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Abstract. Efficiency of estimation depends not only on a method of
the estimation, but also on the distribution of data. In statistical ex-
periments, statisticians can at least partially design the data generating
process to obtain high performance of the estimation. In this paper, a
necessary condition for the semiparametrically efficient experimental de-
sign is proposed. A formula to determine the efficient distribution of input
variables is derived. An application to the optimal bid design problem of
contingent valuation survey experiments is presented.
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1 Introduction

In this paper a class of simple statistical experiments described by a 4-tuple,
E={(w,v,p,0) : p€M,veN}, (1)

is investigated, where M is a set of probability measures on (W, .A), N is a set
of probability measures on (X, B), p is a measurable map from W x X to (¥,C),
and ¢ is a functional on M. In every experiment (u,v,p,) € &, input z is
drawn from v, output y = p(w, z) with w ~ p is observed, and the value of p(u)
is estimated from (z,y).

For example, imagine that there exist n lightning bulbs, whose life time
hours wy, ..., w, are i.i.d. random variables distributed according to w. In order
to estimate the expected life time hours ¢(u) = Ew, the following experiment is
conducted. First, all n bulbs are turned on at time 0. Second, one of the bulbs is
sampled without replacement at time z and its status is observed. If the sampled
bulb is alive, y is set 1. If otherwise, y is set 0. The procedure is repeated n times
until all of the bulbs are sampled. Finally, data of n independent pairs (z1,y1),
-+, (Zn,yn) are obtained, and Ew or any other moments of w will be consistently
estimated by existing efficient estimation methods, such as the nonparametric
maximum likelihood estimation.



To be noted here is that efficiency of the estimation depends not only on the
estimation method, but also on the distribution v of x1,---,z,. In an extreme
case where xr1 = ... = x, = 0, trivial outcomes y; = ... = y, = 1 will be
obtained unless some of the bulbs are with initial failure. In the opposite extreme
case where x1 = ... =x, = +00, y1 = ... =y, = 0 will occur with probability
one. In both cases, data are so poorly informative that consistent estimation of
FEw is not possible. To find the best distribution v of x, with which the experiment
produces the most informative data, is therefore an interesting problem.

The paper is organized as follows. In Section 2, the problem of the paper is
formally stated. For the purpose, geometric theory of semiparametric estimation
is introduced. In the theory, every statistical model is considered as a point
on an infinite dimensional manifold, and the efficient design is formulated as a
minimizer of the Fisher-information norm of the gradient of a functional on the
manifold. In Section 3, a necessary condition for the efficient design is proposed.
In Section 4, application examples of the main theorem are given. In particular,
the optimal bid design problem of contingent valuation survey experiments is
solved. In Section 5, results from small Monte Carlo simulations are reported.
It is numerically confirmed that the efficiently designed estimations outperform
opponents even with small samples.

2 The Model

2.1 The tangent space of a statistical manifold

In this section, geometric theory of semiparametric estimation is introduced
to formulate the efficient design problem. Terms and definitions given in the
following are according to [12]. Equivalent definitions are also found in [1], [2],
[3], and [11].

Let p be a probability measure on (W, A). Let M be a set of probability
measures, which are absolutely continuous with respect to p. A map ¢t — py
from (—¢,€) C R to M such that puo = p is differentiable in quadratic mean at
t = 0 if there exists @ € La(u) such that

(M _ 10[\/@)2 = 0. (1)

lim
t—0

t 2

Proposition 1. A map t — p; is differentiable in quadratic mean at t = 0 if
(i) a map t — Cy(w) := dp/du(w) is continuously differentiable on (—e,€) and
if (it) a map t — f(ét/ﬁt)2dut becomes continuous on (—e, ), where {;(w) =
(dt,/dt)(w). Under conditions (i) and (ii), fy becomes a tangent vector of M at
i

Proof. See e.g. Proposition 1 in page 13 of [3]. ad

A collection of those differentiable maps ¢ +— p; is denoted by M(u). A
tangent space T, M of M at p is a set of tangent vectors o as in (1). A tangent



bundle T M relates each p with T), M. A pair (M,TM) is a statistical manifold,
which is an infinite dimensional analog of a standard finite-dimensional manifold.

On (M, TM), the Fisher-information metric p+— (-, -):/2 is defined by

(@) = [ oo’d )

for every o and o' in T), M. The Fisher-information norm || - ||, is also given by
1/2

el = (e, @),/ The following proposition characterizes T, M.

Proposition 2 ([10], [13]). Let T,P(W) be the closure of a tangent space
T, P(W) with respect to || - ||, then

1,00 = 280 = {o € Lo | =0}, 3)

Proof. Choose an arbitrary a € L(u) and M > 0. Let oY, = an — [ anm dp,
where apr = a - {|a| < M}. Define a map ¢t — pu; by

d
b = di,ut = exp (ta(])\/l =), e =log </ exp(tal) d#) : (4)

Since |a9,] < M, (4) is well-defined and ¢ — ¢;(w) becomes continuously differ-
entiable with derivative

. A/ TNE [ oS exp(tal,) du
) = () Gt = (ot - LT Yoot - m( ;

at every w € W. A map t — f (@t /l)?dpy is also well-defined and continuous
in t € (—e,¢), hence t — p; is differentiable in quadratic mean at ¢ = 0 with
derivative £y = af,. Let M 1 oo, then |la — |, — 0. Thus, a € T, M is
shown.

On the other hand, for every (u¢)ie(—e,c) € M(p) and a € La(p), let § =

k(\/dpa /i — V/dp) — (o/2)+/dp for k € N. Then, as k — oo, [£ — 0 and

el v o)

1/2 2 o )
§‘/£i ~2‘/du +k‘/(5k+2\/du)
2
<

<o)+ ¢ (o) + lall) 0,

which implies T),M C L3(p). O



2.2 The score operator

Let N be a class of probability measures on (X,B), and let P be a class of
probability measures on (X x Y,0(B x C)). For every P € P, let P(P) be a
collection of differentiable maps t € (—¢,€) — P, € P such that Py = P. Let
TpP be the tangent space of P at P. The tangent bundle TP relates each P
with TpP. The Fisher-information norm on (P,TP) is || - ||p such that ||5||p =

(f B(x,y) dP(x, y))1/2 for every 8 € TpP. The closure of TpP with respect to
|- ||, is LY(P) as shown in Proposition 2.

Given a measurable map p: WxX — Y, at every v € N, amap p, : M — P
defined by

pu(p)(D) = /{(x,p(wyx)) € D} pldw)v(dz), D e€o(BxC), (6)
is a differentiable map between (M, T M) and (P,TP). To see this, note that

dpu(ut) - % w
) 00) = By (1)

xy) ()
because
o)D) = | %‘jjw){(x,p(w,x)) € D} p(dw)v(de)

= By | B ( 220)| 220) (o) € D).

Particularly when du,/du = exp(ta — ), where a € L§(p) is bounded and

v = log [exp(ta) du, t — €7 (x,y) := dpu(p)/dp,(w)(z,y) is continuously dif-
ferentiable with derivative

0 L d dpu(ﬂt)
i) = () P 0y

xy] NG

Since t +— f(éf/ﬂtp)2 dpy (pt) is continuous, ¢ — p, (u¢) is a differentiable path on
P with a tangent vector £5(x,y) = E,,(a|z,y).

The derivative of p, : M — P at u is the score operator (dp,)u : TyM —
Ls(pu (1)), which maps every o € T, M to

((dpv)pa)(z,y) = Eyu(alz,y), (z,y) € X x V. 9)

Then, a tangent space of a submanifold p, (M) := {p, () € P|pu € M}, which
is a set of statistical models to be estimated in experiment (u,v,p, ), is the
range of the score operator: that is,

Loy pr (M) = (dpy) u(Tu M) = R((dpy) ), (10)



where R(-) denotes the range of given operators. Note that the score opera-
tor is linear and continuous under the Fisher-information metrics. The conju-
gate operator (dp, )y, : La(pu(p)) = La2(p), which satisfies ((dp, )., )

{a, (dpy)26># for every a € La(u) and 8 € La(p, (1)), is given by

((dpv)uB)(w) = Epw(Blw),  weW. (11)

Pv (/‘) =

2.3 The efficiency bound
Assume that ¢ : M — R is a pathwise differentiable functional: that is,

(A1) there exists a linear, continuous operator ¢/, : T), M ~ R such that

lim

t—0 t

= Spﬂa

for every (t — pt) € M(u) with a tangent vector a.
By Riesz’s representation theorem, there uniquely exists the gradient function
¢, € LI(p) such that pLa= (0, oz>u. Assume also that ¢(u) is identified in
the following sense:

(A2) there exists a functional x : P +— R such that x(p, (1)) = ¢(p) for all
we M.

The functional & is said differentiable at P € P relative to P(P), if there exists
a linear, continuous operator x5 : TpP — R such that

L (P — A(P)
t—0 t

= kpf (13)

for every differentiable path (¢t — P;) € P(P) with tangent vector 8 € L3(P).
The efficient influence function Okp of k is the Riesz representation of k’» on
TpP = L3(P), that is, dkp € LY(P) and

kpB = (0kp,B)p . (14)

Differentiability of x at P = p,,(u) relative to p, (M () := {pv () | e € M(1)}
is a necessary condition for existence of a regular estimator T, of ¢(u) such that

\/E(Tn_QD(:uhn/\/ﬁ)) :py(uhn,/ﬁ) i (15>

for every p; € M(u) and h, — h € R. By van der Vaart’s Differentiability
Theorem (Theorem 3.1 of [12]), & is differentiable at p, () relative to p, (M (u))
if and only if

Ay € R((dpy);,)- (16)
When (16) is satisfied, the efficient influence function 0x,,(,) is related to the
gradient of ¢ by the score equation,

Op, = (dp,,):;(af-fpu(u)), Ok, () € R((dpy)p)- (17)



The limit distribution £ of T}, is the convolution of N (0, ”a“pu(u)Hiy(u)) and
some other probability measures on R ([3], [12], [13]). In this sense, |0k, () ”iu(/t)

gives the lower bound of asymptotic variances of all regular estimators of ¢(u).
Let A* be a subclass of N such that

N* ={v e N|9¢,u € R((dp,);,)}, (18)
then an efficiency criterion of experimental designs is given by

Haf{pu(#)Hiy(N) if ve N*

Lb. (o)) := (19)
+00 ifv g N*.

Definition 1. The probability measure v* is efficient for experiment £ at p if

Lb.(o(w)[v*) < Lb.(e(p)lv) (20)

for every v € N.

3 Main Results

A main theorem of the paper is given as follows.

Theorem 1. If v* € N* is efficient for € at p, then E,, - (6;-@/2J () | z) is v*-
a.s. constant on X.

Intuition behind the condition is obtained from the expression,

(e lv) = [ By (00| 2) ") o

If the lower bound is minimized at ¥ = v*, any small perturbations added to v*
would not significantly change the value of L.b.(p(u)|v*). This is possible only if
the integrand E,, ,- ((“)/iiu*(#) | ) of (1) is independent of z.

A proof of the theorem consists of the following lemmas 3.2-3.4.

Lemma 1. For every v € N*, EV[EMW(&‘%V(#) (x,y)2|x)]1/2 < co.

(Proof) Let v € N*. There exists 3* € La(p, (1)) such that 0y, = (dp.)},8"
Let II, be the orthogonal projection from Ls(p, (1)) to R((dpy),), then

<B* - 11,7, (dpl/)p,a>pv(u) = <(dpu>;<ﬁ* - HVB*>7O‘>M =0 (2>

for every a € La(u). Hence, there exists , € Ker((dp,);,) such that I1,5* =
B* — 9, and that

(dpy), 118" = (dpy), 8" = Opu, 11,5 € R((dpy)u), 3)



which shows 0k, () = I, 8" is the efficient influence function of x at p, (i). By
Jensen’s inequality and the property of projections,

/[Eﬂm(@ﬂi“(“)lxﬂl/z v(dr) < (/ Eﬂ,u(@niy(uﬂx)u(dz)) :

= LB |p, (i) < 1B [lp, () < 00-

(|
Lemma 2. Define a map I : N* — N by
d(I'v) _ 1/2
7 () =C I[ij(amiy(m\x)]
1/2
[ osotapten et @

where

1/2
C = BB (952, )] "

-/ [ / 8npy<u><x,p<w7x>>2u<dw>} ) (5)

Then, I'v € N* for every v € N'*.

Proof. For the simplicity of description, let v’ = I'v. For every v € N*, there
exists % € La(p,(p)) such that Ok, () = II,5*. Define By C X' by

By={z € X : E,,(0k,,)(z,y)*|z) =0}. (6)

Let vo(B) := v(B\By) and v*(B) := v(BNBy) for every B € B, so that v/ ~ v,
v Lvt v=uvy+vt, and (dv'/dv)(z) = (d ’/dl/o)( )y=C"1 [EW(a/-;iu(mm)] V2
Note that Ok, (. (2, p(w,z)){z € Bo} = 0 p-a.s. because Euﬁy(aﬂgy(“ﬂ@{x €
By} = 0 and that (dvy/dv')0k,, () € La(py (1)) because

dl/o
7 0, ()

2
<dy0 ) Ok, () (T, p(w, 2))?* p(dw)' (dz)
p.,/(u)

<dV0 )a’iﬁu(m #. plw, 2))” p(deo)vo(de)

Ok, u)(x,p(w,x))Z N
-c ) ldw) (v = v )
/ [E“W(a'%/%u(u)'x)] /

=(C? < .

Let I,/ : La(pur (1)) — R((dp.),) be the orthogonal projection, then

(@05 (1 500000 ) ) = [ (Gpat0)) 0yl /)



- /aﬁpu(ﬂ)(xvp(w’x)) (V - VL)(dx)

_ ( /X _ /B ) O (s pl, ) v(da)

= ((dMZ a“pu(u)) (w) = dpu(w).
Therefore, dp,, € R((dp,);,) holds at v = I'v. O
Lemma 3. For every v € N*, Lb.(o(p) | I'v) < Lb.(¢o(u)|v).

Proof. Let v/ = I'v. Since the efficient influence function of k at p, () is given
by Ok, ,(u) = I (dvo/dv' )0k, (4,

2

dv
etl) < | (55

o = Lbe()y).

(7)

a

=C?< "8’§pu(u)

pur (1)

(Proof of Theorem 1) Assume that v* € N* is efficient. Let (* = E,, ,« (8/{2V* ) |x),
then

Lb.(p()IT*) < (Byev/T)? < ByeC* = Lb(()lv) < Lbup(u)[Tv7)  (8)
by the previous lemma. Therefore, E,«(* = (E,«+/C*)?, which implies Var,-(* =

0. a
4 Examples

4.1 A model without information loss

Consider an experiment £ with W = X = Y = R and p(w,z) = w + x. Let
M be a set of probability measures on R, and let N' C M. The model set is
pv(M) = {pu ()| € M}, where

pu (D) = [{(a.2+) € D} o) ©
for every Borel set D C R?. The score operator (dp,), maps each a € LI(u) to
((dpv)u)(x,y) = a(y — x). The adjoint operator is ((dp,);B)(w) = [ B(z,w +

x) v(dx). The efficient influence function of x(p, (1)) = w(p) is Ok, () (z,y) =
Opu(y — ), because 9k, () € R((dp,),) and

((dp.)0rp, (1) (@) = /&Pu((w +x) —z)v(dr) = 3s0u(w)/1/(dff) = 9pu(w).

The efficiency bound is given by

Lb. (o ()|v) = / Doy — )2 py (1) (dr, dy) = / dpu@)u(dw),  (11)



which is independent of v. Therefore, arbitrary v € N is efficient for £. In fact,
B, (062 (7)) = [ 0pu(w)?pu(dw) is a constant independent of v € N

In this example, w is always observable since w = y — x. Therefore, the
distribution of x has no impact on efficiency of the estimation. The choice of v
becomes significant only when a model with information loss is estimated.

4.2 Parametric Models

Let M = {pp : 0 € O} be a collection of statistical models parametrized by
6 € © Cc R'. Assume that every pg is absolutely continuous with respect to a
reference measure 7. Let ly = (9/90)(dug/dr), then T,, M = {7'4y : 7 € R},
and

R((@p0)) = B((dpo)a) = {7/ (dpu)yy (la) + 7 € R}, (12)

Let ©(ug) be a target of estimation and let ¢g(0) := w(ug), then k(p,(1g)) =

@o(0) is differentiable if and only if there exists 7 € R! such that (Vgeo)'ly =
7' (dpy ), (dpy) s (Co), or

(Voo lo(w) = 7'Ep [ Ea(lg(w)lz,y) |w] (13)

pe-almost surely. Let N* be a collection of v with which (13) is satisfied by
some 7. For every v € N'*, the efficient influence function is solved as 0k, (,.,) =

(7*)'lg, where

. . 1 .o
T = (Ea [Ea(€9|$,y)E9(€9|$,y)/D Eg(loly)Vopo.
The efficiency bound of ¢o(6) is now given by Lb.(¢0(8)|v) = (%) Eg(£ly) (%),
which is minimized with respect to v only when

& = Eg(0r3 () |2) = (77) Eg(Loly|z) (") (14)

is a constant map. However, since w I x, FEg(fgly|z) = Eg(fefy) holds. The
necessary condition is satisfied by arbitrary v € A'*.

When a parametric model of M is assumed, choice of v is relevant for iden-
tification and differentiability of the parameter, but irrelevant to estimation ef-
ficiency. In other words, the efficient design problem becomes degenerated when
the model is parametric.

4.3 The dichotomous choice contingent valuation experiment

Consider an experiment £ with W = X = [0,00), Y = {0,1}, and p(w,z) = {w <
x}. This is the dichotomous choice contingent valuation (DC-CV) experiment,
which is one of the most widely used experimental methods in environment
economics [4]. Cooper (1992) reports results of Monte Carlo simulations of the
DC-CV experiments, showing sensitivity of estimates to the choice of v [5].



An inadequate design of v may result in bias and/or large standard errors in
estimates. The efficient design for the DC-CV experiment to estimate the mean
Ew is proposed by [8] and [6]. In this subsection, their results will be generalized
to estimation of arbitrary smooth functionals o (u).

Let M be a set of probability measures on [0,00), where every u € M is
equivalent to the Lebesgue measure A = Ajg ) on [0,00). Let N = M, then the
model set p, (M) = {p,(p)| € M} is given by

pu(u)(D) = /D [0, )V uler, 00) Y w(dx) Sy (dy) (15)

for every Borel set D C R2, where dy is the Dirac measure on ). Note that
E,..(y|r) = u[0,z) holds. The score operator (dp, ), maps each a € LY(u) to

y — p0, ) / ’
dpy) o) (z,y) = ———— adpy, 16
(o)) = Lo Syl o0) Jy 1o
and the adjoint operator is given by
(o)) = [ Bla0)vldo) + [ B 1wtan).  an)
0 w
Assume that the gradient w — 0y, (w) is differentiable with respect to w with

derivative (0¢,,) (w) = (d/dw)(0¢,)(w), and that limasee O, (M )p[M, 00) = 0.
If 0¢, € R((dp,),) at some v ~ A\, 3 given by

X

Bla,y) = = (2)(0pu) ()(y = pl0,2)) (18)
solves Jyp,, = (dp, )}, 3 because
((@);8)) = [ @p(@)do ~ [~ (@p, (@) ula,oc) da
= 0pu(w) — lim 0, (M)p[M, o0)
= g, (w).

If B € R((dpy),) is satisfied, Ok, (,) = B is the efficient influence function to
estimate o(u).
Let v* be efficient for £ at pu. Then, there exists a positive constant C' such
that, for any x € [0, 00),
x ‘|

C=E,.,

(4@ @p)@) (v 0.2

2
— (4@, @) 40,2l cc).

10



which implies

@(x) _ 1) ( |\/ [0, 2)p[z, 00) (19)
d)\ fo a(Pp, \/ O f ga dé-

The formula (19) is a generahzatlon of the result of [8] and [6]. They find
the optimal design for estimation of the mean Fw by directly minimizing the
asymptotic variances of the maximum likelihood estimators under assumptions
that w has a finite support and that X" is a finite set. Our formula (19), on the
other hand, does not assume finite supports of w and z and is applicable to
estimations of any differentiable functionals of p.

Particularly when the m-th moment ¢(u) = [w™ u(dw) is a parameter of
interest, the gradient of ¢ is dp,(w) = w™ — [w™ p(dw). This is because for
every differentiable path du; = exp(ta — v;)du with o € LY(u),

lim 204 =) _ / WMalw) p(dw) = (g, ), (20)

t—0 t
The gradient is differentiable with respect to w with derivative (d¢,) (w) =
mw™ L.
Assume that p satisfies
(A3) limpspeo M™u[M,00) =0, and

(A4) [;= € \/ul0, E)ul€, o0) dé < oo.

A broad class of distributions p satisfies the conditions. Then, an efficient design
at such p is solved as
dv* () ™1 /u]0, ) plz, 00)
—(z) = .
dA Jo© €m I/ ul0,€)ulé, 00) dg

Figure 1 shows graphs of the efficient densities dv*/d\ at p = U[0,1]. It is
shown that the efficient density tends to skew to the left as m grows.

(21)

The formula (19) is valid only if two technical assumptions are satisfied. The
first is differentiability of x at p,«(u). Let 8 be a function given by

ﬁ(w,y)=—\/y[0$$ (/ gm- VWdf) (22)

Since E,, .+ =0 and E,, .+ 3% < o0, 3 € L3(p,+(1)). Moreover, since

(dpv)B) (@) = / i (f““”) /. 2Vl o0) de

1[0, z)plz, oo

_/Oo (W) 2™/ ul0, z) plx, 0o) da

), o]

W™ p(dw) — lim (M™ —/wm)u[M,oo)

on = fr it =
o)

w™ p(d 890/1( )s

11



dv* JdA

x
0 1
(m=1)

dv* /d\
x
0 1
(m=2)
dv* /dA
x
0 1
(m =5)

Fig. 1. The efficient densities of = to estimate Fw™ for the DC-CV experiment at
w="UJ[0,1]. 12



0, € R((dpy+),) is confirmed. Therefore,  is indeed differentiable at p,« (1),
and v* € N*.

The second technical condition is 8 € R((dpy~+),). Let ap be a function given

b
' ao(w) = — 1‘2“ (/ - 1\/Wd€> (23)

2./11[0,0)

then [i” |ovo| dp < oo and

x

(o)) = =4S [ fuB oy )

1[0, z)pz, 0o w=0

9 (/Owsm—lmdg)

:_y[();‘“(/ gm- WWd&)

= B(x,y),

but [’ (cg)? dp < oo fails to hold in general.
Now consider a sequence {ay}r>1 such that

ag(w) = ap(w) {2 < pl0,w) <1-— ;} . (24)

Every ay, is bounded, and E,,(ay)? < co. Let ¢(t) be a solution to u[0,q(t)) =t
for 0 < t < 1, then

/OO 4 |: 0wl )} q(1-1/k)
o = — , W) plw, 00
0 ks a a w=q(1/k)

([ emvibaiEsia) 0. @)
Thus, {ax} C LY(p) is shown. At v = v*, where v* is given by (21),

18— (dpw)uaklli,,*(u) = [l(dpv+) (a0 — ak)”f)y*(y,)

IN
[\)
S
*
—
=
L
5
S~—
NS
L —
F| =
—_
I
> =
N———
——



Thus, 8 € R((dpy+)u) is shown. The efficient influence function of & is indeed
given by (22).

When the variance of w is a parameter of interest,

Opu(w) = (w = Buw)” — o(u) (26)

and -L 9y, (w) = 2(w— E,w). The score equation 0, = (dp, ),/ has a solution,

Bz, ) = —sgn (z — Ew) y"“‘[“;) ( / e /a0, OulE, o) ds) ,

pl0, )z,
(27)

where sgn(t) = +1ift > 0, and sgn(t) = —1if t < 0. Therefore, « is differentiable
at py+(u). A candidate of the efficient density is therefore given by

dv* & = Bywly/u0, 2)fz, )
() = > : (28)
dA [ lu— E,w|\/pl0,u)plu, co) du
Figure 2 depicts a graph of (28), which shows bimodality around the mean,

Ew =0.5.
When the median of w is a target of estimation,

dpu(w) = *@(@(N)){W € [0,0(m)}, (29)

which implies that the score equation is not solvable. This is because Jy, (w)
given above is discontinuous at w = ¢(u), while
((dp. ) = [ (o, 0W(de) + [ Bla,vldo) (30)
0 w

is differentiable with respect to w. Therefore, dp,, & R((dp,)},) for any v ~ A.
Regular estimation of the median is not possible, and the efficient design for the
median estimation does not exist, either.
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dv* JdA

0 0.5 1

Fig. 2. The efficient density of x to estimate the variance of w for the DC-CV experi-
ment at p = UJ0,1].

5 Monte Carlo Simulations

In this section, small sample properties of the efficient design for the DC-CV
experiment are tested through Monte Carlo simulations. In the following, the
mean # := Fw is chosen as a target of estimations.

In step 1 of the simulation, w1, ---, w, are independently sampled from the
true distribution, p. The total sample size n is varied from 50 to 500. Inputs z7,

-+, ¥ are sampled from the efficient distribution v*, which is determined by

the formula (19), while z¢, ---, 2% are sampled from the opponent distribution
v°, which is arbitrarily selected. Outputs under the efficient and the opponent
circumstances are respectively generated by yf = {w; < zf} and y? = {w; <z}
fori=1,---,n.

In step 2, the distribution function F(w) := u[0,w) of w is estimated by the
Nonparametric Maximum Likelihood Estimation (NPMLE), which maximizes
the log-likelihood functional,

log L (F{zi, yi}1<i<n) i= Y [yilog F(x;) + (1 — i) log(1 — F(x,))],  (31)

=1

with respect to F' € F, where F is a collection of distribution functions on
R. The problem is numerically solved by the isotonic regression technique, and
the estimator is known to be semiparametrically efficient ([7], [9], [10], [14]).
Let ﬁ‘; and Fﬁ be the NPMLEs respectively obtained from the efficient data,
{z},y! }1<i<n, and the opponent data, {x2, y?}1<i<n.

In step 3, estimates of Ew are computed by

. /0 w By (dw) (32)
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for F;f and F,‘l’ The simulation steps 1-3 are repeated S = 10, 000 times, and the
standard deviations,

2
)

(33)

1o ()
SD. — 5_1;‘9—9”

where F)ﬁf) is the estimate from the s-th round, are reported respectively under
the efficient and the opponent designs.

Table 1 presents the standard deviations for n = 50, 250, and 500, where the
true distribution 4 is the uniform distribution on (0, 1). The efficient scheme is
given by

dv* z(1—x)
dzx fol Vel —z)dx’
while v° = N(1/2,1/7) is employed as the opponent. In Table 2, the results of
simulations for the inversed setting, where = N(1/2,1/7) and v° = U(0, 1), are
presented. In both cases, the efficient design remarkably reduces the standard

deviations even under small-sample environments with n = 50 as well as under
moderate sample sizes.

(34)
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Table 1. Standard deviations of the NPMLE for Ew under the efficient design v*
and under the suboptimal design v° = N(1/2,1/7), where the true distribution is
p=U(0,1).

Size (n)[S.D. under v* S.D. under v°| Ratio
50 0.06380 0.09074  |0.7031
250 0.02788 0.05220  ]0.5343
500 0.01831 0.04121  ]0.4443

Table 2. Standard deviations of the NPMLE for Ew under the efficient design v*
and under the suboptimal design v° = U(0,1), where the true distribution is p =
N(1/2,1/7).

Size (n)|S.D. under v* S.D. under v°| Ratio
50 0.03190 0.04294  |0.7429
250 0.01374 0.01858  |0.7398
500 0.01015 0.01335  |0.7598
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