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Abstract

This study incorporates the difference in agents’ trading intervals into the
heterogeneous agent model developed by Brock and Hommes (1998). We
show that the effect of a longer investment horizon appears as either an in-
crease or a decrease in the fraction of strategy adopted by long-term traders,
depending on the values of the risk-free rate in the economy and the variance
perceived by both types of traders. Specifically, when long-term traders are
fundamentalists, we consider whether an increase in the intensity of choice
to switch predictors can lead to market instability, which is the main result
obtained by Brock and Hommes (1998). This is robust if the transaction
cost borne by short-term traders is less than the training cost borne by long-
term traders. Furthermore, when there is no transaction cost, to establish the
stability of the fundamental steady state, the feasible short-term trend fol-
lowers’ belief form becomes more restrictive if the ratio of variance in the
long-term investment horizon to that in the short-term investment horizon is
larger than the risk-free rate in the economy.
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1 Introduction
While traditional financial models characterize equilibrium asset prices by de-
scribing a single, representative agent’s maximization problem, several recent
studies emphasize the interaction between different types of agents with hetero-
geneous beliefs. As Friedman (1953) argues, if irrational traders who would
trade against rational traders will be driven out of the market by losing money,
then adopting classical representative agent models can be rationalized to de-
scribe equilibrium asset prices in the market. Therefore, an important question
is whether irrational traders can survive and influence equilibrium prices in the
market. Several studies demonstrate that irrational or “noise” traders can survive
in markets that consist of rational or “smart” traders. For example, DeLong et
al. (1990) show that noise traders can earn a higher expected return than smart
traders, and thus can survive in the market. As a result, these studies indicate
that incorporating the interaction between heterogeneous types of traders will be
beneficial for describing real asset markets.

In line with these studies,1 Brock and Hommes (henceforth BH) (1998) de-
velop an analytically tractable model incorporating heterogeneous types of traders
to investigate the stability of equilibrium asset prices in the market. In the concept
of an adaptively rational equilibrium that BH (1998) introduced, traders select
their beliefs or predictors by comparing past profits for each type of strategy. An
interesting feature of the model is that although most agents adopt a predictor that
yields the highest realized profits in the past specific periods in time,2 the actual
fraction of traders of a belief type is also affected by the intensity of choice to
switch predictors. That is, if it is infinite, all traders adopt the belief that yields
the highest past performance, and if it is zero, all types of beliefs are eventually
adopted. BH (1998) show that an increase in the intensity of choice to switch pre-
dictors can lead to market instability and the emergence of complicated dynamics
for equilibrium asset prices.

Several studies have extended the BH (1998) model. The important assump-
tions in BH (1998) are: (1) traders are constant absolute risk averse (CARA) and
asset prices are normally distributed, which implies that traders’ investment de-
cisions follow the mean-variance criteria; (2) while traders are heterogeneous in
conditional expectations adopting different predictors or expectation functions,

1For other models of heterogeneous agent modeling, see Zeeman (1974), Haltiwanger and
Waldmann (1985), Frankel and Froot (1988), DeLong et al. (1990), and Dacorogna et al. (1995).

2The length of periods in comparing realized performance is also determined by the strength
of memory.
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they are homogenous in conditional variance; and (3) all traders are assumed to
have the same attitudes toward risk. Chiarella and He (2001) assume constant rel-
ative risk aversion (CRRA) utility functions and a log-normally distributed asset.
While CARA traders invest a constant amount of wealth into a risky asset, CRRA
traders invest a constant proportion of their wealth into the asset. This implies that
under the CRRA assumption, the equilibrium price of an asset is more likely to
be determined by the expectation of traders with a high probability of survival.3

In addition, Chiarella and He (2002) introduce traders’ heterogeneity in attitudes
toward risk and the conditional variance of the future price of a risky asset.4

In contrast to the abundant research conducted after the pioneering work of BH
(1998), there is surprisingly little research incorporating traders’ heterogeneity in
investment intervals, which is ubiquitous in the real market environment, into the
model. In fact, the adaptive belief model developed by BH (1998) might be more
suitable for analyzing the effect of the difference in traders’ trading intervals on
equilibrium asset prices than the classical expected utility model. This is because,
in the classical expected utility framework, adopting a shorter investment interval
never decreases an agent’s expected utility since a short-term trader also has the
option not to trade at any point in time; that is, a short-term trader can also act as
a long-term trader. To ensure the existence of long-term traders in the classical
model, therefore, short-term traders must bear some transaction costs.5 By con-
trast, even when there is no cost in trading between shorter intervals, long-term
traders may exist in the adaptive belief systems if the realized profits of long-term
investments are similar to those of short-term investments. Considering this situ-
ation, this study assumes that under CARA utility, while traders are homogenous
in their attitudes toward risk, they are heterogeneous in trading intervals as well
as their beliefs or predictors of the future price of a risky asset.

The remainder of this paper is organized as follows. Section 2 describes our
model of heterogeneous investment horizons by introducing several assumptions
and defining the market equilibrium in the model. Section 3 analyzes the stability
of the fundamental steady state in some simple linear belief types with differ-
ent investment horizons. In particular, we consider the case in which short-term
traders are trend-followers and long-term traders are fundamentalists and compare
it with BH’s (1998) results. Finally, Section 4 concludes.

3Recall that an agent with a logarithmic utility function has the highest probability of surviving
in the classical homogeneous expectation model, which implies that agents with a correct belief
may be driven out of the market, see Blume and Easley (1992) and Sandroni (2000).

4For empirical analysis of BH (1998), see, e.g., Boswijk et al (2007).
5For an example see, Duffie and Sun (1990).
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2 The Model

2.1 Economic environment

Suppose that there are only two types of investment horizons for analytical tractabil-
ity, and there is a one-to-one correspondence between an agent’s investment hori-
zon and his/her belief type. A trader is said to be a short-term (long-term) trader,
which is denoted by the subscript or superscript S (L), if the investment horizon
is 1 (2)6. In addition, we say that a trader is active at t if the trader participates in
the market at t. Let Wt denote a trader’s wealth at t. The dynamics of wealth are
described by:

Wt+1 = RWt + (pt+1 + yt+1 −Rpt)zt, (1)

where pt and pt+1 denote the ex-dividend price per share of the risky asset at t
and t + 1, respectively, yt+1 denotes the dividend of the risky asset at t + 1, and
zt denotes the trader’s investment amount for the risky asset at t. If the trader is
a CARA-type myopic mean-variance maximizer, the maximization problem for a
short-term trader can be written as

Max
zt

EStWt+1 −
αS

2
VStWt+1, (2)

where ESt and VSt denote the conditional expectation and variance for the short-
term trader, respectively, and αS denotes the short-term trader’s risk aversion in-
dex. For a long-term trader, the maximization problem becomes

Max
zt

ELtWt+2 −
αL

2
VLtWt+2, (3)

where ELt and VLt denote the conditional expectation and variance for the long-
term trader, respectively, and Wt+2 = R2Wt + (pt+1 + yt+1 −Rpt)Rzt + (pt+2 +
yt+2 −Rpt+1)zt.

Let z∗St and z∗Lt denote optimal investment amounts of the short- and long-term
traders, respectively. A direct calculation gives

z∗St =
ESt(pt+1 + yt+1 −Rpt)

αSVSt(pt+1 + yt+1)
and z∗Lt =

ELt(pt+2 +Ryt+1 + yt+2 −R2pt)

αLVLt(pt+2 +Ryt+1 + yt+2)
.

(4)
Further, let us impose the following assumptions:

6For the case when long-term traders’ investment horizons are n, see Appendix B.
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Assumption 1. The risk aversion is equal for all traders, that is, αS = αL.

Assumption 2. VLt(pt+2 + yt+1 + yt+2) = ψVSt(pt+1 + yt+1) = ψσ2.

Assumption 2 states that the beliefs about the conditional variance depend only
on the length of the investment horizon. This assumption is a slight extension
of the assumption adopted in BH (1998): while traders have a distinct way of
constructing expectations about the excess return of the asset, they are assumed to
perceive the same variance. Merton (1980) and Nelson (1992) provide theoretical
foundations to rationalize why the variance of risky assets is more predictable than
its expectation.

2.2 Equilibrium

Let NS,t−1 denote the number of active short-term traders at t − 1, and NL,t−1

denote the number of active long-term traders at t − 1. The market equilibrium
condition is described as

NS,t−1
ESt[pt+1 + yt+1 −Rpt]

ασ2
+NL,t−1

ELt[pt+2 + yt+2 +Ryt+1 −R2pt]

αψσ2
= zst,

(5)
where zst denotes the supply of the risky asset at t. For mathematical tractability,
suppose that the risky asset has zero net supply, that is, zst = 0 for any t.7 Then,
rearranging (5) yields

Rpt =
1

NS,t−1 +
NL,t−1R

ψ

(NS,t−1ESt[pt+1 + yt+1]

+
NL,t−1R

ψ

1

R
ELt[pt+2 + yt+2 +Ryt+1]).

(6)

For a further discussion of the model, it is convenient to express the equilibrium
condition in terms of the fractions of beliefs; thus, we define

n̂S,t−1 =
NS,t−1

NS,t−1 +
NL,t−1R

ψ

and n̂L,t−1 =

NL,t−1R

ψ

NS,t−1 +
NL,t−1R

ψ

, (7)

which implies that (6) can be rewritten as

Rpt = n̂S,t−1ESt[pt+1 + yt+1] +
n̂L,t−1

R
ELt[pt+2 + yt+2 +Ryt+1]. (8)

7For non-zero supply of the risky asset, see, for example, Chiarella and He (2001).
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Note that n̂S,t−1 and n̂L,t−1 differ from the fractions of active short- and long-term
traders at t− 1, which are defined as

nS,t−1 =
nS,t−1

nS,t−1 + nL,t−1

and nL,t−1 =
nL,t−1

nS,t−1 + nL,t−1

. (9)

Using the definition of (9), (7) can be written as

n̂S,t−1 =
nS,t−1

nS,t−1 +
nL,t−1R

ψ

and n̂L,t−1 =

nL,t−1R

ψ

nS,t−1 +
nL,t−1R

ψ

. (10)

Let Nt−1 denote the total number of traders at t − 1. Notice that in our hetero-
geneous trading interval model, Nt−1 = NS,t−1 +NL,t−1 is not necessary to hold
since non-active traders may also exist. To apply the concept of an adoptively
rational equilibrium in our context, we assume that the updated fractions of active
traders, nSt and nLt, are determined by

nS,t−1 =
exp[βπS,t−1]

Zt−1

and nL,t−1 =
exp[βπL,t−1]

Zt−1

, (11)

where β is the intensity of choice, Zt−1 = exp[βπS,t−1] + exp[βπL,t−1], and
πh,t−1, h ∈ {S, L} is the realized profit for type h defined below.

Let p∗t be the fundamental price of the asset, which is defined as

Rp∗t = Et(p
∗
t+1 + yt+1), (12)

and let xt denote the deviation from the fundamental price of the asset, which is
defined as

xt = pt − p∗t . (13)

This study assumes that all beliefs are of the form,

ESt[pt+1 + yt+1] = Et[p
∗
t+1 + yt+1] + fS(xt−1, ..., xt−L); (14)

ELt[pt+2+yt+2+Ryt+1] = Et[p
∗
t+2+yt+2+Ryt+1]+RfL(xt−1, ..., xt−L), (15)

where fS and fL denote some deterministic functions used by the short- and long-
term traders, respectively. Noting that

Et[p
∗
t+2 + yt+2 +Ryt+1] = Et[Et+1[p

∗
t+2 + yt+2] +Ryt+1], (16)

6



and using (12) yields

Et[p
∗
t+2 + yt+2 +Ryt+1] = Et[Rp∗t+1 +Ryt+1] = R2p∗t . (17)

As a result, (14) and (15) are equivalent to

ESt[pt+1 + yt+1] = Rp∗t + fS(xt−1, ..., xt−LS
); (18)

ELt[pt+2 + yt+2 +Ryt+1] = R2p∗t +RfL(xt−1, ..., xt−LL
). (19)

By using (18) and (19), the equilibrium condition (8) becomes

Rxt = n̂S,t−1fSt + n̂L,t−1fLt, (20)

where fSt = fS(xt−1, ..., xt−LS
), fLt = fL(xt−1, ..., xt−LL

). (20) indicates that
Rxt is determined by the weighted average of the beliefs of both types of traders,
as in BH (1998). The difference between the homogenous trading interval model
of BH (1998) and this study’s heterogeneous trading interval model appears in
the fractions of each type of trader; that is, if R > ψ (R < ψ), the long-term
investment increases (decreases) the fraction of the strategy adopted by long-term
traders.

2.3 Selection of belief type

Using (11), (10) can be written as

n̂S,t−1 =

e
βπS,t−1

Zt−1

e
βπS,t−1

Zt−1
+ Re

βπL,t−1

ψZt−1

=
eβπS,t−1

eβπS,t−1 + Re
βπL,t−1

ψ

; (21)

n̂L,t−1 =

Re
βπL,t−1

ψZt−1

e
βπS,t−1

Zt−1
+ Re

βπL,t−1

ψZt−1

=

Re
βπL,t−1

ψ

eβπS,t−1 + Re
βπL,t−1

ψ

. (22)

Now, let us introduce the following notation, which is a generalization of the
difference in fractions introduced in BH (1998):8

m̂t−1 = n̂S,t−1 − n̂L,t−1 =
1− Re

−β(πS,t−2−πL,t−2)

ψ

1 + Re
−β(πS,t−2−πL,t−2)

ψ

. (23)

8We use m̂ because the difference in fractions is denoted by m in BH (1998).

7



Using (23), (20) can be rewritten as

Rxt =
1 + m̂t−1

2
fSt +

1− m̂t−1

2
fLt. (24)

In our multiple investment interval setting, it is reasonable to assume that traders
use the realized profits in the past two periods when selecting the next period’s
investment interval (i.e., strategy). That is, the difference in realized performance
between the short-term and the long-term traders at t− 1 is given by

πS,t−2 − πL,t−2 =(xt−1 −Rxt−2)
fS,t−2 −Rxt−2

ασ2
+ (xt−2 −Rxt−3)

fS,t−3 −Rxt−3

ασ2

− C − 1

ψασ2
(xt−1 −R2xt−3)(RfL,t−3 −R2xt−3),

(25)

where C denotes the relative cost borne by the short-term traders. If there is no
cost borne by long-term traders, then it is reasonable to assume the non-negativity
of C (i.e., C ≥ 0) as a transaction cost for an additional trade in the same period.9

3 Stability of the fundamental steady state
By the definition of x, BH (1998) refers to x = 0 as a fundamental steady state.
This section examines its stability under specific belief types.

3.1 Short- and long-term traders are both trend followers

Let us assume that traders’ beliefs have the form:
9BH (1997) proposed a risk-adjusted performance measure, which is given by

πS,t−2 − πL,t−2 =(xt−1 −Rxt−2)
fS,t−2 −Rxt−2

ασ2
+ (xt−2 −Rxt−3)

fS,t−3 −Rxt−3

ασ2

− α

2
σ2

󰀕
fS,t−2 −Rxt−2

ασ2

󰀖2

− α

2
σ2

󰀕
fS,t−3 −Rxt−3

ασ2

󰀖2

− C

− 1

ψασ2
(xt−1 −R2xt−3)(fL,t−3 −R2xt−3) +

α

2
ψσ2

󰀕
RfL,t−3 −R2xt−3

ψασ2

󰀖2

.

The additional negative terms express the negative aspects of taking risks consistent with the mean-
variance maximizer.
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fSt = gSxt−1 and fLt = gLxt−1. (26)

BH (1998) says that trader h is a pure trend chaser if gh > 0, h ∈ {S, L}, and a
contrarian if gh < 0, h ∈ {S, L}. In addition, trader h is said to be a fundamen-
talist if gh = 0, h ∈ {S, L} because trader h believes that prices will return to the
fundamental value. In this linear belief type, while x = 0 always satisfies (20),
non-fundamental steady states, x ∕= 0, can also exist depending on other paramet-
ric values. First, we explore the condition for the existence of non-fundamental
steady states.

If there is a non-fundamental steady state, x∗ ∕= 0, using (24), we have

R =
1 + m̂∗

2
gS +

1− m̂∗

2
gL, (27)

where m̂∗ is (23) evaluated at this non-fundamental steady state, that is,

1− Re−β(πS−πL)

ψ

1 + Re−β(πS−πL)

ψ

= m̂∗, (28)

where

πS − πL =
1−R

ασ2
[2(gS −R)− 1 +R

ψ
(RgL −R2)]x∗2 − C. (29)

In addition, rearranging (27), we obtain

m̂∗ =
2R− gS − gL

gS − gL
. (30)

This leads to the following proposition.

Proposition 1. (Existence of the steady states of Eqs. (27), (28), (29), and (30))

Let m̂eq =
1−ReβC

ψ

1+ReβC

ψ

, m̂∗ = 1− 2 gS−R
gS−gL

, and x∗ be the positive solution (if it exists)

of
1− Re−β(πS−πL)

ψ

1 + Re−β(πS−πL)

ψ

= m̂∗, (31)

where
πS − πL =

1−R

ασ2
[2(gS −R)− 1 +R

ψ
(gL −R2)]x∗2 − C. (32)

Then, we have
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Figure. 1 The region for the uniqueness of the steady state

• For gS < gL < R, R < gS < gL, R < gL < gS , and gL < gS < R, (0,m̂eq)
is the unique steady state.

• For gS < R < gL and gL < R < gS , (0,m̂eq) is the unique steady state if
(m̂∗ − m̂eq)[(1 + R)(RgL − R2) − 2ψ(gS − R)] < 0 and there are three
steady states (0, m̂eq) and (±x∗, m̂∗) or a steady state and a period two
cycle (0, m̂eq) {(x∗, m̂∗), (−x∗, m̂∗)} if (m̂∗ − m̂eq)[(1 +R)(RgL −R2)−
2ψ(gS −R)] > 0.

Proof. See Appendix A.

Figure 1 illustrates the region to ensure that the fundamental price of the asset
x = 0 is the unique steady state of the system (27)–(30).

3.2 Stability of the fundamental steady state

This subsection derives the condition to ensure the stability of the fundamental
steady state under the belief types described in Section 3.1.

First, by substituting (25) into (23), we obtain m̂t−1 as a nonlinear function
of xt−1, xt−2, xt−3, and xt−4, which is denoted by m̂t−1(xt−1, xt−2, xt−3, xt−4).
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Using this, (24) can be rewritten as:

0 =Rxt −
1 + m̂t−1(xt−1, xt−2, xt−3, xt−4)

2
gSxt−1

− 1− m̂t−1(xt−1, xt−2, xt−3, xt−4)

2
gLxt−1.

(33)

Denoting the right-hand side of the above equation by F (xt, xt−1, xt−2, xt−3, xt−4)
yields

F (xt, xt−1, xt−2, xt−3, xt−4) = 0. (34)

The characteristic function for (34) is defined as

F1λ
4 + F2λ

3 + F3λ
2 + F4λ+ F5 = 0, (35)

where each Fi denotes the partial derivative of the i-th argument evaluated at a
particular steady state. To consider the stability of the fundamental steady state,
we should evaluate Fi at x = 0. Direct calculation yields:

F1 = R,F2 = −1 + m̂eq

2
gS, F3 = −1− m̂eq

2
gL, F4 = F5 = 0. (36)

Thus, the characteristic function for the fundamental steady state is described as

Rλ4 − 1 + m̂eq

2
gSλ

3 − 1− m̂eq

2
gLλ

3 = 0. (37)

The above equation has triple eigenvalues 0 and an eigenvalue that should be
examined. The non-zero eigenvalue is obtained as

λ =
1 + m̂eq

2

gS
R

+
1− m̂eq

2

gL
R
. (38)

Let us define φ = ReβC/ψ; then, (38) can be written as

λ =
1

1 + φ

gS
R

+
φ

1 + φ

gL
R
. (39)

A direct calculation yields the following lemma.

Lemma 1. |λ| < 1 is equivalent to

−1 + φ

φ
R− gS

φ
< gL <

1 + φ

φ
R− gS

φ
. (40)
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According to the theory of nonlinear dynamic systems, the fundamental steady
state is stable if the absolute values of all eigenvalues are smaller than unity.
Therefore, the fundamental steady state is stable if the absolute value of the non-
zero eigenvalue is smaller than unity. Combining this with Lemma 1 yields the
following result.

Proposition 2. The fundamental steady state is stable if

−1 + φ

φ
R− gS

φ
< gL <

1 + φ

φ
R− gS

φ
. (41)

Rearranging (41), we obtain

−R <
gS + φgL
1 + φ

< R, (42)

which indicates that to establish the stability of the fundamental steady state, the
absolute value of the average of gS and gL weighted by 1/1+φ and φ/1+φ must
be less than R. The weight given to gL is increasing in R and C and decreasing
in ψ. In addition, for C > 0 (C < 0), it is increasing (decreasing) in β because φ
is increasing in R and C and decreasing in ψ. Furthermore, if C = 0, that is, the
relative cost borne by short-term traders is zero, then, (41) is reduced to

−R <
gS + R

ψ
gL

1 + R
ψ

< R. (43)

This is intuitive: similar to the result obtained in Section 2, (43) implies that the
weight given to the strategy adopted by long-term traders increases (decreases) if
R > ψ (R < ψ) in this stability analysis.

3.3 When long-term traders are fundamentalist

When there are two types of traders in the market, BH (1998) considers two cases:
fundamentalists versus trend chasers and fundamentalists versus contrarians. To
investigate the effect of heterogeneous investment horizons on the stability analy-
sis of the steady states by comparison with the result under BHs (1998) homoge-
nous trading intervals model, suppose that long-term traders are fundamentalists
(i.e., gL = 0). There are two reasons for adopting this assumption.

First, DeBond and Thaler (1985) document that stock returns exhibit a return
reversal effect in the long term. That is, “winners” in shorter horizons become
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“losers” in longer horizons. They argue that a possible explanation for this phe-
nomenon might be that traders “overreact” to unexpected news events in short-
term intervals. A possible way to describe this characteristic is to impose that
gS > 0 and gL = 0, that is, short-term traders are trend-chasers, and long-term
traders are fundamentalists. Second, although it is plausible to say that long-term
traders will utilize longer past price deviations as their information set, there is no
consensus on its exact length.

In BH’s (1998) homogeneous investment horizon model, to ensure the stability
of the fundamental price of the asset, we need

−(1 + e−βC)R < gS < (1 + e−βC)R, (44)

where C > 0 is the cost borne by the fundamentalists. A key feature of BH’s
model is that the additional cost of obtaining access to the belief system is borne
by fundamentalists as the training cost for understanding the fundamental tenets
of the efficient market hypothesis (EMH). BH (1998) rationalize the existence of
this cost by writing “This cost C may be positive because ‘training’ costs must be
borne to obtain enough ‘understanding’ of how markets work in order to believe
that they should price according to the EMH fundamental.” As a result, C > 0
is crucial to deriving their conclusion that an increase in the intensity of choice to
switch predictors can lead to instability of the fundamental steady state. That is,
as the intensity of choice β increases, the bound for gS to establish the stability
of the fundamental price of the asset becomes more restrictive. This is because
an increase in the intensity to switch predictors has the same effect as an increase
in the cost to become fundamentalist, which in turn makes the trend-following
strategy more attractive.

As already discussed, in our model of heterogeneous trading intervals, it is
reasonable to suppose that there is also a non-negative transaction cost as well
as this training cost. When long-term traders are fundamentalists, they bear a
training cost to understand the EMH fundamentals, while short-term traders bear
a transaction cost for additional trading in the same period of time. Let Cf and Ct

denote the training cost borne by long-term fundamentalists and the transaction
cost borne by short-term trend followers, respectively. Then, as shown in the
previous sections, to establish the stability of the fundamental steady state in our
model, we need

−(1 +
R

ψ
eβ(Ct−Cf ))R < gS < (1 +

R

ψ
eβ(Ct−Cf ))R. (45)
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This indicates that as the intensity of choice β increases, while the required bound
for gS becomes tightened if Ct − Cf < 0 (i.e., the transaction cost is smaller than
the training cost), it becomes loosened if Ct − Cf > 0 (i.e., the transaction cost
is larger than the training cost). This is intuitive: when Ct − Cf > 0 (Ct − Cf <
0), adopting beliefs of trend-followers (fundamentalists) becomes more and more
costly as the intensity of choice β increases. Thus, if Ct − Cf > 0, that is, the
transaction cost is larger than the training cost, an increase in β yields a reduction
in the fraction of trend-followers, which in turn can lead to the stability of the
fundamental steady state.

Finally, to investigate the effect of heterogeneity in trading intervals, suppose
that there is only a training cost to become a fundamentalist, as in BH (1998).
Then, (45) becomes

−(1 +
R

ψ
e−βCf )R < gS < (1 +

R

ψ
e−βCf )R. (46)

Comparing (44) and (46) indicates that when fundamentalists trade between longer
periods in time, the bound for gS to establish the stability of the fundamental
steady state becomes restrictive if and only if ψ > R; that is, when the constant
multiplier of variance of the excess return of the asset is greater than the risk-free
rate in the economy. The results are summarized as follows.

Proposition 3. Under heterogeneous investment horizons, an increase in the in-
tensity of choice can lead to market instability if the transaction cost borne by
short-term traders is less than the training cost borne by fundamentalists (i.e.,
long-term traders). In addition, when there is no transaction cost, the bound of
gS to establish the stability of the fundamental steady state becomes restrictive if
ψ > R.

While the reason behind the first part of the proposition is already explained,
the second part of the proposition is also intuitive: because the effect of the long-
term investment appears as a reduction (an increase) in the fraction of the strategy
adopted by the long-term traders if R < ψ (R > ψ), when R < ψ, we need a
more restrictive bound for gS to establish the stability of the fundamental steady
state.

4 Conclusion
This study incorporates the difference in agents’ trading intervals into the het-
erogeneous agent model developed by BH (1998). Since there is a one-to-one
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correspondence between the investment horizon and the agent’s belief type in our
model, traders select their trading intervals and belief types simultaneously by
comparing past realized profits. We show that the effect of the longer investment
horizon appears as an increase or a decrease in the fraction of strategy adopted
by long-term traders, depending on the other parametric values. Specifically, the
fraction of strategy adopted by long-term traders increases if and only if R < ψ,
that is, the risk-free rate is less than the multiplier of the variance. Using this
observation, we consider the case when long-term traders are fundamentalist and
short-term traders are trend followers to compare with the results obtained in BH
(1998). We show that when short-term traders need to pay a transaction cost for
an additional trade, an increase in the intensity of choice to switch beliefs can lead
to market instability (consistent with BH’s (1998) results) is robust if and only if
the transaction cost is less than the training cost borne by fundamentalists. This
is because an increase in the intensity of choice increases the attractiveness of the
trend-follower’s strategy if and only if the cost borne by trend-followers (i.e., the
transaction cost) is less than the cost borne by fundamentalists (i.e., the training
cost). Furthermore, when there is no transaction cost, the feasible trend follow-
ers’ strategy for establishing the stability of the fundamental steady state becomes
more (less) restrictive if R > ψ (R < ψ), since if R > ψ, short-term trend chasers
have a greater effect on the market equilibrium.

Though this study derives some analytical conditions for establishing the sta-
bility of the fundamental steady state in the multiple investment horizons setting,
our results are based on several simplified assumptions: two types of trading in-
tervals, linearity in the variance, and CARA traders. A possible extension of this
study would be to loosen these restrictions by assuming more than two types of
trading intervals or CRRA traders. Specifically, considering CRRA utility (and
log-normally distributed asset price) is informative because, as discussed in the
Introduction, the CRRA assumption can shed light on the issue of what types of
traders can survive in the market. These problems will be addressed in future
studies.
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Appendix A: Proof of Proposition 1
Notice that

m̂∗(z) =
1− Re−βz

ψ

1 + Re−βz

ψ

(A.1)

is increasing in z and taking the limit z → ±∞ we have

lim
z→∞

m̂∗(z) = 1, and, lim
z→−∞

m̂∗(z) = −1. (A.2)

Thus, there is no steady state other than x = 0 if m̂∗ < −1 or m̂∗ > 1. By
using (30), x = 0 is the unique steady state if gS < gL < R, R < gS < gL,
R < gL < gS , and gL < gS < R. In other words, non-fundamental steady states
can exist only if gS < R < gL or gL < R < gS .

In addition, because πS − πL is increasing in x∗ if and only if (1−R)[2(gS −
R)− (1+R)(RgL−R2)/ψ]/ασ2 > 0 ⇔ (1+R)(RgL−R2)−2ψ(gS −R) > 0,
non-fundamental steady states exist if m̂∗ > m̂eq and (1+R)(RgL−R2)−2ψ(gS−
R) > 0, or m̂∗ < m̂eq and (1 +R)(RgL −R2)− 2ψ(gS −R) < 0.

Appendix B: The case when the investment horizon
for long-term traders is n
Let us suppose that the investment horizon for long-term traders is n, which im-
plies that their maximization problem can be rewritten as

Max
zt

ELtWt+n −
αL

2
VLtWt+n. (B.1)
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Similar to (4), their optimal investment amount is given by

z∗Lt =
ELt(pt+n +Rn−1yt+1 +Rn−2yt+2 + . . .+ yt+n −RnPt)

VLt(pt+n +Rn−1yt+1 +Rn−2yt+2 + . . .+ yt+n −RnPt)
. (B.2)

For further investigation, let us impose the following assumptions, which are ex-
tensions of the assumption adopted in Section 2 in this n-period environment:

Assumption 3.
ELt(pt+n +Rn−1yt+1 +Rn−2yt+2 + . . .+ yt+n) =Et[p

∗
t+n +Rn−1yt+1 +Rn−2yt+2

+ . . .+ yt+n] +Rn−1fL,

(B.3)

Assumption 4.
VLt(pt+n +Rn−1yt+1 +Rn−2yt+2 + . . .+ yt+n −RnPt) = (n− 1)ψσ2. (B.4)

Note that Assumption 4 implies that the volatility for the excess return of the
asset increases linearly in the investment horizon. For instance, Assumption 4 can
be rationalized if the excess return of the asset is normally distributed.

Using these assumptions, calculations similar to Section 2 yield the equilib-
rium condition in this n-period environment:

Rxt =
NS,t−1

NS,t−1 +
Rn−1

(n−1)ψ
NL,t−1

fSt +

Rn−1

(n−1)ψ
NL,t−1

NS,t−1 +
Rn−1

(n−1)ψ
NL,t−1

fLt. (B.5)

(B.5) indicates that the effect of long-term investment appears as an increase (de-
crease) in the fraction of strategy adopted by long-term traders if Rn−1 > (n−1)ψ
(Rn−1 < (n− 1)ψ) in this n-period environment.

An interesting feature is that the effect of long-term trading can have an ad-
verse effect depending on the investment horizon adopted by long-term traders
because while (n−1)ψ increases linearly in n, Rn−1 increases exponentially in n,
the effect of long-term trading also depends on n as well as R and ψ. In particular,
if the excess return is normally distributed, then it is reasonable to suppose that
ψ = 2 by the square root of time rule in the Wiener process. Thus, because R < ψ
is reasonable, more-than-one-period longer trading may appear as a decrease in
the fraction of strategy adopted by the long-term traders. Nevertheless, the effect
will be reversed when the investment horizon for long-term traders is extremely
long so that Rn−1 > (n− 1)ψ holds.
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