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Abstract

An (n,k)-game is a voting game in which each player has exactly one vote, and decisions are
made by at least k affirmative votes of the n players. A power index is a measure of the a priori
power of the n voters. The purpose of this paper is to show what axioms of power indices generate
stable coalition structures for each (n,k)-game. Using the stability notion of the core, we show that
a coalition structure containing a minimal winning coalition is stable for a wide range of general
power indices satisfying a set of axioms, such as the Shapley-Shubik, Banzhaf, normalized Banzhaf,
and Deegan-Packel power indices. Moreover, we also show that a coalition structure that represents
a two-party system can be stable if the two large parties are close enough in size. Some unstable

coalition structures are also analyzed.
Keywords: coalition structure; core; majority voting; power index
JEL Classification: C71

1 Introduction

An (n, k)-game should be one of the most familiar voting systems. For example, for a constitutional
amendment to pass, the amendment must be supported by a majority of the voters, and each country
adopts its own quota k, e.g., 1/2+, 3/5, 2/3 and 3/4, which defines the size of the majority of the voting.
In an (n,k)-game, voters are symmetric in the sense of one person, one vote. However, when voters
form coalitions or political parties, the “power” of voters can be asymmetric: the power of a voter who
belongs to a large party may differ from that of a member of a small party. In the theory of cooperative
games, the notion of power has been called voting power, and various power indices have been proposed.
The most famous power index is likely the Shapley-Shubik power index proposed by Shapley and Shubik
(1954). In addition, the Banzhaf power index and the Deegan-Packel power index were proposed by
Banzhaf (1965) and Deegan and Packel (1978), respectively. However, these power index notions do not

take into account the coalition structure of voters such as political parties. Owen (1977) assumed that
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people form a coalition structure for economic and political reasons and extended the Shapley-Shubik
power index to cooperative games with coalition structures.

Hart and Kurz (1984) utilized the Owen power index and analyzed stable coalition structures in an
(n, k)-game. They assumed that players deviate from a coalition structure to improve their voting power.
They used the a-, 8-, v- and §-stability concepts that were proposed in their preceding paper Hart and
Kurz (1983). Abe (2018) also uses the Owen power index to study stable coalition structures in a
symmetric majority game. Instead of the preceding four stability notions, he uses the pessimistic core
and the projective core studied by Funaki and Yamato (1999), Bloch and van den Nouweland (2014) and
Abe and Funaki (2017).*!

In this paper, we no longer restrict power indices to the Owen power index and do not use any specific
power index. We generalize a power index to some axioms and study which axiomatic properties generate
stable coalition structures. Therefore, our results apply to every power index as long as the power index
satisfies the axioms required in our propositions. The motivation for this generalization lies in the Hart-
Kurz assumption mentioned above: players deviate from a coalition structure to improve their voting
power. This assumption suggests that a power index represents players’ incentive to change coalition
structures. Therefore, choosing a specific power index may yield results that hold only for the chosen
power index and may conceal the axioms that are common to several power indices and contribute to
stable coalition structures.

Moreover, we also generalize the method for calculating voting power: in the papers mentioned above,
the voting power of a single player in a coalition is simply given by “the coalitional voting power / the
number of members of the coalition” due to the principle of one person, one vote. However, Penrose
(1946) argued that the voting power of each member of a coalition should be given by “the coalitional
voting power / the square root of the number of members.” Therefore, in this paper, we generalize these
methods and employ “the coalitional voting power / the number of members to the power of ¢§” for
0<d <1 If § =1, it corresponds to the method of Owen, and if § = 0.5, it fits that of Penrose.

Our generalized definition of voting power is elaborated in Section 2. The core notions are also
introduced in Section 2. Section 3 is devoted to introducing the axioms of power indices. Section 4
consists of two parts: in the first part, we study the pessimistic core; in the second part, we address
the projective core. In Section 5, we provide some concluding remarks. The proofs are provided in the

appendix.

2 Preliminaries
2.1 Voting games and power indices

For each natural number n, let N = {1,...,n} be a set of players. Let S C N be a coalition of players.

Let |S| denote the number of players in coalition S. We sometimes write s := |S| for simplicity. Let

*1 The notion of farsighted vINM stability, initially proposed by Chwe (1994) and Xue (1997), is also used. In addition to
the farsighted vINM stability and the core notions, Kéczy (2007) proposes a different farsighted core concept, called
the recursive core. This core concept assumes that deviating players recursively consider the reaction of residual
players.



v: 2N — {0,1} with v(0)) = 0 and v(N) = 1 be a simple game. Let SGx denote the set of simple games
with player set V. Coalitions with worth 1 are called winning, and coalitions with worth O are called
losing. A winning coalition for which every proper subset is losing is called minimal winning coalition.
For every simple game v, let W, be the set of winning coalitions and W™ be the set of minimal winning
coalitions. Player ¢ € N is said to be the dictator inv if S € W, <= i€ S. Player i € N is said to be
a veto player in v if i € Ngew, S. Player i € N is said to be a null player in v if v(S U {i}) —v(S) =0
for every S C N \ {i}. A simple game is said to be an (n, k)-game if v(S) =1 < s > k, where k
means the minimal number of people needed to win. In many actual voting systems, k is chosen to be

over half. We use H(n) to denote the number of over half of people: formally, for every n > 3,

"T'H if n is odd.

H(n) = { 5 +1 ifnis even,

A power index 1 is a function that assigns a vector to each simple game, 1 : SGx — [0,1]¥. The
vector assigned to a game is interpreted as a power distribution over the n players in the voting game.
Below, we introduce some voting power indices. The axiomatic characterizations of the Shapley-Shubik,
Banzhaf and normalized Banzhaf power indices are studied and compared by van den Brink and van
der Laan (1998). Deegan and Packel (1978) provide the axiomatic characterization of the Deegan-Packel

power index in their own paper.

e The Shapley-Shubik power index: Let o be an ordering of players in N. Player ¢ is the o(i)-th
player in ordering o. Let PRy = {j € N|o(j) < o(i)} be the set of predecessors of player ¢ in
o. Player i is called the pivot of o in a simple game v if PR{ ¢ W, and PRY U {i} € W,. The
Shapely-Shubik power index is given as follows:

_ |{o] i is the pivot of o'}
B n! '

SSi(v)

e The Banzhaf power index: The Banzhaf power index aggregates the number of swings for each
player: a swing for player i is coalition S such that i € S, S € W, and S\ {i} € W,,. The Banzhaf
power index for player 7 is defined as the number of swings for ¢ divided by the number of coalitions

containing ¢, namely,
{8 € N| Sis a swing for i}|

BZI(U) on—1

e The normalized Banzhaf power index: Since the Banzhaf power index does not satisfy efficiency,
the index is normalized to sum to one. Note that this power index is also known as the Banzhaf-

Coleman power index.

ZjeN BZ;(v) '

e The Deegan-Packel power index: The Deegan-Packel power index is defined based on minimal win-

NBZ;(v) =

ning coalitions. The index aggregates player i’s share, 1/|5|, for every minimal winning coalition

S that contains 7 as its member:

1 1
Ges




2.2 Extending a power index to games with coalition structures

The power indices mentioned above are defined for “normal” simple games, namely, games without
coalition structures. Owen (1977) assumed that people form groups and teams and generate a coalition
structure, such as political parties, and extended the Shapley-Shubik power index to games with coalition
structures. Below, we extend a general power index, that is not restricted to the Shapley-Shubik power
index, to games with coalition structures in a similar manner to Owen (1977).

Let P denote a partition or a coalition structure. These two terms are synonyms in this paper. For
every nonempty S C N, let II(.S) be the set of partitions of S. By |P|, we denote the number of coalitions
in P, and by P(i), we denote the coalition to which player ¢ belongs. Now, let n > 3, H(n) < k < n and
P € II(N). Moreover, let P = {S1,..., S}, where m = |P|. Let M = {1,...,m}. For the given (n,k)

and P, define a weighted majority game w("*)P as follows:
wRP = (K5 [S1]s s [Sml),
where for every R C M,

1 if Y. 515 >k
(n,k),P _ jeR 1Ml = v
v (B) { 0 otherwise.

In game w(™k)P

, each coalition S € P is a player, and P is its player set. Note that coalition S has |S|
votes in the weighted majority game w(™*)P_ A union R of coalitions wins if its total votes reaches the

quota k. Now, for each n and k, the number given as
d=n—k+1,

plays an important role: d is the minimal number of votes to form a blocking coalition in the (n, k)-game.
Therefore, for every P € II(N), if a coalition S € P has d or more members, the coalition S is a veto
player in w(*):P.

Since w(™*)-P is a simple game, we can apply a power index 1 to w(™*-P  The power index v
assigns voting power ws(w("’kmp) to each coalition S € P, where ¥g (w("’k)’P) stands for the coalitional
voting power of S. Since every member of coalition S has exactly one vote, they are equal within S.
Hence, let ﬁwg(w(”’k)y) denote the power per capita for each player in coalition S. If one employs
the Shapley-Shubik power index as 1, then the corresponding power index per capita is called the Owen
power index.

In Owen’s approach described above, we simply divided the coalitional voting power by the number

of members of the coalition. On the other hand, Penrose (1946) argued that the voting power of each

member is given by ﬁws instead of I—é‘ws, commonly known as Penrose’s square-root law. In this

paper, we incorporate both approaches: we define individual voting power as ﬁdzs for 0 < <1.
Summarizing the steps discussed above, for every (n, k)-game, every power index ¢ and every § with

0 < § < 1, player i’s voting power in partition P € II(NV) is defined as follows: for every i € N,

n,K), 1 n
o P) = e (@),



2.3 Stability notions

Now, we define the stability of coalition structures. In the same manner as Hart and Kurz (1984), we
assume that players deviate from a coalition structure to improve their voting power. In this subsection,
we arbitrarily fix n, k, 0 and ).

We first introduce the projective core. For every nonempty S C N, let Ps ={CNS|CeP, CNS #
(0} € T(S) be the projection of partition P onto S. A coalition S C N projectively deviates from
P e I(N) if ¢S} UPys) > o (P) for every j € S. A partition P is said to be
projectively stable if no coalition projectively deviates from P. The projective core, Cpm-i(qﬁw’("’k)"s), is
the set of projectively stable partitions. When coalition S projectively deviates from coalition structure
P, the coalition structure Py\g of the non-deviating players is left unchanged after the deviation, and
the resulting coalition structure is {S} UPy\g. This definition is compatible with the notion of strong
Nash equilibrium in the sense that the non-deviating players are assumed not to change their move or
coalition structure. In addition, deviating players might be interpreted as myopic players because when
they decide to deviate, they consider the coalition structure that results immediately from the deviation
and do not anticipate any reorganization of the coalition structure of the other players. The following
concept differs from the projective core in this aspect.

A coalition S C N pessimistically deviates from P € II(N) if qb}b’(n’k)’é({S} uQ) > (b;l}’(n’k)’é(’/)) for
every j € S and every Q € II(N \ S). A partition P is said to be pessimistically stable if no coalition
pessimistically deviates from P. The pessimistic core, C’pes((Z)ql’*(”’k)"s)7 is the set of pessimistically stable
partitions. When some players pessimistically deviate from a coalition structure, they anticipate a worst-
case scenario in which their deviation may lead to the following: the other players may “punish” the
deviating players and decrease the latter’s voting power by reorganizing the coalition structure of non-
deviating players. In this sense, this concept presumes careful players and is compatible with the a-core

proposed by Hart and Kurz (1983). Note that the projective core is a subset of the pessimistic core.

3 Axioms of power indices

This section is devoted to introducing general axioms of power indices. Let N be an arbitrary player
set and v be a simple game with player set N.*? Let VT, C N be the set of veto players and NL, C N
be the set of null players in v. A simple game v is said to be a veto or null voting game (a vn-game) if
VT,UNL, = N. Let VNG denote the set of vn-games with player set N.

Below, we introduce some axioms of power indices ¥ : SGy — [0,1]V. Table 1 shows which of the
four power indices listed in the preceding section satisfies the following axioms. The first four axioms

describe power distributions for special players such as dictators, veto players and null players.

Axiom 1. (Dictator Property, D)

*2 As elaborated in Section 2, a power index is applied to the weighted majority game w("*)P  in which players are
coalitions in P. Therefore, the player set “N” used in this section refers to the player set of game w(™k)P  that is,
P. Therefore, we do not assume n > 3 in this section. Let n > 1.



For every v € SGy, if i € N is the dictator in v, then 9;(v) =1 and ¢;(v) = 0 for every j € N \ {i}.

Axiom 2. (Equal Treatment Property for vn-Voting, ET#)
For every v € VNGy, ¢;(v) = ¢;(v) for every i,j € VT,.

Axiom 3. (Equal Treatment Property for Unanimous Voting, ET-)
For every v € SGy, if W, = {N}, then ¢;(v) = ¢;(v) for every i,j € N.

Axiom 4. (Null Player Property for vn-Voting, NP#)
For every v € VNGy, ¢;(v) = 0 for every j € NL,.

The four power indices all satisfy these four axioms. Note that ET# = ET- because W, = {N},
which means that all players are veto players, is equivalent to VT, = N and implies that VT,UNL, = N.
In the same manner, the following three efficiency axioms obey EF# = EF- = EF2-.

Axiom 5. (Efficiency for vn-Voting, EF#)
For every v € VNG, then } ;n ¢;(v) = 1.

Axiom 6. (Efficiency for Unanimous Voting, EF-)
For every v € SGy, if Wy, = {N}, then 37,y ¢;(v) = 1.

Axiom 7. (Efficiency for Two-person Unanimous Voting, EF2-)
For every v € SGy, if N = {i,j}, i # j and W, = {N}, then ¢;(v) + ¢;(v) = 1.

The Banzhaf power index violates efficiency in general. The index violates even EF-. For example,
consider the following three-person weighted majority game with quota 6: (6;3,2,2), where the grand
coalition of all three players, which has seven votes, is the only winning coalition. We have BZ; = BZs =
BZ35 = i, and their sum is less than one. However, fortunately, the Banzhaf power index satisfies EF2-

which is less demanding than EF-.

Axiom 8. (Feasibility, F)
For every v € SGn, 3 ;cn ¥5(v) < 1.

Axiom 9. (Feasibility for Unanimous Voting, F-)
For every v € SG, if W, = {N}, then >,y ¢;(v) < 1.

The Banzhaf power index also does not satisfy feasibility: its sum exceeds one for some games. For
example, consider (6;4,1,1,1). We have BZ; = % and BZy = BZ3 = BZ; = 1. However, the index

2 4
satisfies F-.
4 Stable coalition structures

4.1 The pessimistic core

In this section, we provide our stability results. As mentioned in the introduction, we show what

axioms of power indices contribute to stable coalition structures for each (n, k)-game and each discount



D ET# ET- NP# EF# EF- EF2- F F-
S - - + - - + + + +
BZ  + - + - - - - - -
NBZ + - + - - - + + +
DP  + - + - + + - + -

Table 1 Axioms and power indices

factor 9. We assume that n > 3. The first result shows that the pessimistic core is nonempty for every
quota k between H(n) and n and every § between 0 and 1. Nonemptiness is supported by the following

three axioms.

Proposition 4.1. Let H(n) <k <nand 0 < § < 1. If ¢ satisfies D, ET-, F-, then CP®(¢¥(%F):9) is

nonempty.

This proposition holds for every power index as long as it satisfies the three axioms, and as Table 1
shows, the four power indices all satisfy these axioms. Moreover, nonemptiness holds for every quota k
more than 50% and every possible §.

Now, what coalition structure belongs to the pessimistic core? As elaborated in the proof, if a coalition
structure contains a minimal winning coalition, namely, a k-player coalition, then the coalition structure
is stable in the sense of the pessimistic core. However, if a partition contains a non-minimal winning
coalition, namely, a coalition that consists of more than k players, then it does not lie in the pessimistic
core because a minimal winning coalition deviates and wins “more efficiently” with fewer members than
the non-minimal winning coalition. Therefore, containing a minimal winning coalition is a sufficient
condition for a partition to be in the pessimistic core.

However, it is not a necessary condition: some partitions without any winning coalitions can belong to
the pessimistic core. For example, let (n,k) = (6,5), 6 =1 and ¢ = SS. Table 2 shows the distributions
of voting power for these parameters, in which we use a simplified notation: for example, [4, 1, 1] stands
for a partition with one four-person coalition and two one-person coalitions. Partition [3,2, 1], in which
every coalition consists of fewer than k(= 5) players, belongs to the pessimistic core. Why do even
coalition structures without any winning coalition satisfy the stability of the pessimistic core? Below,
we show that a “two-party system” plays a key role in answering this question.

Recall that d :=n — k + 1. Let VI'(P) := {S € P| |S| > d} for every P € II(N). In other words,
VT (P) is the set of blocking coalitions in . This is equivalent to the set of veto players in the weighted

majority game w(™*)-% since each coalition is a player. Moreover, let S;?in = argmingeyrpy |5/,
Spax = argmaxgeyr(py |9, and bp = |SE**| — |SE®|. Therefore, bp stands for the difference in size

between the largest and smallest blocking coalitions. We define integer a* as the remainder of n/d,
0 <a* <n-—k. Now, for every § with 0 < § < 1, define

A””‘“(é):min{(k—l)\é/i i/ _d }




Partition Voting power per capita ¢ Cpes
[6] 1/6 1/6 1/6 1/6 1/6 1/6

[5,1] /5 1/5 1/5 1/5 1/5 0 +
[4,2] /8 1/8 1/8 1/8 1/4 1/4

[4,1,1] /6 1/6 1/6 1/6 1/6 1/6
3
3,2
3,

3] 1/6 1/6 1/6 1/6 1/6 1/6
] 1/6 1/6 1/6 1/4 1/4 0 +

3,1,1,1] 1/6 1/6 1/6 1/6 1/6 1/6
2,2, 2] 1/6 1/6 1/6 1/6 1/6 1/6
2,2,1,1] 5/24 5/24 5/24 5/24 1/12 1/12
2,1,1,1,1] 1/5 1/5 3/20 3/20 3/20 3/20
[

1,1,1,1,1,1 1/6 1/6 1/6 1/6 1/6 1/6
Table 2 (n,k) = (6,5), 6 = 1, 1) = SS

Function A consists of the following components. For the left element of the minimization, term (k — 1)
means the size of that largest nondictatorial blocking coalition, and for the right element, term d stands
for the size of the smallest blocking coalition. Moreover, the terms with Ve namely, 2 and (n — a*)/d,
mean the number of blocking coalitions in P. In particular, (n — a*)/d describes how many d-person
coalitions can coexist simultaneously for n. Note that (n —a*)/d is an integer and is more than or equal
to |VT(P)] for every P € II(N).

The following proposition describes the stability of a two-party system and its generalization. The key
condition of Proposition 4.2 is (ii), which states that if the difference bp between the largest and smallest

blocking coalitions is small enough, then the partition can be in the pessimistic core.

Proposition 4.2. Let H(n) <k <n,0< 06 <1and P € II(N). Let ¢ satisfy EF#, ET#, NP+#. If
P and § satisfy the following conditions, then P € CPe(gp¥:(m:k).9).

(i) ZSGVT(P) S| =k
(ii) bp < {/ﬁ/\n’k(‘s)

log ([VT(P)])
(iil) 0 > log(k/w

- 5B

Note that if the number of blocking coalitions in P is exactly one, namely, |VT(P)| = 1, then Propo-
sition 4.2 is a special case of Proposition 4.1 because (i) implies that [S%™| = k and (iii) implies that
0 = 1; hence, (ii) always holds due to k > 2 for n > 3. Therefore, we consider P with |[VT(P)| > 2
below.

Partition P with |[VT(P)| = 2 can be regarded as a two-party system, in which blocking coalitions Sy
and Sy € VT (P) are two competing large parties, and each of them is large enough for the other not to
be dictatorial. Condition (i) suggests that coalitions other than the two large parties in the partition are
minor parties or independents. To be more precise, (i) implies that each coalition S € P\VT(P) is a null

player in w(™*):P: the power of those minor coalitions is so small that they do not influence any decision



made in the coalition structure. One might consider that (i) can be replaced by > gcyrp) S| = k.
However, if > gcy7py |S] > k, then (i) no longer implies that coalition S € P\ VT'(P) is a null player
in w(™*) P For example, if n =9, k=6 and P = [4,3,2], then we have 4 + 3 > 6, while the two-person
coalition is not a null player in w(™*)>7_ Therefore, (i) is an appropriate condition to describe a coalition
structure in which minor parties are not influential.

Condition (ii) suggests that if the two large parties are close in size, then the structure is stable in
the sense of the pessimistic core. An intuition of this result is given as follows: players inside the two
large parties have strong power and do not have an incentive to change the current structure, while those
outside the large parties have an incentive to change the structure but cannot realize it because (a) if
the outside players form a deviating coalition that consists only of outside players, then the large parties
remain intact, and the outside players cannot improve their voting power; (b) if they invite a few players
who are inside the large parties, then the other (many) players inside the large parties may reorganize
the coalition structure to punish the deviating members; and (c) if they invite so many inside players
that they exceed the large parties, then the members of the new party are too many to improve their
power per capita.

Moreover, condition (ii) also suggests that the upper limit of difference bp decreases as |VT(P)| in-
creases. Therefore, if a coalition structure contains three or more blocking coalitions, namely, a multiparty
system, then the difference between the largest and smallest blocking coalitions has to be smaller for the
structure to be stable, which yields multiple parties that are all very close and modest in size.

Condition (iii) shows that the configuration of P determines the lowest ¢ required for P to be stable.
Note that the threshold &UVT()D

log (k/1SE™ )
does the threshold admit Owen’s (= 1) and Penrose’s 6(= 0.5)7 For Owen’s §, the answer is clear

lies between 0 and 1.** One might have the following question:

and affirmative. Since the threshold is less than or equal to one, it always admits Owen’s . Hence, all
coalition structures pass (iii) if 6 = 1. On the other hand, Penrose’s § is not as affirmative as Owen’s.
To see this, we make some calculations. For § = 0.5, (iii) is equivalent to k > |VT(P)|? - |S®®|. From
|VT(P)| > 2, it follows that k > 4-|S%™"|, which suggests that the size of the smallest blocking coalition
must be at most one-quarter of quota k. For such a coalition structure to exist, the quota k£ has to
be very high, and indeed, by |S%"| > d and d = n — k + 1, the preceding inequality k > 4 - |S&I"|
generates k > %(n + 1). In other words, more than approximately 80% of the voting members must be
affirmative for a measure to pass. This quota is very high: for example, in most countries, the quota k
for constitutional amendment is chosen among  + (50 + %), £(60%), %(66%) and 2(75%). In this sense,

if 9 is assumed to be 0.5, we must set a high quota k to obtain a partition satisfying the conditions.

We conclude this subsection by providing some technical remarks.

e The axioms used in Proposition 4.2 imply those in Proposition 4.1: [EF# and NP# = D] and
[ET# = ET-] and [EF# = F-].

e If n is very small, the partition satisfying the conditions required in Proposition 4.2 may not exist:

*3 From (i) and the fact that SB® is the smallest blocking coalition in P, it follows that k > |[VT'(P)|-|S%™|. Therefore,
the threshold is at most one. It is more than zero because (i) implies that |[VT(P)| > 1. It attains one if all blocking
coalitions are identical in size, which means that bp = 0. As bp increases, the threshold decreases.



for example, n = 3 and k = 2. The “smallest” example for which Proposition 4.2 holds is n = 5,
k=4, =1 and ¢) = SS. Partition [2,2,1] is an element of the pessimistic core.

e Abe (2018) shows that if ©» =SS, 6 = 1 and k = H(n), then for every n > 3, a partition belongs
to the pessimistic core if and only if the partition contains a minimal winning coalition.

e The minimal element of A can switch even within the interval of § satisfying (iii). The switch
occurs because k —1 > d and 2 < (n — a*)/d for |VT(P)| > 2. Note that if 6 = 1, then the right
element of A is smaller than the other, and we have A™*(§) = n — a* for every n > 3 and every k
with H(n) <k <n.

4.2  The projective core

The projective core is a subset of the pessimistic core and may be empty for some combination of
(n,k,0,1%). The following result shows that even if a coalition structure contains a winning coalition, it
can be excluded from the projective core. This result holds with the following undemanding axioms. We

define Q2"(0) := 1_&%(71 + 1) for 0 < 6 < 1, elaborated later in Figure 1.

Proposition 4.3. Let H(n) < k <n, 0 < d <1and P € II(N). Let ¢ satisfy D, ET-, EF2-. If
Q"(8) < k < n and there is S € P such that s > k, then P ¢ CPI(p¥>(7:k).9),

Proposition 4.3 shows that if quota k is so high that it exceeds ™, any winning coalition, including a
minimal winning coalition, no longer helps the coalition structure lie in the projective core. As illustrated
in Figure 1, Q"(9) is a decreasing function with respect to . We have Q(1) = 2(n+1) and lims_o Q(5) =

(n+ 1). Therefore, for k to be in the interval (2"(d),n], 6 must be assumed to be at least 1135721 Hence,

6 = 1 is an option that is always available for every n > 3 and maximizes the interval of k. Penrose’s

6 = 0.5 is also available for every n > 4 as %gg i = 0.5 and requires the higher and shorter interval

than § = 1 does. This observation suggests that Penrose’s 6 might be more favorable than § = 1 for
some coalition structures to be stable because, as Proposition 4.3 states, Q"(§) < k < n is a sufficient
condition for a partition with a winning coalition not to be in the projective core. Therefore, a smaller
6 shortens the interval of k, which excludes the partitions with a winning coalition from the projective

core, and extends the other interval of k, which may admit them into the projective core.

Remark 4.4. The following examples should strengthen the observation that a high quota k is un-
favorable for coalition structures to be in the projective core. For simplicity, let § = 1, and consider
k> 2(n+1) =w"(1). If n =8 and k = 7, then we have the following strong result: CP*J(¢¥»("F)-0) = ()
for ¢» = SS, BZ, NBZ, DP. Moreover, if n = 9 and k = 7, then CP™I (¢¥>("k).9) = §) for ¢p = SS, BZ, NBZ;
if k = 8, then CP™I(¢¥("*):9) = (§ for ¢p = SS, DP. These examples show that for a high quota k, the
projective core tends to be empty for various power indices. In addition, the projective core is given as
follows for each nonempty case: CP I (¢PP-(97:1) = [[4, 3 1,1]}, CPrI(¢pB%O8)1) = (4.4 1],[4,2,2,1]}
and CPI(¢NBZ.(9:8)1) — (122 2 2 1]}. These examples also suggest that even if some coalition struc-
ture belongs to the projective core with respect to some power index, it does not with respect to another

power index. In this sense, it is not straightforward for a coalition structure to be in the projective core
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Figure 1 Function Q" and admissible quota k&

for a wide range of power indices if k is high.**

Proposition 4.3 and Remark 4.4 suggest that a high quota k (> Q™ (§)) is unfavorable for many coalition
structures to be stable in terms of the projective core. In contrast, the next proposition shows that a
lower k can be favorable. To see this, we need an additional axiom.

We first consider a weighted majority game that consists of a dictatorial party, which has z votes,
and t one-vote individuals: vy = (k;x,1,...,1) with > k. Now, we suppose that the dictatorial party
collapses and splits into two parts, each of which is nondictatorial, formally, a party with w; votes and
the other with ws votes, where wy +ws = 2 > k, 1 < w; < k and 1 < we < k. This split generates
the following weighted majority game vy = (k;wy,ws, 1, ..., 1) with ¢ one-vote individuals. If a weighted
majority game satisfies these three conditions above, we say that the game is a divided dictator game (a
dd-game) with t one-vote players. For convenience, even when w; or ws is equal to 1, we say that the
game has t one-vote players and do not say that t + 1 nor ¢t 4+ 2 one-vote players. Note that ¢t can be
zero, t > 0. The following property requires that a power index sets an upper limit for the nondictatorial

parties. Let k£ be an integer with k£ > 2.

Axiom 10. (Upper Limits of Divided Dictator for Quota k, k-UL)
Let 1 <wy; <k, 1 <wy <k, k<w +wyandt>0. Let v = (k;wy,ws,1,...,1) be a dd-game with ¢

*4 Some readers might be interested in the extreme case k = n. This can be thought of as a special voting system in
which decisions are made by an affirmative vote of all voters, and in fact, the projective core for this case tends to
be different from the other cases: for § = 1, if ¢ satisfies EF- and ET-, then P = {{i}|i € N} is the only element
of the projective core. If ¢ = BZ, which violates EF-, then n = 6 is a counterexample, for which the projective
core is empty, and we have [1,1,1,1,1,1] ¢ CPr] because forming a three-person coalition improves their individual
Banzhaf values, 1/24 > 1/32.

11



one-vote players. Power index v obeys
w wao
Vi, (v) < = and iy (v) < 7,
k k
where i (i2) is the player who has w; (ws) votes in v.

Lemma 4.5 shows that for a low quota k < %(n + 1), the following two power indices obey this axiom,

where 2(n + 1) stands for the minimum of Q": 2(n+1) = min&l}gﬁségl Q™ (6).

Lemma 4.5. For every k with H(n) < k < %(n + 1), the Shapley-Shubik power index and the Deegan-
Packel power index satisfy k-UL.

Although we omit the proof of this lemma since it is long and computational, we provide some coun-
terexamples below. The Banzhaf power index and the normalized Banzhaf power index violate k-UL
for some k with 1 < k < %(n + 1). For example, let n = 15 and k¥ = 10, and consider dd-game
(10;9,1,1,1,1,1,1), namely, w; = 9 and wy = 1. We obtain BZ;, = % > 1% and NBZ;, = % > 1%,
both of which violate the axiom. If & > %(n +1), both Shapley-Shubik and Deegan-Packel power indices
violate k-UL. For example, let n = 7 and k = 6, and consider dd-game (6;4,2,1), namely, w; = 4 and
wg = 2. We have SS;, = DP;, = % > %. Therefore, the following proposition shows that this axiom is a
common property to the Shapley-Shubik and Deegan-Packel power indices (and other nameless indices)

that contributes to the projective core if k is relatively low.

Proposition 4.6. Let H(n) < k < 2(n+ 1) and 0 < § < 1. If ¢ satisfies D and k-UL, then
CProi(¢¥+(mk).9) is nonempty.

A minimal winning coalition again plays an important role in ensuring the nonemptiness of the pro-
jective core. As mentioned in Proposition 4.1, if a partition contains a minimal winning coalition, then
the partition belongs to the pessimistic core no matter what coalition structure is formed by the players
outside the minimal winning coalition. On the other hand, for the projective core, the coalition structure
of those outside players matters. To be more precise, containing a minimal winning coalition does not
imply that the partition belongs to the projective core. For example, let n = 7, kK = 5, § = 1 and
1 = SS. Partition [5,1,1] is an (and the only) element of the projective core, while partition [5, 2] is not.
Both [5,1,1] and [5, 2] belong to the pessimistic core. What generates this difference? The notion of the
casting vote is helpful to answer this question. Table 3 shows the distributions of voting power for each
partition mentioned above. In partition [5,2], a three-person (sub)coalition in the five-person coalition
has an incentive to deviate because this deviation generates partition [3,2, 2], in which the three-person
coalition obtains the casting vote between the two two-person coalitions since the quota k is 5. This
incentive is precisely exhibited in Table 3: % > % On the other hand, if the partition is [5, 1, 1], then the
same deviation does not give an incentive to the three players because the resulting partition is [3,2, 1, 1],
in which the three-person coalition does not have the casting vote. This difference yields the gap be-
tween [5,2] and [5,1, 1] and shows how the coalition structure outside the winning coalition matters to
the projective core. Therefore, an intuition is summarized as follows: as the coalition structure of the

players outside the winning coalition becomes finer, deviating players are less likely to obtain the casting
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vote and to improve their power. Hence, the coalition structure becomes more stable in the sense of the

projective core.

Partition Voting power per capita ¢ Cproi
[5,2] 1/5 1/5 1/5 1/5 1/5 0 0

[5,1,1] /5 1/5 1/5 1/5 1/5 0 0 +
[3,2,2] 2/9 2/9 2/9 1/12 1/12 1/12 1/12

[

3,2,1,1 7/36 7/3 7/36 1/8 1/8 1/12 1/12
Table 3 (n,k) = (7,5),6=1,¢ =SS

5 Conclusion

We can derive the following messages about the stability of coalition structures from our results and

analysis.

e If a coalition structure contains an over-winning coalition, namely, a winning coalition that is not
minimal, then the coalition structure is not stable in the senses of the pessimistic core and the
projective core because a minimal winning coalition has an incentive to deviate and wins “more
efficiently” with fewer members.

e If a coalition structure contains a minimal winning coalition, then it tends to be stable: such a
coalition structure belongs to the pessimistic core for every quota more than 50% and a wide range
of power indices, while it fails to be in the projective core if the quota is high (> Q™). If the quota
is low, there is a coalition structure that contains a minimal winning coalition and belongs to the
projective core. However, the partial coalition structure outside the minimal winning coalition
contributes to the entire coalition structure of all players being in the projective core.

e The pessimistic core can contain a coalition structure without any winning coalitions if the coalition
structure satisfies some conditions. A two-party system is a typical example. The conditions
require that the two large parties are close in size and that the other minor parties and independents

are so small that they are not influential in the coalition structure.

We conclude this paper with a technical problem left open. The Banzhaf power index does not satisfy
EF#. For example, the Banzhaf power index assigns distribution (g, , T, 0) to weighted majority game
(8;4,2,2,1), in which the first three players are veto players and the fourth player is a null player.
However, this example violates condition (ii) of Proposition 4.2 with, for example, § = 1 as we have
bp=2>1-4-2= WA””“@) — |S®in| We conjecture that the following statement may hold:
the Banzhaf power index is efficient for every weighted majority game induced from a partition satisfying
(ii) of Proposition 4.2. If this conjecture is true (for every ¢), then we may admit the Banzhaf power
index into Proposition 4.2. However, even if it is true, the extended version of efficiency is artificial and

lacks normative meaning: further research and adjustment are needed.
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Appendix

In the proofs, when n, k, § and v are fixed, we simply write w? := w(*):P and ¢;(P) = ¢;j}’("’k)’6(7?)
for every P € II(NV).

Proof of Proposition 4.1

Proof. We fix k with H(n) < k <n and ¢ with 0 < § < 1. It follows from H(n) < k that 0 <n —k <
k <n. Let K C N be a coalition that consists of k players, |K| = k. Fix a partition P € II(N) that
contains K as an element. By D, we have ¢;(P) = 1/k° for every j € K, and ¢;(P) = 0 for every
jeEN\K.

We first consider S C N with 1 < ¢’ < n—k. Let Q = {S' "N\ S}. By Dand n—s >k,
$;(Q) =0 < ¢;(P) for every j € S’. Therefore, S’ does not pessimistically deviate from P.

Now, we consider S C N with k < &/ < n. By k < ¢ and H(n) < k, it holds that S’ N K # 0.
In the same manner as the preceding case, let Q@ = {S', N \ S’}. Now, by D and k < s, we obtain
$;(Q) =1/5" < 1/k? = ¢;(P) for every j € S'N K, and S’ does not pessimistically deviate form P.

Next, let n —k+ 1(=d) < s <k — 1. Let m be the integer part of (n — s’)/d and a be the remainder

of (n — ¢')/d, namely,
m-d+a=n-—5, (1)

where 0 < a < d—1(=n — k). Note that m > 1 because we haven —s' >n—k+1=dby s <k —1.
If m =1, define Q@ = {S", T}, where Tt = N\ S’ and |T"| = d + a. If m > 2, define a partition
Q={8"T+ T,..,Ty_1} that satisfies |T}| = d for every [ = 1,....m — 1, |TY|=d+a, TNT' = () for
every T,T' € Q with T # T', and UreoT = N. Hence, for every m > 1, all elements T € @ satisfy
|T| > d. In other words, all coalitions in Q are veto players in w®. Therefore, by ET- and F-, for every
j €5, we obtain ¢;(Q) < 1/((m+1)-5"). Since s’ >n—k+1, SN K # 0. Let j € S’ N K. We have

1 1 1 /
Zﬁ_(m—kl).s/é:k5(m+1)315[(m+1)'86_k5]' (2)

¢;(P) — ¢;(Q)

By (1), we have m = (n — s’ — a)/d. Hence,

B 1 n—s —a 5 s
)= k3 (m + 1)s" I d A
1 1

= B D (@t n—a) =) —kd)

Below, we focus on the term inside the brackets
(d+n—a)—s)s" — k°d (3)

and show that (3) > 0. Since d < s’ < k — 1 and (3) is concave for s’ € [d,k — 1], (3) achieves its
minimum at either s’ = d or ' = k— 1. If s = d, then (3) = (n — a)d® — k°d. By a < n —k,
(3) > d°k — k%d = K°d°(k'° —d" %) > 0as k > d. If & =k — 1, then n — s’ = d, which implies
a = 0. Therefore, (3) = d(2- (k —1)° — k%). We have 2 > (k/(k —1))° as k > 2 for every n > 3. Note
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that 1 < k/(k—1) < 2and 0 < § < 1. Thus, it follows that (3) > 0 for s’ = k — 1, and we obtain
¢;(P) — ¢;(Q) = 0. O

Proof of Proposition 4.2

Proof. Let P and ¢ satisfy the conditions of the proposition. Below, for simplicity, we omit P and write
smin = |Gmin| - gmax .— |Gmax| and b := bp. In addition, let m = |[VT(P)|. If P\ VT (P) # 0, let
S* € P\ VT(P). We consider an ordering o of players of w” (hence, players are coalitions in P). For
the ordering o, if there is S € VT(P) such that S a successor of S* in o, then S* is not the pivot of &
as S € VT(P) is a veto player in w”. If all § € VT'(P) are predecessors of $* in o, then again S* is not
the pivot of o because, in view of (i), we have [Ugcypp) S| = k, and the union of the predecessors of §*
is winning. Hence, if P\ VT(P) # (), every coalition S € P\ VT (P) is a null player in w”. Therefore,

by EF#, ET# and NP#, we have
1
$:i(P) = 5 (4)

m-Ss

for every S € VT'(P) and every i € S. Now, let S C N be a nonempty coalition and denote s’ := |5’|.

f1<s<n—klet Q={S N\S}. By NP# and s’ <n—k, ¢;(Q) =0 < ¢,(P) for every j € S’
Hence, S’ does not pessimistically deviate form P.

If k <s <mn,then NS # O for every S € VT'(P), because if there is S € VT(P) such that
S'NS =0 then |S"US| = |5+ |S| > k+ (n—k+1) > n yields a contradiction. Let i € S’ N S™in,
By s’ > k, EF# and NP# imply that ¢;(Q) = 1/s" for every Q € II(N) with S’ € Q. We fix an
arbitrary @ € II(N) with S’ € Q. Now, in view of (iii), we have ¢ > _log(m) __ g is equivalent to

4 log (k/s™)
logm < §(log k — log s™™"). Therefore, we have

m - (Smin)5 < ké. (5)
From i € S’ N.S™n, (4), s’ > k and (5), it follows that

¢i(P)—¢i(Q)=m—S%Z¥—i>O-
Thus S’ does not pessimistically deviate form P.

Ifn—k+1(=d) <s <k-—1,then by (i), S'NS # 0 for some S € VT(P). For every S € VI (P),
every i € S and every j € S™& by (4), it holds that ¢;(P) = 1/(m - s%) > 1/(m - (s™%)%) = ¢;(P).
Therefore, it suffices to show that S’ with S’ N S™2* =£ () does not pessimistically deviate from P. Let
i € S'NS™*_ Let m’ be 1 plus the integer part of (n—s’)/d, namely, m’ = | (n—s')/d] +1, where m’ > 2
since s’ < k — 1 implies n — s’ > d. Let a be the remainder of (n — s’)/d. Hence 0 < a < d—1(=n—k).
We obtain n = s’ + (m’ — 1)d + a. Now, in a similar manner to the proof of Proposition 4.1, for
m =2, let Q = {5, T*}, where TT = N\ S and |[T*| = d + a. For m’ > 3, define a partition
Q={9.TYT...,T_o}, where |Tj)| = d for i = 1,...m' =1, TNT" = for every T,T' € Q with
T # T', and UreoT = N. By EF# and ET#, ¢;(Q) = 1/(m’ - %) for every m’ > 2. Hence, in view
of i € 8" NS ¢;(P) — ¢;(Q) > 0 if and only if

I8

m' - 5" —m . (smax)0 (6)
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is greater than or equal to 0. Below, we prove this inequality. From n = s’ + (m’ — 1)d + a, it follows
that m’ = ((d +n —a) — s’)/d. Hence,

()= Z((d+n—a) = )5

—m- (Smax)5.

In a similar manner to (3) in the proof of Proposition 4.1, (6) attains its minimum at either s’ = d or
s'=k—1.If s = d, we have (6) = ((n —a*)/d) -d° —m - (s™*¥)%; and if ' = k — 1, we have a = 0 and
(6) =2 (k—1)° —m - (s™)%, Now, in view of (ii), we have b < TJEA””“((;) — 8™ This is equivalent

to

m - (s™)% < (A™(5))° = min {2 S(k-1)°, L _d“* .dé} .

Hence, we obtain (6) > min {2 (kK —1)°, % . d5}—m-(smax)6 > 0. Thus, for the player i € S’NS™ax,
®i;(P) — ¢:(Q) > 0 holds, and S” with S’ N .S™2* £ () does not pessimistically deviate from P. O

Proof of Proposition 4.3

Proof. Suppose that S € P satisfies s > k. From k > Q"(d) = 15/\;25(71 4 1), it follows that k > v/2 - d.
Consider T'C N that satisfies t = d and T' D N\ S. Note that such a superset ' 2 N \ S exists because
t=d=n—-k+1>n—-s+1>n—s Hence, clearly TNS # 0. Let Q = {T}UPy\p = {T,N\ T},
where N\ T is a veto player in w< sincen —t =k —1 > V/2-d—1 > d: the last inequality holds because
V/2 > 2 for every § € (0,1] and d > 1. It is clear that T is a veto player in w< as t = d. By ET- and
EF2-, we have ¢;(Q) = 1/(2-t°) for every j € T. By D, we obtain ¢;(P) = 1/s° for every j € S and
¢;(P) =0 for every j € N\ S. Hence, for every j € T'NS, we obtain ¢;(Q) —¢;(P) =1/(2-1°) —1/s° =
(80 —2-19)/(2t°s%) > (K — 2 -1%)/(2t°s%) > 0, where the last inequality follows from k > v/2 - d and
t = d. Moreover, for every j € T\ S, ¢;(Q) — ¢;(P) = 1/(2-t°) —0 > 0. Thus, T has an incentive to
projectively deviate from P. O

Proof of Proposition 4.6

Proof. Let K C N be a coalition that consists of k players, |K| =k. Let P = {K} U {{i}|i € N\ K}.
By D, we have ¢,(P) = 1/k° for every j € K and ¢;(P) = 0 for every j € N \ K. Below, for every
nonempty S C N, let Q = {S} UPpg.

Consider S C N with s > k. Since k > H(n), SN K # (). By D, we obtain ¢;(Q) = 1/s° < 1/k° =
®;(P) for every j € SN K. Hence, S does not projectively deviate from P.

Now, consider S C N \ K. Since K € Py\g, K is still an element of Q. Hence, by D, we have
$;(Q) = 0= ¢;(P) for every j € S, and S does not projectively deviate from P.

Next, consider S € N and s < k—1and SN K # (). From s < k — 1, it follows that K \ S # 0.
Hence, we have @ = {K \ S,S} U {{i}|i € N\ (K US)}, where N \ (K US) can be empty. Since
K\S #0and SNK # 0, we have 1 < s < k—1and 1 < |[K\ S| < k— 1. Moreover, clearly
|SUK| > k. Hence, w? is a dd-game with | N \ (K US)| one-vote players. By k-UL, for every j € SNK,
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$;(Q) < (s/k)(1/s%) = 170 k=t < k179 . k=1 = 1/k° = ¢;(P). Thus, S does not projectively deviate
from P. O
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