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Abstract

This paper considers the solution concepts of cooperative games that admit a potential
function. We say that a solution admits a potential function if the solution is given as
the gradient vector of the potential function at the player set. Hart and Mas-Collel (1989)
show that the Shapley value is the only solution that is efficient and admits the potential
function for games with variable player sets. In this paper, first, we argue that if we remove
efficiency, various solutions admit a potential function. Second, we characterize the class
of the solutions that admit a potential function and provide their general functional form.
Third, we define a potential function for games with a fixed player set and associate a
potential function with the axioms that the Shapley value obeys. Finally, we discuss how
the efficiency requirement induces the uniqueness of the Shapley value through a potential

function.
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1 Introduction

A cooperative game is a simple framework by which we formulate cooperative coalitions among
players. The players obtain payoffs from their cooperation, and we use a characteristic function
to denote the payofts. The derived payoffs are distributed over the players. Such a distribution
is modeled as a function, called a solution. In studying solution concepts, we have to consider
how to measure and aggregate their performance in a coalition. One standard method is to
consider the contributions of a player to each coalition. To see this, let i denote a player and
consider a coalition S in which player i is not, namely, i ¢ S. The difference between the payofts
generated by S and those derived by S U {i} can be regarded as the contributions of player
i, which is referred to as i’s marginal contribution to S. For each player i, such a marginal
contribution is measured for 2”1 different coalitions, so that a marginal contribution vector
A; € R2" represents i’s contribution in a game. A central solution concept in cooperative
games that allocates the payoffs based upon the player’s contributions in the above sense is
the Shapley value (Shapley, 1953b). Young (1985) shows that the Shapley value is the unique
monotonic solution with respect to the marginal contribution vector and satisfies other standard
properties.

Another way to measure each player’s contribution to the cooperation is to aggregate all
information about the underlying game and define a single representative value for the game. If
a solution concept is defined based on such an aggregate function, then we say that the solution
allocates the payoffs on the basis of players’ contributions. Hart and Mas-Collel (1989) initially
introduced such an aggregate function for cooperative games and called it a potential function.
Hart and Mas-Collel (1989) demonstrate that a solution admits a potential and satisfies efficiency
if and only if the solution is the Shapley value (Shapley, 1953b). They prove this eminent result
via a recursive approach on variable player sets: The solution is recursively calculated from
the singleton player set to an arbitrary finite player set. Assuming that the solution satisfies
efficiency, they show that the functional form of the solution coincides with the Shapley value.

Since Young’s (1985) result shows that the Shapley value is heavily based on each player’s
marginal contributions, one might not regard that the above coincidence as surprising because
the recursion of their potential function implicitly induces players’ marginal contributions. In
this paper, however, we suggest that efficiency plays a key role in the uniqueness of the Shapley
value. We argue that if we remove the efficiency requirement, many solutions admit a potential

function. In addition, if a solution admits a potential function, then what axiomatic properties
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are satisfied by the solution? This leads to the question of why efficiency singles out the Shapley
value.

We first find a functional form that is common among the solutions that admit a potential
function. To this end, we introduce a new concept, interaction coalitional potential, which is a
variation of the concepts provided by Ui (2000) and Nakada (2018). An interaction coalitional
potential is a family of functions, each of which is indexed by a set of coalitions, and its
value only depends upon the characteristic function restricting the set of coalitions. In this
sense, an interaction coalitional potential is a family of subaggregate functions, each of which
summarizes the information about cooperation among the set of coalitions into a representative
value. We show that a solution admits a potential if and only if there is an interaction coalitional
potential such that the potential of the solution can be represented as a sum of the interaction
coalitional potentials. This representation result complements the representation result offered
by Casajus and Huettner (2018), which is based upon the “decomposer” of solutions. The
formal relationship between our result and that of Casajus and Huettner (2018) is elaborated in
Section 3.

Moreover, note that a coalitional potential function is neither a family of linear functions nor
that of symmetric functions. Therefore, even if a solution admits a potential, then it is neither
linear nor symmetric, which is in contrast to the Shapley value because the latter satisfies both
properties. To see why efficiency singles out the Shapley value from the solutions that admit a
potential function, we consider the axioms that the solutions obey. Specifically, we show that
if a solution admits a potential, then it satisfies the null player property and a weaker version
of symmetry on the games with a fixed player set, none of which are satisfied on the variable
player set. Moreover, a solution admitting a potential also satisfies additivity if and only if it
satisfies total additivity, where total additivity requires that the sum of all players’ payoffs is
additive. Since efliciency requires that players’ allocated payoffs sum to the worth of the grand
coalition, which is clearly additive, efficiency is sufficient to make the solution additive together
with a potential. Therefore, efficiency and the above properties jointly imply the set of axioms
that characterizes the Shapley value, which means that the Shapley value is the only efficient
solution that admits a potential function. Moreover, in the absence of efficiency, we also show
that a solution admits a potential function and satisfies linearity if and only if it is a generalized
version of semi-values, as introduced by Weber (1988).

One of the messages of this paper is as follows: The reasons why efficiency uniquely selects



the Shapley value in the class of solutions that admit a potential differ between the two domains,
namely, the games with variable player sets and those with fixed player sets. If player sets
are variable, then efficiency immediately induces the recursive formula of Hart and Mas-Collel
(1989) and generates the Shapley value. Moreover, the potential function implies neither the
null-player property nor a weaker version of symmetry. On the other hand, if a player set is
fixed, then a potential function induces both properties, and additivity is also induced with the
help of the two properties, which leads to the uniqueness of the Shapley value.

The rest of paper is organized as follows. In Section 2, we introduce basic concepts. In
Section 3, we introduce a potential in the case of variable player sets and provide a representation
result. In Section 4, we reformulate a potential in the case of fixed player sets and associate a
potential with axioms of solution concepts. Section 5 is the conclusion of the paper. All proofs

are provided in the Appendix.

2 Preliminaries

Let U be a countably infinite set. We consider U to be the universal set of players. Let N be
the set of all finite subsets of U. A cooperative game with transferable utility (a TU-game) on
a finite player set N € N is given by a function v : 2¥ — R with v(0) = 0. A coalition of
players is a nonempty subset of the player set § € N. We denote the cardinality of coalition S
by |S|. We use n to denote |N|. Let Gy be the set of all games with the player set N and G
denote the set of all games: G = {(N,v)|N € N,v € Gy}. Forevery gamev € Gy and S C N,
let (S,v5) € Gg be the subgame of v such that v3(T') = v(T) for all T C S. For simplicity, we
use (S, v) to denote subgame (S, v5).

For each nonempty 7 C N, a unanimity game ur € Gy is defined as

1 if T CS,
ur(S) =
0 otherwise.

Shapley (1953a) shows that every game v € Gy can be represented as a unique linear combina-
tion of unanimity games: For every game v € Gy, there are unique values A}, ® # T C N such
that

S = Y AurS)= > A (1)

0#TCN 0#RcS



where A7 = g rer(=DITI=IRLL(R). For simplicity, we omit v and write A7 instead of A7 when
there is no ambiguity. We use A to denote the vector (A7)g+rcny € R2"-1 For every (N,v) e G
andi € N,letAY = (v(SU{i}) —v(S))scn\(iy denote player i’s marginal contribution vector. We
say that i is a null player in v if A] = 0. Moreover, we say that players i, j € N are symmetric in
vifv(SU{i}) = v(S) =v(SU{j}) —v(S) forevery S C N\ {i,j}.

A solution is a function f such that f(N,v) € RN for all (N,v) € G. The Shapley value is a
solution defined by

Shiv)= >, Ar/IT| 2)
TCNieT

where A7 /|T| is called Harsanyi’s dividend to the members of T. Shapley (1953b) shows that
the Shapley value is the unique solution satisfying the following properties on Gy with the fixed
player set V.

Efficiency: For every v € Gy, 2icny fi(N,v) = v(N).

Symmetry: Foreveryv € Gy andi,j € N, ifi and j are symmetricin v, then fi(N,v) = fj(N,v).
Null player property: For every v € Gy, if i is a null player in v, then f;(N,v) = 0.
Additivity: For every v,v' € Gy, f(N,v + V') = f(N,v) + f(N,V).

3 Solutions and potentials

Hart and Mas-Colell (1989) introduce the following concept, which is known as the HM-

potential function or simply the HM-potential.

Definition 1. A function P : G — R is the HM-potential if for every (N,v) € G

Z D'P(N,v) = v(N)

JEN
where D'P(N,v) = P(N,v) — P(N \ {i},v).

Hart and Mas-Colell (1989) show that the HM-potential uniquely exists. We denote it by

PHM The HM-potential is obtained from the following recursive formula:

1

PIM(N,v) =
IN|

(v + 3 PN (i) ©)
ieN

with constant P(0,v) € R.! Moreover, they show that marginal contributions with respect to

'Hart and Mas-Colell (1989) define P(0,v) = 0 in their work. However, this difference does not matter in
general: The HM-potential uniquely exists up to constant P(0,v) = 0. For details, see Casajus and Huettner (2018).

We will briefly revisit this in Lemma 3 in Section 4.



PHM yield the Shapley value: For every i € N,
D'PHM(N,v) = Shi(N,v).

Now, in view of Hart and Mas-Colell (1989), we consider the class of solutions that admit
a (general) potential. The following definition is due to Calvo and Santos (1997) and Ortmann

(1998).

Definition 2. A solution f admits a potential if there is a function P : G — R such that
JiN,v) = P(N,v) = P(N \ {i},v)

foralli € N.

If a solution f admits a potential, then we call P a potential of f. Provided that the Shapley

value admits a potential, the result of Hart and Mas-Colell (1989) is reformulated as follows.

Proposition 1. A solution f admits a potential and satisfies efficiency if and only if f(N,v) =

Sh(N,v).

This result suggests that efficiency plays an important role in inducing the uniqueness of
the Shapley value. If we remove efficiency from the proposition, many other solutions also
admit a potential. To see this, we consider the following class of solutions. For every N € N,
let C; = {S C N|i € S} be the set of coalitions that contain i. Let p; : G; — [0,1] with
2sec; Pi(S) = 1 be a probability distribution over C;. For every i,j € N, p; and p; are
symmetric if there is a function g : {1,---,n} — [0, 1] such that p;(S;) = B(s) = p;(S;) for any

Si € Ciand §; € C; with s = [§;| = |S;| where s = [§] is the number of players in S. Note that

- n
2.BW| =t )
s=1

S

In view of Weber (1988), a solution f is a probabilistic value if there is (p;)ieny With p; € A(C;)

such that

JiN,v) = Z pi($)(v(S) = v(S\ {i}).

SeC;

A symmetric probabilistic value is called a semi-value: A solution f is a semi-value if there is

a function 8 : {1,--- ,n} — [0, 1] satisfying (4) such that

JiN,v) = Z B(s)(v(S) = v(S\ {i}).

SeC;



The Shapley value and the Banzaf value (Owen, 1975) are special cases of semi-values where
BS(s) = W and B8(s) = 5, respectively. Each semi-value f has a potential that

satisfies

P(N,v) = Z B(s)(S).

SCN
In this paper, we define the following more general solution, which we call a generalized

semi-value:

ANv) = > 7 ()W(S) = v(S \ {i})) (5)

SeC;

for all i € N where y : 2V — R is an arbitrary function. Each function f satisfying (5) has a

potential function

P(N,v) = > ¥(S)¥(S).

SCN
We now characterize the class of solutions that admit a potential. To this end, we introduce

the following concept. For each N € N and each A C 2V, let {# : Gy — R be a function
such that {#(N,v) = La(N,v’) if v(S) = v/(S) for all § € A. We call the family of functions
({a)acan nen an interaction coalitional potential, which is an analog of the potential function
concept studied by Ui (2000) and Nakada (2018). The following result shows that every solution
that admits a potential can be represented as the sum of components of an interaction coalitional

potential.

Theorem 1. A solution f admits a potential if and only if there is an interaction coalitional

potential ({#)#con yen such that, forall N € N,i € Nandv € Gy,

FNY) = > ZalNov) = > La(N \ {i}v)
AC2N AC2N\i}
=D, LN+ ) (alNoy) = Za(N \ {i}v).
AC2N . ANC;#0 AC2N\i}

A potential function is given by

P(N.v)= > Za(N,v).

AC2N

Theorem 1 and the following notion proposed by Casajus and Huettner (2018) complement

each other.

Definition 3. A solution f is decomposable if there is a solution ¢, called a decomposer, such

that
FN) = g(Nov) + > [N, v) = gy (N \ (i} v)]

JEN\{i}
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for all (N,v) e Gandi € N.

If a decomposer ¥ of f is also decomposable, then ¥ is said to be a decomposable decom-
poser. Casajus and Huettner (2018) show that f is decomposable if and only if it admits a
potential. Furthermore, for each decomposable solution f, there is the unique decomposable
decomposer. Below, we provide a new formula to obtain a decomposer of a decomposable

solution f.

Proposition 2. Suppose that f admits a potential and its potential function P is represented
as an interaction coalitional potential ({#)#cov yep- Then, a solution ¢ given as follows is a

decomposer of f:

Z La(N,v)

vilN,v) = {j € NJANC; # 0}

AC2N:ANC;#0
for all (N,v) e Gandi e N.

This formula generates an explicit expression for the unique decomposable decomposer of
f. Let f be a solution and let (N,v) € Gy and S C N. Define game (S,v/) € G as
(1) =) H(TY)
i€l
forall 7 € S. Then, by the result of Sdnchez (1997) and Calvo and Santos (1997),% f admits a
potential if and only if
fi(N,v) = Shi(N,v/)

for all (N,v) € G andi € N. Since the Shapley value’s potential function P5" is given as

Ay . . . . .
P(N,v) = Yren |—f|, P3" can be represented by the following interaction coalitional potential

({a)acamy Nen:

A = {S|S c T} for some T C N,

La(N,v)y=4 T

)

otherwise.

Then, we have

Shi(N,v7)
DL Layh = Y La(V A\ (i}
AC2IN AN}

ay

2. T

TCN:ieT |

Ji(N,v)

2See Theorem 4 in Casajus and Huettner (2018).



By Proposition 2, the solution ¢ such that for all (NV,v) € G andi € N

v/

Yi(N,v) = Z A

T
2
TCN:ieT 7
is a decomposable decomposer of f and its potential function is given as

i

PY(N,v) = Z #

TCN

If f is the Shapley value, by efficiency, we have v/(S) = v(S). Hence, its decomposable

decomposer is given by
1%

A
ZUDEEDIE

TCN:ieT

for all (N,v) € G and i € N, and its potential function is given as

PY(Nv)= >’ Ar

—
few IT]

Note that the decomposable decomposer of a solution also has its (unique) decomposable
decomposer. Hence, such a decomposition process proceeds infinitely. From this observation,
Casajus and Huettner (2018) consider the notion of higher order decomposability, which they
call resolvability, and obtain the representation of the decomposable solution in terms of its
higher order decomposer (see Proposition 10 and Theorem 12 in their paper). In this sense,
Proposition 2 suggests that we can obtain a higher order decomposition of the potential P.

The following proposition shows that the potential of a decomposable decomposer ¢ of f

yields the potential of f.

Proposition 3. Let i be a decomposable decomposer of f and P¥ be its potential. Then,
function P : G — R defined as follows is a potential of f: for all (N,v) € G

P(N,v) = nPY(N,v) = > PY(N\ {j},v).
JEN

In view of Proposition 3, we obtain a higher order decomposition of the potential P in the

following steps.
* Let f° be a decomposable solution.
* Let f¥ be a decomposable decomposer of X1

« For every decomposable solution £, let P/ be a potential of f.
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Fix an arbitrary game (N,v). For simplicity, we write P/(N) instead of P/(N,v). Then, we

have the following decomposition process.

PI(N) = nPl'(N)= " PPN\ (i])
J1EN
= PPN =@n-1) Y PPN\ G+ Y, Y PP\ (i)
J1EN J1EN joeN\{j1}
= B®PP(N)=Gn® =3n+1) Z PPN\ {ji})
J1EN
#Gn=3) > S PPWNAGLRD- Y Y DT PR (s}
J1EN jreN\{j1} JIEN jaeN\{j1} j3eN\{j1.j2}

In general, let the k-th decomposition of P/ ’ (N) denote

b [P+ et | 3 PG|+

JIEN

+cf Z Z PN\ Ltk D) -

j]GN jkeN\{jl"-"jk—l}

for some (c,’jl),’; 0 € R¥*1. Given the k-th decomposition, the (k + 1)-th decomposition is

o [P+ e | 3 P WA )

j] eN

k+1 . .
7atl D YRR SN S (AR )] B

JIEN  jiri €N\{jt,nji}

+ ...

where each coefficient is clearly given by the following recursive form:

Cg+1 = n- Cg = nk+1, (6)
=~k +(m-a)-cfforeacha =1,..,k, (7)
it = (=DM (8)

The following result offers a general explicit form of the decomposition.

Proposition 4. Let f = f° be a decomposable solution and f* be a decomposable decomposer

of fk=1. For every integer k > 0, the potential of f is given as follows:

PIN) = [P an|+ e | D) PPV L)

J1EN

wef [ P (kb

J1EN  jreN\{j1,ji-1}

+
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where for every a =0, ..., k,

k
k
cclf = Z(—l)’ - St(r,a) - nk=, 9)

r

and St(r, a) is the Stirling number of the second kind.3

The decomposition of a potential function given by Proposition 4 continues infinitely. Note
that for the n-th step, the last term should be P/"(N \ {ji,....j.}) = P/"(0) = 0, while its
coefficient ¢, is not zero. In general, for each k > n, some terms become zero, and hence,

P/(N) is represented by the summation of n — 1 non-zero terms.

4 Potentials and axioms of solutions

As mentioned in Section 3, Proposition 1 shows that a solution f admits a potential and satisfies
efficiency if and only if f = Sh. The Shapley value is characterized in the following two
different ways. On one hand, Hart and Mas-Collel (1989) prove the uniqueness of the Shapley
value by using their potential function defined over all games in G without fixing any specific
player set N. On the other hand, Shapley offers the axiomatic uniqueness of the Shapley value
defined over the games in Gy when fixing a player set N € N.

To analyze the gap between these two uniqueness results, we first fix N € N and consider
potentials of solutions for games in Gy. Hereafter, we fix a player set N € N and consider Gy .

For every game v € Gy and T C N, let v|r € Gy be a restricted game on 7T such that

(S) vrns) ifTNS+0,
ViT =
otherwise.

Note that v|7 is a game in Gy.* The definition of restricted games is due to Ui (2000). For every
vegGyandT,S C N, we have (v|r)|s = v|rus. Moreover, the game v|7 is a projection of v into

the linear subspace in the following sense.

3The Stirling number of the second kind is explicitly given as

St(r,a) = %Z(—na-h( Z )h

" h=1
It is known that the number coincides with the total number of ways of partitioning a set of » elements into a

nonempty subsets.
4This game is also called a nullified game (Béal et al., 2014; 2016). Specifically, game vl is a nullified game

with player i if vI(S) = v(S \ {i}) for all § € N. By successive elimination of players in N \ 7, we can see that

V|T = vN\T.
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Lemma 1. For any game v € Gy and S € N, let v’ = v|y\s. Then, forany 7 C N,

, Ar ifSNT =0,
0 ifSNT=+#0.

Therefore, v/ = Ypcy\s Arur.

Replacing subgames with restriction games in the definition of potentials, we obtain the

following concept.

Definition 4. A solution f : Gy — RY admits a potential if there is a function P : Gy — R

such that
fiv) = P(v) = P(vIn\(i})

foralli € N.

The following result shows that the existence of potentials implies the null player property
if the solution is defined over games with a fixed player set, which does not hold if no player set

is fixed.

Lemma 2. If a solution f : Gy — R admits a potential, then it satisfies the null player
property.

We now provide some necessary and sufficient conditions for a solution f : Gy — R" to
admit a potential, which can be seen as additional conditions that are equivalent to Theorem 4
of Casajus and Huettner (2018). For each A C 2V, let /# : Gy — R be a function such that

La(v) = La(v') if v(S) = V/(S) for all § € A. We call the family of functions ({#)#co~ an

interaction coalitional potential for games with a fixed player set.

Theorem 2. For every solution f : Gy — RY, the following properties are equivalent.

(i) f admits a potential.

(ii) There is an interaction coalitional potential ({#)#co~ such that, foralli € N,
filv) = Z (a(v) = Lalny)s
AN ANC;#0
where the potential function is given by
Pw)= ) La()
AC2N

12



(iii) f satisfies the null player property and path independence:> for every permutation on

N,m,n eIl
n n
Z Fry VN0, xi=1)}) = Z Ty VIN{0, 7i-1)))
i=1 i=1

where N \ {0} = N.

(iv) f satisfies the null player property and balanced contribution:® for every v € Gy and
i,j €N,
i) = fivingy) = ) = 0w ay)-

Path independence of potentials implies the uniqueness of potential, if it exists, in the

following sense.

Lemma 3. Suppose that f admits potentials P and P’. Then, there exists a constant ¢ € R such

that P’ = P + c.

For all games in G, the equivalence between (i) and (iii) (or (iv)) holds without the null
player property: Solution f with f(N,v) = Sh(N,v) + ¢ for some ¢ € R admits a potential
satisfying P(N,v) = PPM(N,v) + |N|c and also satisfies balanced contribution. This difference
occurs because in the set of all games G, we can make use of the size of variable player sets to
construct a potential: The solution can be given as the difference in the values of the potential
for games with different sizes of player sets. However, this approach cannot be applied if the
class is restricted to games with a fixed player set.

The Shapley value admits a potential and satisfies symmetry and additivity. Moreover, it
satisfies linearity: For any v,v' € Gy and ¢,¢’ € R, f(cv + V') = cf(v) + ¢’ f(V'). In contrast,
without efficiency, even if a solution f admits a potential, f violates symmetry or additivity. To

see this, consider the following examples.

Example 1. The following solution f admits a potential, while it does not satisfy symmetry.

Given N, fix a player k € N. Foreveryi € N

£(v) = S CN(S) > 0,k € S} - [{S € Nv7(S) > 0,k € S}.

5This condition is first introduced by Hart and Mas-Collel (1989). They call it the summability condition
and note that the Shapley value satisfies it. Ortmann (1998) calls this condition order-independence or path-

independence, which is the same name of the corresponding concept used in Physics.
6This condition is introduced by Myerson (1980). Béal et al. (2016) call this axiom balanced contributions

under nullification in games with a fixed player set.
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Clearly, the corresponding potential function is
P(v) = |{S € N|v(S) > 0,k € S}|.

However, f violates symmetry. For example, let N = {1,2,3} and k = 1. Consider v(S) = 1
for all @ # S C N. Players 1,2 are symmetric in v. We have v=!(S) = 1 for every S # {1} and
v 1({1}) = 0, and similarly v=2(S) = 1 for every S # {2} and v=2({2}) = 0. We obtain

f() = S CNS) >0,k e S} - [{SC NP (S)>0,1€ S}
- 4-3
+ 4-4

= {S C NIv(S)>0,keS}H—-|{SCNP2S)>0,1¢€S}

= ).
Example 2. The following solution f admits a potential, while it is not additive: For every
1EN
fiv) = Z B (ISHI(S) + vIn iy (SHM(S) = vIny 3y (S))
SCN,eN
= > BSOS = vim ().
SCN,ieN

This solution f has the following potential function:

P() = > (S - v(S).

SCN

However, f is not additive.

Fortunately, if a solution admits a potential, then the following weaker notion of symmetry

is satisfied instead of symmetry.

Definition 5. A solution f satisfies symmetry for unanimity games if forany 77 C N, i,j € T

and ¢ € R, fi(cur) = fj(cur).
Lemma 4. If a solution f admits a potential, then it satisfies symmetry for unanimity games.

Why does efficiency imply additivity (and linearity) for solutions admitting a potential? To

see this, we consider the following concepts.

Definition 6. A solution f satisfies total additivity if for any v,v" € Gn, 2jen fi(v) +
2jen [i(V) = Zjen fi(v +V).

14



Definition 7. A solution f satisfies total homogeneity for unanimity games if for any ¢ € R and

any I' C N, X jen fi(cur) = ¢ Xjen filur).

Note that efficiency and additivity imply total additivity. The following result shows that
additivity and total additivity are equivalent if a solution admits a potential function. Moreover,

if it also satisfies total homogeneity for unanimity, then it satisfies linearity, and vice versa.
Lemma 5. Suppose that a solution f admits a potential. Then,
(i) f is additive if and only if it satisfies total additivity.

(ii) f is linear if and only if it satisfies total additivity and total homogeneity for unanimity

games.

By this result, we can unify the uniqueness results of the Shapley value over G provided
by Hart and Mas-Colell (1989) and Myerson (1980)7 with the axiomatic characterization by
Shapley (1954b) over Gy .

Corollary 1. Let f : Gy — RY. The following properties are equivalent.

(i) f = Sh.
(ii) f admits a potential and satisfies efficiency.

(iii) f satisfies efficiency, balanced contribution and the null player property.

Proof. For the statement (i) implies (ii), the function P(v) = Y rcy % is a potential of the
Shapley value. Moreover, Theorem 2 shows that the equivalence between (ii) and (iii). Then,
it suffices to show that (ii) implies that (i). By Lemma 5, if f admits a potential and satisfies
efficiency, then it also satisfies additivity. Moreover, by Lemma 2, it satisfies null player
property, and by Lemma 4, it satisfies symmetry for unanimity games. Therefore, in view of 1,

fiv) = Xren filArur) = Yrenier i(ATur) = Xrenjer % = Shi(v). O

Below, we provide some technical remarks on Corollary 1. Proposition 9 of Béal et al.
(2016) demonstrates the equivalence between (i) and (iii) by directly showing that the set of

axioms in (iii) characterizes the Shapley value. In their proof, they assume that at least one null

"The former result shows that the unique efficient solution that admits a potential is the Shapley value, and the

latter shows that the unique efficient solution that satisfies balanced contribution is the Shapley value.
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player exists. For the equivalence between (i) and (ii), they provide the concept of a nullified
potential, which is equivalently defined as ) ;cy P(v) — P(v|n\(i}) = v(N) in our notion.® In this
sense, their definition requires efficiency as a primitive in the same way as Hart and Mas-Colell
(1989). They show that such a function P uniquely exists and satisfies P(v)—P(v|n\(i}) = Shi(v).
In contrast, our definition of potentials does not require efficiency, which enables us to consider
more solutions.

We now consider the class of solutions that admit a potential and satisfy linearity. Note
that the Shapley value is an element of the class. Suppose that a solution f is linear. Then, by

Lemma 1, order independence and the null player property, a potential of f is defined as

P(v) Z SiIno.i-13)
i=1

n

Z Z Ar(VIny (o i-1y) fiur)

i=1 TCN
= D Mhiln+ D Apn) e+ D Arfilur).
TCN;1eT TCN;1¢T 2€T TCN;12,--n—1¢T .neT

We define wy € R such that wy = f;(ur) foreach T € N withi € T and0,---,i — 1 ¢ T. Then,

P(v)= > wrdr = > wrv(T)

TCN TCN

for (wr)rcy, we have

where wr = wrU™!, and U € R?'~1X2"~1 5 the matrix whose column vectors correspond to
unanimity games. Therefore, this is the potential of a generalized semi-value defined in (5).

These arguments generate the following characterization of generalized semi-values.

Theorem 3. A solution f admits a potential and satisfies linearity if and only if it is a generalized

semi-value.

5 Concluding remarks

We consider a general class of solutions of TU-games that admits a potential function. We
provide a representation result for the solutions in that class for both G, i.e., the class of games

with a variable player set, and Gy, i.e., the class of games with a fixed player set.

8Béal et.al. (2016) additionally impose that P(0) as a normalization and argue that this property is related to
the null player property. However, our Lemma 3 suggests that these restrictions are unnecessary and the null player

property holds for every potential with P(0). See the proof of Lemma 2.
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In both cases, the combination of efficiency and potentials yields the uniqueness of the
Shapley value. However, the structures of the uniqueness differ between the classes. In the
former case G, efficiency ensures the recursive formula (3), and it directly coincides with the
Shapley value. However, the potential does not imply either the null player property or (even
the weaker notion of) symmetry. On the other hand, in the latter case, a potential generates a
solution that satisfies the null player property and (a weaker notion) of symmetry. Together with
these properties, efficiency ensures the additivity of the solution, which leads to the uniqueness
of the Shapley value. Moreover, a solution is a generalized semi-value if and only if the solution

is linear and has a potential.

A. Proofs in Section 3

Proof of Theorem 1. The proof is similar to Ui (2000) and Nakada (2018). Suppose that a

solution f admits a potential P. For each N € N, let us define {# : Gy — R as

P(N,v) + Y,cny P(N\{i},v) if A =2V,
{a(N,v) =4 —Pi(N\{i},v) if A = 2N\ for some i,

0 otherwise.

By construction, for eachi € N,

DL LaN,v) = PINv)+ > PIN\{i}v) = > P(N\{i},v)

AC2N ieN ieN
P(N,v)

and, foreachi € N,

DL LaN\{hv) = PON\{iLv)+ ). P(N\Gjhv)— Y. P(N\{jhv)

AC2NMEY JeN\{i} JeN\{i}

= P(N\{i}.v).

Therefore,

S Aoy = > LalW \ {ih.v) =P(N.v) = P(N\{i}.v)

AC2N AN}

=f;(N,v).
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Conversely, suppose that there is an interaction coalitional potential ({#) zcon yep Such that
N = > taWov) = > ZalN\ (i)
AC2N A2
foreach N € N,i € Nandv € Gy. Then, itis easily verified that a solution f admits a potential

P(N,v) = X, acon {a(N,v) for each (N,v) € G. O

Proof of Proposition 2. 1t is easy to see that

{a(N,v)
Z‘/’i(N’V) Z Z |{j€N|j.;’lﬂCj¢0}|

ieN iEN AC2N:ANC;#0

I

[
&
=
N

I
s
=
=

and

‘ La(N\ {i},v)
Z gi(N\A{itv) Z Z 1{j € N\ {i}|ANC; # 0}

JEN\{i} JEN\{i} A2V ANC;#0

> LalN\ idv)

AC2NMiY

P(N \ {i},v).

Therefore,

ﬁ(N,V) P(N,V)—P(N\{l},V)

DNV = D N\ (i)
ieN jeN\{i}

GNv) + > [ (N,v) = (N \ (i),

JEN\{i}

which means that ¢ is a decomposer of f. O

Proof of Proposition 3. We first offer the following basic properties for combination and the

Stirling number of the second kind:

L)

St(r + 1,a) = St(r,a— 1) + a - St(r,a), (11)
1 ifr =0,

St(r,0) = (12)
0 otherwise (r = 1,2,3,...),

St(r,r) = 1 for any r > 0. (13)
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We show that c(’)‘ = n* and c]/j = (=1)k, which becomes the induction basis. In view of (9), we

have

k
k
Cg = E (=1)" - St(r,0) ( )nkr = n*.
r=0

r

Moreover,
k
cf = D (=1 - Sir k) (
r=k

Now we fix k and a (k > a) and assume that 65—1 and c¥ satisfy (9). In view of the recursive

k
)n’” =

r

relationship (7), we show that c§+1 satisfies (9). Note that

ck+l @ —~ck +(n-a)-ct
@ _ Zk: (1Y St(r,a — 1) e
r=a—1 r
£ r k k-r
+(n - a) Z(—l) St(r, a) n
r=a r

Extracting the second term, we have

- Z (=1)St(r,a—1) nk=r
r

r=a—1
[«

+ Z(—l)rSt(r,a) ]:)nkHr

r=a

- Z(—l)ra - St(r,a) nkr|.
r=a r

Extracting r = a — 1 from the first term, we have

k
—(-1)*'St(a - 1,a - 1)( nk=@=b

a-—1

» . :
- Z(—l)rSt(r,a -1) n*r
r=a r

£ r k k+1-r
+ Z(—l) St(r,a) ) n
[ &

k
- Z(—l)ra-St(r,a)( )nk’ .
r

r=a
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In view of (11), combining the second term and the forth term and applying (13) to the first

term, we obtain

(=1)?St(a, a) ( : ) phti-a
a-1
- Z(—l)rSt(r + 1,a) nkr
r=a r

.k .
+ Z(—l)rSt(r,a) ) )nkﬂr : (14)

Extracting r = k from the second term of (14), the second term is equal to

- Z(—l)rSt(r +1,a) nk=r
r=a r

—(=1)*St(k + 1,a)( Z )nkk. (15)

Extracting r = a from the third term of (14), the third term is equal to

(—1)“St(a,a)( g )nk“a
a

r=a+1

k
+ Z (—1)’St(r,a)( l: )n"“’ . (16)

In view of (10), summing up the first term of (14) and the first term of (16) generates

k+1
(=1)?St(a, a) nkti=a, (17)
a
In view of (10), summing up the first term of (15) and the second term of (16) yields
k
k+1
Z (—=1)"St(r, a) pk*1-r, (18)
r=a+1 r
The second term of (15) is readily equal to
k+1
(=D)**!St(k + 1,a) plt -ty (19)
k+1

Hence, formula (14) is equal to the summation of (17), (18), and (19), namely

k+1
k+1
E (—l)rSt(r,a)( )nk“’.

Thus, ck*! satisfies (9). This completes the proof. O
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B. Proofs in Section 4

Proof of Lemma 1. First, suppose that S N7 = (. Then,

A= > (=DITHRY(R)

RCT
= D DMy (Ry
RCT
= Ar.
Second, suppose that S N T # @. Then,
o= Y (=)TRY(R)
RCT
= COTRv@ 3 )TV R)
RCT:RNS+#0 RCT:RNS=0
= D EDTER S+ > (=DITRI(R)
RCT:RNS+#0 RCT:RNS=0

ITNS|

= Z (Z rrs| Ce(=DITIRIZE L ()TIHIR,(R)

RCT:RNS=0 k=1

TS|
= 3 (ENTRCY pagCe=1)F = 1) + (-D)ITRu(R)
RCT:RNS=0 k=0
- Z (_(_1)|T|—|R|+(_1)|T|—|R|)V(R)
RCT:RNS=0
=0
where the sixth equality holds by the binomial theorem Z'kT:%ﬂ |TmS|Ck(—1)k =(1-1TSl =
0. O

Proof of Lemma 2. Note that, for all v € Gy and i € N, i is a null-player in v|y\ ;. Therefore,

if f admits a potential P and i € N is a null-player in v, then

fiv) = P(v) = P(vIn\iy) = P(v) = P(v) = 0.
Hence, f satisfies null-player axiom. m|

Proof of Theorem 2. (i) = (ii): The proof is almost same as of Theorem 1, but slight modifi-
cation is needed. For completeness, we offer the proof as follows.

Suppose that a solution f admits a potential P. Let us define
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P() + Zien POlngy)  if A =2V,
av) =1 =Pi(v|miy) if A = 2N\ for some i,

0 otherwise.

By construction, the family of functions ({#)#co~ is an interaction coalitional potential. Note
that {7 (v) = La(v|n\y) if AN C; = 0 because v(S) = v|y\(;1(S) forall § € N\ {i}. Moreover,

by construction, for eachi € N,

D Lal) = PW)+ ) POl - Y PO = PO) + POl

AC2NANC;#0 ieN j#i
and
Z Laviny) = POlvy) + Z PIn\iy) = Z PInigy) = 2P Ingiy)-
AC2N ANC;#0 keN J#
Therefore,

D Ga) = Lablva) = ), (Lal) = Lallng)

AC2N AC2NANC;#0
=P(v) = P(v|n\(iy)
=fi(v).

(ii) = (i): Conversely, suppose that there is an interaction coalitional potential ({#)#con

such that f;(v) = X aconv.anc+0({a(v) — La(vlmgy)). Let P(v) = X acon La(v). Then,

PO) = POlng) = Y a0 = > Lablvy)

AC2N AC2N

= > - ) abme)
AC2N ANC;#0 AC2NANC; #0

=)

where the second equality holds because, again, {#(v) = {a(v|n\(iy) if A N C; = 0. Therefore,
a solution f admits a potential P(v) = X} gcon La(v).

(i) = (iii): Suppose that a solution f admits a potential P. It suffices to show that f satisfies
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path independence. Then, for any order 7 € II,

fr(y(v)

HoWInwgxay) = POIna)y) = PO x)x2)))

P(v) = P(V|n\{x(1)})

PN\ {x(1)x(2) 2(n-1)}) — P(0).

Frm VIV (1) x2) x(n=1)})

Hence, 2.7 fre)(VIN\{0, x(i-1)}) = P(v) = P(0), which implies path independence.
(iii) = (i): Suppose that f satisfies path independence and null player axiom. Then, for

each i, define

P() = £00) + D Fry I (0 ni-1)))
=2

where m = (i,7(2),- - - ,m(n)) € I1. By order independence, P(v) is well-defined independent of

n. By null-player axiom, f;j(v|n\(y) = 0. Hence,

P(v) = P(vInmgy) fiv) = fivIngy)

+ Z(fn(j)(v|N\{0,---,7r(j—1)}) = fri) VN0 m(-1)0y)
i

Jiv) = fivlmgy)
= filv),

which implies that f admits a potential P.

To show the equivalence between (iii) and (iv), we need to show the equivalence between
path independence and balanced contribution.

(iii) = (iv): Suppose that f is path independent. Take any v € Gy and i,j € N. Then,

consider the following two permutation
ML, J,03,0 i,
A .
T J 003, .
Since f is path independent, we have

n n
Z TV IN\(0 mi-1)}) = Z Jr @I (0- a-1)})
i:] l:1

Moreover, by construction,
n n
Z Jeo I (0. ai-1y) = JiV) + [ |ngy) + Z S I\ G ieoy)s
i=1 k=1
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Z feoOIn o xi-1y) = fi) + ivIngy) + Z LI\ (i iee})s
i=1 k=1

which implies that f;(v) — fi(v|n\(j}) = f;(v) = fi(vIn\iy)- Hence, f satisfies balanced contri-
bution.

(iv) = (iii): Suppose that f satisfies balanced contribution. Take any x,7” € I1 and we
write 7 = (i1, -+ ,ip), T = (i’l,ié,- -+ ,i). Note that any permutation is a one-to-one and onto
mapping 7 : N — N and it can be represented as a product of adjacent transposition. Hence,
there are finite sequence of adjacent transpositions 7y,--- 7 such that 7’ = 1, 0 --- 1) 0 7.2

Therefore, it suffices to show that

n n
Z SN0 m-1)}) = Z S WIN (0 ai-1)))
i=1 i=1

where 7”7 = (i1,1," - - ik+1, Ik, - - - In). By construction,

n k-1
D b0 (0-ri-1))) D B0 i) * F Vi iy i)
i=1 j=1

n
+ ik+1(v|N\{i1,~~-,ik})+ Z ﬁj(le\{ilv'“aij—l)})
j=k+2

n k-1
Z Jrr VIV (0 A-1)}) Z Ji Wl isoy) + fiea VIN\Gir o)),
i1 j=1

n

+ ik(v|N\{il»""ik—l’ik+l})+ Z ﬁj(le\{ilv"'sij—l)})'
Jj=k+2

Let ¥ = v|n\{i,,-,,_,} Then, by balanced contribution, we have
Ji @) + fiea Olngiy) = fiot ) + fi (Olngisy)-
which implies that
n n
Z SN0 mi-1)}) = Z S WIN 0 2-1)))-
i=1 i=1
Hence, f satisfies path independence. O
Proof of Lemma 3. By order independence,
D A0l i1y) = POv) = P(0) = P'(v) - P'(0)
i=1

Define ¢ = P’(0) — P(0). Then, we can see that P’'(v) = P(v) + c. O

9A permutation 7 : N — N is a adjacent transposition if there is i,i + 1 € N such that (i) = j,7(j) = i and

7(k) = k for any k # i,j. It is known that for any permutation 7 : N — N, there are finite sequence of adjacent

transpositions 7q,- - - 7x such that T = 74 o - - - 11

24



Proof of Lemma 4. For each unanimity game u7 and S € N and ¢ € R, note that

curls

cur

0

ifT C S,

otherwise.

Note also that fi(cur) = 0ifi ¢ T because f satisfies null player axiom. Then, for any 7 € II,

filcur) =

P(cur) — P(0)

if {i} = argmin ;- 7(j),

otherwise.

Since f is order independent, by considering other orders, we have

foralli,j eT.

Jileur) =

fi(cur)

O

Proof of Lemma 5. Since f admits a potential, we have fi(v) = P(v) — P(v|n\(;) forany i € N.

Moreover, by Lemma 3, we can choose P(0) = 0. Hence,

For simplicity, we write X f(v) :=

P(v)

2,

JEN

fiv)

JEN

1 1
Ef) + - D POlngy)

j]GN

1 1
CEf0) 4

J1EN

JEN

D IPO) = POlv)]

nP(v) — Z PImg)-

Yjen Ji(v). Then, we obtain

1 1
SZfOlnGi) + Z P Iny i)

1 1
;Zf(v) + E Z ZfvIng) + 3

lZf(v) + —
n

J1EN

Z Zf0Ingy) + = 3 Z Z ZfVINGiap)

J1EN

Z Z Z PN\ o)

J1EN j2€N jzeN

—Zf(V) +—

—Z > O G * | =

jIEN

—Zf(V) +—

Z Z ZF VI G}

J1EN

Z Zf0Imgi) + 3 Z Z ZFOIn Gy + -

J1EN

]n 1EN

Z Zf0Ing) + -5 Z D ZF 0 G +

J1EN

Jn-1€EN
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J2€N

Z D PO (i)

]1€N J2o€N

J1EN jo€N

J1EN j2€N
DI W.
JIEN  jn€N

J1EN j2eN




For any T C N, it readily follows from its definition that

ur ifi%T,
0 ifieT.

ur|v\giy =

Hence, setting

O (2 f(ur)) :

nlk S Y s+ Y Y sr0)

1€N\T Jk-1EN\T ST jk1€T

= nik Z Z X f(ur)

[J1IEN\T i1 €NNT

for k = 2,...,n (note that f;(0) = P(0) — P(0|x\(;3) = 0 — 0 = 0), we have

Plur) = 2 flup) + Y. O flur).
k=2

for any T C N. Hence, it follows from total efficiency that P(cur) + P(c’ur’) = P(cur + c’ur’)

forany 7,7 C N and ¢,c¢’ € R. Forany i € N, we have

fileur) + fi(c'ur) (P(cur) — P(cur|y\(iy)) + (P(c’ur) = P(c'uz:|n\iy)

P(cur + c’ugs) — P((cur + c’uz’)|v\(iy)

filcur + c'ur). (20)

Therefore, we have, for v,v' € Gy

filv+y) = f(Z/l;uT+/l ul

TCN
= > fagu” + ")
TCN
= D faguly+ Y Faguh)
TCN TCN
= FO )+ £ gl
TCN TCN
= fO0)+ )

which implies that f is additive.

If we additional impose total homogeneity for unanimity games, it follows that X f(cur) =
cX f(ur) for any ¢ € R and hence Q*(Zf(cur)) = cQ*(Zf(ur)). Hence, we have P(cur) =
cP(ur), which implies that foranyi € N,7 C N,and c € R

ficur) = P(cur) — P(cur|y\(iy) = cP(ur) — cPur|n\giy) = cfi(ur). (21)
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Finally, for v,v’ € Gy and ¢, ¢’ € R, we have

flev+cV) = f(Z cﬁ%uT + c’/l;uT)
TCN

Z f(cﬁ%uT) + Z f(c’/l;/uT)

TCN TCN

@ c Z f(ﬂ%uT) +c Z f(/l;/uT)

TCN TCN

(20)

(20)

cf(v)+c f(v).

which implies that f is linear. O
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