - - deg, < 0 (2.5)
and
lim po(eg) =0, (2.6)
lleell—o0
where ||-|| is the Euclidean norm on R”.

3 Efficiency Bound

In this section, we derive the efficiency bound of 6y = (80,70,00) € R? based on the
computational method proposed by Severini and Tripathi (2001).

Theorem 3.1. Let X, be the n x 3 matrix given by

(I — BoG) " G(I — BoG) (ot + yome + 60Gag)]
Xg = (I - BOG)il‘rZ ’
(I — ,BoG)_lGxg

let Vpo(er) be the gradient vector of g given by

9o
Oeg1
V(P[) (58) = )

9o
aEZn




and let % be the 3 x 3 matrix given by

1
Y =4E | ———Var(X, Vo(e)) | .
QDO(EK)Z ( l 900( 5))

If . is a non-singular matrix, the efficiency bound for the parameter of interest 8y = (30,70, d0) "
is given by
Lb.(6p) = 71

Proof. The parameter set is given by A = A x © x V x ®, where
A=R
O=(-1,1) xRxR

V- {v € Ls(R") : v(zy) > 0, /v(xg)Qd:Ug _ 1}
o= {gp € La(R™) : p(gf) > 0, /gD(Eg)QdEg =1, /wgp(sg)QdEg = 0} .

For sufficiently small n > 0, let

(=n,m) 2t = X = (o, Be, Ve, 0, ve, 1) € A

be a curve passing through \g = («o, Bo, Y0, 90, Vo, po) at t = 0. We derive the efficiency bound
of p(Ag) = ¢' 6 for any constant vector ¢ € R3.
The tangent set is given by T'(A, N\g) = T'(A, ) X T(0,0y) x T(V,vg9) x T(P, ¢g), where

T(A, Cuo) =R
T(0,6y) =R?

T(V,vg) = {t’; € Ly(R™) : /i)(xg)vo(mg)dmg = O}
T(@,¢) = {sb ¢ a®"): [ pledenteadee =0, [ eapleerolee)ice = o} .

The tangent space is

T(A7 A0) = T(A7a0) X T(@a 90) X T(Va ’U()) X T((I)a ()00)7

where the closure of T'(V,vg) and T'(®, ¢p) is taken with respect to the Lo(R™)-norm.
The density of (ye, x¢) is given by

p(ye, xe; N) = o(ye — (I = BG) ™ How + yag + 6Gy)) ().

By differentiating (I — 3;G)~! with respect to t using Proposition A.1 in the Appendix, we
get the score function U = (%)t:o log p(ye, g5 At) as

d
U= (dt) {2log or(ye — (I — BtG)_l(atL + yewe + 0:Gxy)) + 2log vt(xg)}
t=0

_ 2H{o(e) - Veo(ee) (I — BoG)Leuw + Xo0)} + 20 ()
wo(er) vo(ze)




The Fisher information for estimating ¢ is

n(t) = E H 2{¢(er) — Vipo(ee) "((I = BoG) Hée + Xo0)} | 20(w0) }2]

wo(ee) vo(2¢)

{p(e0) = Vepo(eo) (L — HoG) ' + X,6)}

- 0(20)?
— AR 20(20)? Ak [vo(m)J
L g | 26D = Veeole) T(( = HoG)Hau + Xb) ()
po(er) vo()
Note that we have
and . .
| ntag) = [ aagrotendan = [ teuted = &

Each element of

L |9p0  Opo
wolee) | O Oeep,
is calculated as

Iy e A )
|:900 (Ef) aE&‘ ey =00 ep— o S 85&‘ 92 20 (6517 » €L ) €1 Ev

o 1 o0
= / { [2900(56)2] } de ;i
E4i=—00 Eg;=—00

=0, (3.3)

where fajj:_oo { [%900(55)2];:—00} de_y; denotes the integral of (g¢1,...,ep,) except for g,

the second equality is due to (2.5) in Assumption 1 (2), and the last equality comes from
(2.6) in Assumption 1 (2). Using (3.1), (3.2), and (3.3), we can calculate the cross term of
the Fisher information as

SE gb(e’:‘g) — V(po(é‘z)—r((f — 50G)_10'w + Xg@) ’[)(:Ug)

po(er) vo(z¢)
. gb(e’iz) @(l‘g) _ V(po(&‘g)—r((] — ﬂoG)_ldL + Xg@) f)((L‘g)
-t [900(512) vo(ﬂf@)] o po(r) vo(él?e)]

_sE { p(ee) ] E Li((w;g))] _8F [M} E [((1 — BoG) Ve + Xzé)li(gj)]

=0 =0



Thus, the Fisher information is given by

in(t) = 4 | 1200 = Vo(ee) (1 - 50G)1dL+Xz9)}2] R [@(w)w

wo(ee)? vo(2¢)?

For 71 = (ay, él, 01,$1), T2 = (ao, 92, U2, $2) € T(A, Ao), the Fisher information metric on
the tangent space T'(A, \g) is given by

(11, T2)F

_ o | {91(e0) = Voo (en) T(( = BoG) " one + Xobh) Hpa(ee) — Vipo(ee) T(( = BoG) ot + Xz92)}]

wo(ee)?

+am |20

We show that the Riesz representer 7* = (&*,0*,0*,¢*) T of the gradient of p()\g) is given by

& —L.T(I - BoG)E[X/]6" »
"l = (4E [sooée)?V&r(X; V@O(”))D “l. (3.4)
0
2 0
That is, .
c'h = (#,7)p. (3.5)

Since we have &t = —(I — foG)E[X,]0*, plugging (3.4) into the right hand side of (3.5) yields

(+*,7)p = —4E #ler) Veo(ee) T (Xp — E[Xg])é*]

_900(56)2
i @0(183)2 (6%) " (Vepo(e) " (Xe — E[X])) " Vepo(er) (1 - BoG)_lab]
+4E -(PO(;)z (6) T (Vepo(ee) T (Xe — E[XZ]))TV%(W)TXZ] 0
= —4k | oz Veo(er) T E[X, — E[X][e(] 0*
@0(@)2 Po\Ee ¢ llee
- =0

wo(ee)?

+ 4E { 1 (0T (Veo(er) T E[X, — E[X(]|ed]) "Viooler) T (I — BoG) Len

=0

+4E [ - (156)2 (0%)TVar(X, Vg@o(eg))} 0

=67 (41[-3 [

=c',

hS)

PNERE Vaf(Xevao(w))} > 0



which implies (3.5).
Therefore, the efficiency bound of p(\g) is given by
Lb.(p(Xo)) = [|(&", 6%, 0%, &%) |If
g | {Ve0(e) (T = BoG) tdre + X407}
po(er)?

_ g | {Veole) T (ZE[X]0" + X,0%)}
wo(ee)?

()T (41@: [S%(;)?vm(xj wo(q))D o

=c' (41[-3 [800(1502\/%()@T cho(sg))] > - c.

Since ¢ € R? is arbitrary, the efficiency bound for y, denoted by 1.b.(6p), is given by
1 -1
Lb.(6p) = (4E | —— Var(X, =yt
() = (1| Ly Var(x/ Viale) ,

which completes the proof. W

4 A Sufficient Condition for the Existence of the Efficiency
Bound

In this section, we show that the efficiency bound Y ~! exists under the identification
condition provided by Bramoullé et al. (2009). Their identification condition is stated in the
following proposition.

Proposition 4.1 (Bramoullé et al., 2009). Suppose that v3 + & # 0 holds. If I, G, and G2
are linearly independent, the structural parameters 6 = («a, 3,7, 9) are identified.

In the following proposition, we show that the identification condition ensures that X is
non-singular.

Proposition 4.2. If 498y + 6y # 0 holds and I,G, and G? are linearly independent, the
matrix X is invertible.

Proof. We show that if
a' Var(X, Vio(eg))a =0 (4.1)



holds for a = (ay,az,a3)’ € R3, a=(0,0,0)" is satisfied. By (4.1),
a' Var(X{ Vgo(ee))a
= Var((Xa) " Vio(er))
= Var({a1(I = BG) "G = BoG) ™ (a0t +0ze + doGe)

-1 -1 T
+ as(I — BoG) ¢ + as(I — BoG) Gacg} V(po(ag)>
- Var({a1(1 — BoG) LG — BoG)Lar + a1 (I — BoG) LG — BoG) (ol + 80G)
~1 -1 T
+ az(I = BoG) ™ + az(I — BoG) G]wz} V@o(é‘z))
=0. (4.2)
For the variance in (4.2) to be zero, we need
ar(I — BoG)'G(I — BoG) e + [a1 (I — BoG) ' G(I — BoG) " (o] + 60G)
+ax(I — BoG) + as(I — BoG) Gy = 0.
Since ¢ and z, are linearly independent by Assumption 1 (1), we obtain
al (I — ﬂoG)_lG(I — ﬂQG)_lao =0
ar(I = foG)'G(I = BoG) (vl + 60G) + az(I — foG) ™" + a3(I — foG)~'G = O.

(4.3)
By multiplying I — SoG on both sides of the second equation in (4.3), we have

a1G(I — BoG) (vl + 80G) + asl + a3G = O. (4.4)

By Proposition A.3 in the Appendix, G(I — 30G)~! = (I — BoG)~'G holds. We can rewrite
(4.4) as
al(I - BoG)ilG(")/()I + 50G) + aol + a3G = O. (45)

By multiplying (I — SoG) on both sides of (4.5), we get
asl + (al’yo —asfy + ag)G + (a150 — agﬁo)GZ = Q0.

Since I, G, and G? are linearly independent, we have

a9 = 0
a1yo — az2Bo +az =0 (4.6)
a150 — a3,80 =0.

By plugging as = 0 into the second equation of (4.6), we get
a1y + az = 0. (4.7)
Summing (4.7) %y and the third equation of (4.6) yields

a1(v0Bo + do) = 0.



Since Y030 + do # 0, we have a; = 0. By plugging a; = 0 into (4.7), we obtain ag = 0.
Therefore, if a # (0,0,0) " holds,

a' Var(X, Vio(ee))a # 0

is satisfied, which implies that Var(X, Vig(e)) is positive definite. Therefore, ¥ is positive
definite, which implies the non-singularity of . W

5 Conclusion

In this paper, we derived the efficiency bound for the social interaction model with network
structures under incomplete information. Bramoullé et al. (2009) considered a linear social
interaction model under complete information. However, their model is not appropriate for the
case where the outcomes of others are not completely observed or not precisely predictable by
the individuals. In our paper, we considered the linear social interaction model with network
structures under incomplete information and derived the efficiency bound. The efficiency
bound for the model considered in this paper had not been derived before. Moreover, we
provided a sufficient condition for the existence of the efficiency bound. We showed that the
identification condition provided by Bramoullé et al. (2009) is sufficient for the existence of
the efficiency bound.

Appendix

Proposition A.1. The differentiation of A(¢)~! of a matrix A(t) with respect to t is given
by
d

— Aty t=—-A@)! (

y A(t)> A(t)~L

dt
Proof. By differentiating both sides of A(t)A(t)~! = I with respect to ¢, we get

(th(t)> A~ + A(t) <th(t)1> =0.

Thus, we obtain

d

A0 = - (faw) a0,

which completes the proof. H

Proposition A.2. For an adjacency matrix G, ||G||*< 1 holds, where [|-||* is an operator
norm.

Proof. By the definition of the operator norm,

IGT|*= [ma%g (GTu)TGTu st Vulu=1|. (A.1)

ueR



The Lagrangian function of (A.1) is
L=u"GGTu+ 1 —-u"u),
where ) is the Lagrange multiplier. The first-order condition is given by

oL

= 2GGTu — 2 \u =0,
ou

which implies
n n B
22 (@iguinj = X,
i=1 j=1
where G := GG". Note that X is an eigenvalue of G. Since each element of G is less than or
equal to 1 and each row sum of G is 1 or 0,

n

> (@) ir(G)ji

k=1

(G)isl=

<D @Gkl < Y I(Garl < 1.
K=1 k=1

By the Cauchy-Schwarz inequality,

n o n n o n n 2 n

D SCPE 9 CHIEY pol) NED SR

i=1 j=1 i=1 j=1 i=1 i=1

Since |G ||*= ||G||* and ||GT||*= v Amax, Where Apay is the maximum eigenvalue of G,
IGII"= v Amax < 1
is shown. H
Proposition A.3. For an adjacency matrix G,
G(I—BoG) " = (I = @) 'G (A.2)

holds.
Proof. In the case of By = 0, (A.2) is trivially satisfied. In the case of 5y # 0,

(I = GhG)™1G = =T = BoG) ™ (~uG)

:;u@ﬂrRU%wn
0

Y e

- ﬁo(I (I = BoG)™)

:_;«I—%G%JNI—%GYl
0

= G(I — ByG) "

holds, implying (A.2). W
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