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Abstract

We develop a series of small infinitary epistemic logics to study deductive inference in-
volving intra/inter-personal beliefs/knowledge such as common knowledge, common beliefs,
and infinite regress of beliefs. Specifically, propositional epistemic logics GL(L,,) are pre-
sented for ordinal o up to a given a° (a° > w) so that GL(Ly) is finitary KD" with n agents
and GL(L,) (a > 1) allows conjunctions of certain countably infinite formulae. GL(L,) is
small in that the language is countable and can be constructive. The set of formulae L, is
increasing up to @ = w but stops at w. We present Kripke-completeness for GL(L,,) for each
«a < w, which is proved using the Rasiowa-Sikorski lemma and Tanaka-Ono lemma. GL(L,)
has a sufficient expressive power to discuss intra/inter-personal beliefs with infinite lengths.
As applications, we discuss the explicit definabilities of Axioms T (truthfulness), 4 (positive
introspection), 5 (negative introspection), and of common knowledge in GL(L,). Also, we
discuss the rationalizability concept in game theory in our framework. We evaluate where
these discussions are done in the series GL(L,), a < w.

Key Words: Infinitary Epistemic Logic, Completeness, Rasiowa-Sikorski Lemma, Tanaka-
Ono Lemma, Common knowledge, Explicit Definability, Game Theory, Rationalizability

1 Introduction

We develop a series of infinitary epistemic logics to study deductive inference involving intra/inter-
personal beliefs/knowledge in social situations. In these situations, people’s beliefs may include
infinitary components such as common knowledge, common beliefs, and infinite regress of be-
liefs. To approach such situations, we extend the finitary epistemic logic KD” with n agents to
infinitary logics, illustrated as

KD" = GL(Lg) = GL(L1) = --- =% GL(Ly). (1)

Each logic GL(L,) is “small” in that the set of formulae is countable and can be constructive.
These logics are formulated in a Hilbert-style, and each is complete with respect to Kripke
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semantics. This implies that the logics in (1) are connected by the conservative extension relation
=, and the series can be used in various manners to evaluate infinitary concepts. Our approach
offers a new framework, alternative to the existing literatures on related issues on infinitary
epistemic concepts, with applications to evaluations of epistemic axioms and of decision-making
processes in game theory.

First, we compare our approach with two literatures on infinitary epistemic concepts: the
infinitary logic literature since Karp [19] (for epistemic logics, Kaneko-Nagashima [20], Tanaka-
Omno [33], Tanaka [32], Heifetz [12]), and the fized-point logic literature (for epistemic logics,
Fagin et al. [8], Meyer-van der Hoek [25], and for u-calculus, Enqvist, et al. [7], Jéger, et al.
[16], and Jidger-Studer [17]). Both approaches have some merits and demerits; to discuss such
merits and demerits, we note that the infinitary epistemic concepts we consider in applications
are typically constructed by iterated substitution of the belief operators.

The infinitary logic approach is capable of discussing various infinitary concepts in an explicit
and unified manner. However, the languages are very large (at least continuum) in terms of sets
of formulae. A large language is not only unnecessary but also sometimes imposes an obstacle
for a precise study of targeted infinitary concepts. The fixed-point logic approach has a merit
to be specific to targeted infinitary concepts, but has the inconvenience that targeted concepts
are indirectly expressed by a fixed-point argument. In contrast to these approaches, ours allows
for explicit and unified treatments of targeted concepts and enables us to evaluate, as in (1),
how large (i.e., infinitarily small) a given targeted concept requires. The key to our approach is
a syntactical concept of germinal forms, upon which we build a series of languages, as explained
below.

Our base logic is a finitary KD™ with language Lo (the set of formula); the agents have
classical logical abilities and contradiction-free beliefs, described by the belief operators B;(+)
for agents 1, ...,n. We extend the finitary language Ly by adding conjunctions of certain infinite
sequences of formulae in L. Specifically, we take a countable number of infinite sequences
(C¥(p) : v >0) = (C°p), C(p),...) from Lo, which we call germinal forms. A typical example
is common knowledge. The germinal form for it is given as (C¥(p) : v > 0) = (B (p) : v > 0);

C%p) =p, C'(p) = NienBi(p), ..., C"(p) = NienBiC”(p), ... (2)

The conjunction B%,(p) := A(B%(p) : v > 0) is the common knowledge of p, meaning that p
holds, all agents believe p, all agents believe all believe p, and so on. This is not in Lg, and we
extend Lg to L; to have B%;(A) as a targeted formula.

The next layer Lo is obtained from L; by adding the infinite conjunctions A(C¥(A) : v >
0) for A € Ly, e.g., B{(B%/(A)); roughly speaking, each formula in Ly includes infinitary
conjunctions nested at most twice. Assuming that the set of germinal forms are unchanged, we
define Lo, L1, ..., Ly, ... up to some ordinal a® > w := {0,1,...}. We show that this extension
stops at L, = Ug<wLsq = Lyy1 = ... = Lgo. The language Ly, is kept countable for all o < w.

Also, we show that the ordinal depth of each formula in L., is less than w?.

Infinitary concepts such as common knowledge are typically constructed by iteration of
substitutions. Our formulation of a germinal form is rich enough to capture these infinitary
concepts. In our approach, however, germinal forms are more generally defined even to allow
nonconstructive sequences (C¥(p) : v > 0). This implies that our theory is quite flexible and
could go beyond our current applications.

The proof systems in the series (1) are uniform; they share the same logical axiom schemata



and inference rules only with the restriction to each L,.' The Kripke semantics is defined also
in a uniform manner over a. Each GL(L,) is proved to be sound and complete with respect
to Kripke semantics. It follows from this result that GL(L,+1) is a conservative extension of
GL(L,), i.e., for any formula A € L,, A is provable in GL(L,,) if and only if it is provable in
GL(La41)- In (1), the double arrow = describes the conservative extension relation.?

To prove Kripke-completeness, we adopt the Q-filter method developed in Tanaka-Ono [33].
Q-filters play the corresponding role to that of maximal consistent sets of formulae in the stan-
dard construction of a canonical model. The O-filter method is crucial, since GL(L,) deals
with both particular infinitary conjunctions and modality. To treat these aspects, our proof
relies upon two lemmas, the Rasiowa-Sikorski lemma and Tanaka-Ono lemma; the countabil-
ity of the language L, is crucial in applications of these lemmas. Although we use various
algebraic concepts, our model theory is Kripke semantics, but not algebraic semantics. Our
completeness theorem can be modified to systems including additional epistemic axioms, Ax-
ioms T (truthfulness — B;(A4) D A), 4 (positive introspection — B;(A4) D B;B;(A4)), and/or 5
(negative introspection — =B;(A) D B;(—B;(A4))).

We deliberately choose the base logic KD™ = GL(Lp). In the literature of epistemic
logic, all, some, or none of Axioms T, 4, and 5 for B;(-) are adopted depending upon pur-
poses/environments. Axioms 4 and 5 include infinitary aspects, though they are expressed in
a finitary way. In our approach, we can study these axioms in terms of explicit definability in
GL(L,) in the series in (1), that is, we ask whether there is a formula in GL(L,) such that it
is an extension of B;(-) and satisfies each of T, 4, and 5. For T, it is affirmatively answered in
all «, for 4, we need a = w, and for 5, the answer is entirely negative. Also, we consider faithful
embedding of the logics added T and/or 4 in GL(L,). Axiom D is included as a basic axiom in
our framework, since it is crucial in proving (20) for playability in Section 5.

We also consider the faithful embedding of the common knowledge logic, denoted CK(LC),
which is the fixed-point extension of KD", to GL(L). As a whole, CK(L®) is faithfully embed-
ded into GL(L,,). Logic CK(L®) is also a fragment of modal p-calculus (Alberucci [1]). In this
context, we show that a comparison between the rank function given in Alberucci, et al. [2] and
our ordinal depth for L, coincide.

Although CK(LC) can be regarded as being in the intersection of our approach and modal
pu-calculus, these two approaches differ from each other not only in that the former is infinitary
while the latter is finitary, but also in that the differences are substantive. We make a small
summary of comparisons between our approach and modal p-calculus in the end of Section 4.3.

Using our framework, we study a decision making process in game theory, called “ratio-
nalizability” (cf., Osborne-Rubinstein [27]). In this theory, an agent “rationalizes” his possible
decision by looking for a prediction about his opponent’s decision, assuming that the opponent
uses the same criterion. This leads to an infinite regress of such rationalization. We show that
the full discourse from a consideration of decision-making to the stage of playing a final decision
can be given in logic GL(L2). Thus, our framework allows for explication of game theoretic
decision making with a clear-cut notion of depths of infinitary reasoning.

The paper format is as follows: Section 2 gives the definition of the sets of formulae. Section 3
formulates the system GL(L,) and the Kripke semantics, and states the completeness result.

'Below KD", a hierarchy of logics of shallow epistemic depths is developed in Kaneko-Suzuki [22]. Each system
is a fragment of KD™ with a finite epistemic structure, and continues to KD".
2These lemmas require the set of permissible infinitary conjunctions to be countable



In Sections 4 and 5, we give discussions on applications of our framework and the completeness
result to the definability problems of various epistemic concepts, and also on an application to
the rationalizability concept in game theory. A proof of Kripke-completeness is given in Section
6. Section 7 concludes the paper.

2 Small Infinitary Languages L,

We fix an ordinal o with a® > w = {0,1,...}. We define the class of infinitary languages
{L, : a < a°}. For each «, L, is constructed from Ug<aLLg in an inductive manner, and we will
show that L, becomes constant after a = w. We also evaluate the depths of formulae in L,
and show that the depth of the entire set L, is w?. In the end of this section, we make brief
comparisons with the set of formulae in the literatures of infinitary logics. We stipulate that
Greek letters «, 8,y are ordinals up to a®, but Greek v runs over the natural numbers 0, 1, ...

We adopt the following list of primitive symbols:
propositional variables: po, Py, ...; logical connectives: = (not), O (implies), A (and);
unary belief operators: Bi(-), ..., Bp(+) (1 <n <w); parentheses: ( ,); brackets: ().

The conjunction symbol A is applied to a finite set of formulae and some infinite sequences of
formulae. An infinitary conjunction is written as A(C” : v > 0) and will be specified below.
We denote Py = {po, Py, ---}, and the set of agents (the subscripts for the beliefs operators) by
N = {1,...,n}. We may abbreviate the parentheses (, ) and use different brackets when they
cause no confusions.

Let a be an ordinal with a@ < a°. Let F, be a given set of formulae with Fy = @), which is
the source of infinitary conjunctions and is specified below. We define the set L, for « > 0 by a
double induction. Specifically, when o = 0, Py = {po, Py, ...}, and when a > 0, P, = Ug<o L,
provided that the set of formulae Lg is already defined for all 3 < a. We define the set L, for
each a > 0 by the following three steps:

Ia0: all formulae in P, U F, belong to Lg;
Ial (finitary extension): if A, B are formulae in L, so are (A D B), (-A), B;(4) (i € N);

and if ® is a nonempty finite set of formulae in L, then (A®) is a formula in L;
Io2 (infinitary extension): if A(CY : v > 0),AN(D” : v > 0) € L, and A € L, then
(1) N(ADC” : v >0) € Ly;
(7i) AN(Bi(C”) : v >0) € L, for all i € N;
(7it) AN(N{CY,D"}:v >0) € L,,.
When « = 0, step Ia2 is vacuous since Fy = ); thus, Ly is the set of all finitary formulae.
In Ia1, the conjunction symbol A is applied to finite sets of formulae. We write AAB, AABAC

for N{A, B} and A{A, B,C}, etc., and A = B for (A D B)A(B D A). Ial and Ia2 are interactive
since formulae generated by Ia2 may be used in lal, and vice versa.

The set F,, is determined by a given set of germinal forms specified as follows. A sequence
(CY : v > 0) is called a germinal form iff C¥ € Lg for all v > 0 and a finite number of
propositional variables occur in (C” : v > 0). Let pi,...,pn be the propositional variables
occurring in (C¥ : v > 0). We often denote each C” in (C” : v > 0) by C¥(p1, ..., pm), though



some of them may not be included in C". Let A4, ..., A, be formulae in P, = Ug<,Lg, which are
called germs. By substituting A; for each occurrence of p; in (C¥(p1,...,pm) : ¥ > 0), we obtain
the sequence (C¥(Ay,..., Ap) : v > 0). We say that & = (C¥(Ay, ..., Am) : v > 0) is generated
by a germinal form (C¥(pi,...,pm) : v > 0) and germs Aj,..., Ay in P,. This generation is
illustrated as follows:

(C¥(pys -y ) 1 v > 0) — Q= (C"(Ay,....,A,):v>0)
substituting A; f (3)
g Ag 1or py
For example, (C¥(p) : v > 0) = (B%(p) : v > 0) is the germinal form for common knowledge.
We remark that germinal forms do not require (p1, ..., pm) to enter C¥(p1, ..., pm) positively, e.g.,
(C¥(p) : v >0) = (—p,~—p,...) is a germinal form, and a less trivial one will be given later.

Let G be a nonempty countable (possibly finite) set of germinal forms. We define:
Fo = {AD : ¥ is generated some germinal form in G and germs in P, }. (4)

Since G is at most countable and used uniformly for all a < g, we can see that the sets F, and
L, remain countable for each o < a°.

In addition, Ia0 to Ia2 generate the other infinite conjunctions. We call A(CY : v > 0) € L,
an a-infinite conjunction, and (C¥ : v > 0) an a-permissible sequence. Sometimes, we simply call
A(C? : v > 0) an infinite conduction. We stipulate that A € (C* : v > 0) iff A € {C" : v > 0}.
We use the same expression, A®, for a finite conjunction or an infinite conjunction. We write
B;(®) for (B;(C) : C € ®) if ® is an a-permissible sequence or {B;(C) : C € @} if ® is a finite
set of formulae in L.

A series of languages {L, : @ < a°} is determined by a given set of germinal forms G; we
may write L, = L,(G) to emphasize the choice of G for L,. Each L, serves a language for an
epistemic logic GL(Lg) to be given in Section 3. Thus, {Ly : @ < a®} = {Ly(9) : a < a°}
is not only a series of languages but also determines a series of epistemic logics. When G is
changing with fixed «, we have another series of languages and logics. Using these series, we
discuss the required depth a and germinal forms G for a discourse involving infinitary concepts.

In Section 1, we gave the germinal form (C¥(p) : v > 0) = (BX/(p) : v > 0) for common
knowledge, which is defined by (2).> As emphasized in Section 1, this is generated by iterations
of substitutions. Here, we give a few more examples; the last one is not based on iterations of
substitutions.

Example 2.1 (1) Positive introspection: Let i € N be fixed. We define

B (p) = Bi(p) and B{™(p) = By(B{(p)) for v > 0. (5)
The sequence (BY(p) : v > 0) is a possible germinal form. Then, we denote BY (p) := A(BY(p) :
v > 0). For A € Py, BY(A) belongs to F,, as long as (BY(p) : v > 0) € G. We will see in Section
4 that the formula BY(A) is regarded as the infinitary extension of finitary B;(A) in that BY(A)
enjoys the positive introspection property (Axiom 4) in GL(Ly,).

For both common knowledge and positive introspection, the germinal forms are obtained by
substituting for one propositional variable. The next example needs two propositional variables.

5The common belief of A is defined by plugging germ A;enBi(A) to p in (B%(p) : v > 0), that is,
B% (NienBi(A)).



Game theoretical examples may involve more propositional variables; one example is given in
Section 5.

(2) Infinite regress: Let n = 2. We prepare two formulae B;(p;) and Bj(p;) with {i,j} =
{1,2}. Then, the germinal forms (Ir}[pi,p2] : v > 0) ,i = 1,2, are generated as follows: for

i,j=1,2 (1 # j),
Ir)[p1, p2] = Bi(pi); and Ir} "' [py, po] = B;i(Ir} [p1, pa]) for v > 0. (6)

We write the conjunction Ir;[p1, pa] := A(IrY[p1,p2] : v > 0) for i = 1,2. Let Ay, Ay € P,. The
epistemic infinite regress for agent i from A; and A; is given Ir;[A;, As] = A(B;(4;), BiB;(4;),

Epistemic infinite regress is a subjective concept in that each formula for ¢ occurs in the scope
of B;(-), and is an extension of common belief. When A; = As = A, Irq[A;, Ag] Arg[Aq, Ao is
equivalent to the common belief of A. The epistemic infinitary regress takes subjectivity (and
individuality) more seriously than common knowledge and common belief.

(3) More general germinal forms: We do not assume positivity for germinal forms. The
example already given is (—p, ~—p,...), which is generated by iterated substitutions with —p.
This is inconsistent, but still allowed in our theory. A consistent example is the germinal forms

(B1(p1), "B1Ba2(p2), "B1-B2Bi1(p1), "B1-B2-B1B2(p2), ...); (7)
(Ba(p2), 7 B2B1(p1), " B2-B1B2(p2), "B2-B1-B2B(p1), ...),

each of which is obtained by CY(p1,p2) = ﬁBlCé’_l(pl,pg) and C¥(p1,p2) = —|B2C2V_1(p1,p2)
for each v > 1 with C¥(p1,p2) = Bi(p1) and CY(p1,p2) = Ba(p2). Their conjunctions are
consistent in our logic containing them in the language.

The above examples are constructed by iteration of substitutions. However, our formulation
also allows for infinite conjunctions that cannot be obtained by iterated substitutions. For exam-
ple, let {k, : v > 0} be the sequence of Fibonacci numbers and define C¥(p) = BlfOBgl...Bf” (p),
where ¢ = 1 if v is even and i = 2 otherwise. This sequence (C¥(p) : v > 0) is a germinal
form but cannot be generated by iteration of substitutions. Moreover, germinal forms defined
by uncomputable {k, : v > 0} are also allowed.

The subformulae of A € L, = L,(G) are defined in the standard manner. Then, L, is
subformula-closed. It is proved by the double induction over ordinals o and over Ia0 - Ia2.

Lemma 2.1. Any subformula of A € L, belongs to L.

The set of formulae L, is increasing up to a = w, but it becomes constant after a = w.

Theorem 2.1. (Stopping at w) Let G be a fixzed nonempty set of germinal forms. If a < w,
then Lo C Loy1; and if w < a < a®, then Lo = Ly, = Py (= Ug<wLp).

Proof. Let (C¥(p1,...,pm) : ¥ > 0) be a germinal form in G. Since A(C¥(p1,...,pm) 1 v > 0) €
L, — Ly, we have Ly C L. Let 1 < a < w. Suppose Lo—1 € Ly. By I{a+1)0, Ly, C Lgy1.
Take Ay, ..., Ap, € Lo — Lo—1. Then, A(C¥(A1,..., Ap) : v > 0) is in Fuy1 but not in Fy; so, it
is not in L. Hence, Ly, C Lq41.

Consider the latter assertion of the theorem. By Iw0-1w2, P, C L. Now, we show L, C P,,,.
Take germs Ay, ..., Ay, € P,,. These germs belong to L, for some v < w. Hence, A(CY (A4, ..., An) :



v > 0) belongs to Fy1. Thus, any formulae generated by Iw0- Iw2 belong to Lg for some § < w.
Hence, L, C P, = Ug<,Lg. Now, by induction over o up to a°, we have P, = L., = L, for all
aw<a<a’)l

The set Ly = Lo(9) (0 < a < w, a countable G) is small in the sense that it remains
countable. Also, the depths of formulae in L, are relevant to evaluations of infinitary concepts
such as common knowledge. We introduce the depth function 6 over L, which assigns an
ordinal number to each formula in L,. We define ¢ inductively along the definition of formulae
as follows:

dO0: §(p) = 0 for all propositional variables p;

d1: 6(—A) =6(A) +1, and 6(A D B) = max(6(A4),6(B)) + 1;
d2: 6(B;(A)) =6(A)+ 1 for all i € N;

d3: 6(A®) =sup{é6(C)+1:C € o}.

Step d3 have several cases; ® may be a finite set of formulae in Ial and ® may be an a-
permissible sequence in F, or generated by Ia2. If sup{6(C)+ 1 : C € ®} is a limit ordinal,
then §(A®) = sup{6(C) : C € @}, and otherwise, 6(AP) = sup{(C) : C € &} + 1. For any set of
formulae I', we define §(I") = sup{6(A) : A € I'}. Since L consists only of finitary formulae, we
have §(Lg) = sup{6(A) : A € Lo} = w. It follows from d0-d3 that for any A € L, §(C) < 6(A)
for any proper subformula C of A.

Consider the formula B¥ (p) = A(BY(p) : v > 0) in Example 2.1.(1). Then, 6(B¥(A)) = w+1
and BY(p) € L1 — Ly, provided (BY(p) : v > 0) € G. Any formula D in L; including BY(A)
takes the form w+k for some finite k, and this & may be arbitrary large; thus, §(D) < w+w = w?2
and 6(L;) = w2. The following theorem generalizes this observation.

Theorem 2.2. (Depths of formulae) Suppose that G has a germinal form (C¥(p1,...,pm) :
v > 0) such that sup{6(C”(p1,....,pm)) v > 0} = w.

(1): If 0 < a < w, then 6(A) <w(a+1) for all A € Ly; and 6(Lqy) = w(a+ 1).

(2): 6(A) < w? for all A € Ly; and §(Ly,) = w?.

Proof. (1): As mentioned above, §(A) < w for all A € Ly and §(Lg) = w. Let 1 < o < w, and
suppose the induction hypothesis that §(4) < wa for all A € L,_; and §(Ly—1) = wa. Then,
we prove the assertions for a. First, we show that 6(A4) < w(a+ 1) for all A € L.

Let A® € F,. Since §(A) < wa for all A € ® by the induction hypothesis, we have §(AP) <
wa by d3. Thus, §(A4) < wa for any A € PaUF,. Now, consider Ial. Suppose the other induction
hypothesis that for any immediate subformula C' of A generated by lal, 6(C') < wa+ k for some
k < w. Then, by d1-d3, we have 6(A4) < wa + k' for some k' < w.

Consider Ia2. The induction hypothesis is that 6(D) < wa+k and §(A®) < wa + k for some
k < w.Then, 6(D D C) < (wa+k)+1 forany C' € ®; and so §(A(D D C: C € ?)) < (wa+k)+1.
Also, §(B;(C)) < (wa+k)+1 for any C € ®; and so §(A(B;(C) : C € ®)) < (wa+k)+1. The case
of Ta2.(7i7) is similar. Thus, for a formula A generated by Ia2, it still holds that §(A) < wa+ k'

for some k' < w. By these two paragraphs and induction, it holds that §(A) < w(a + 1) for all
A€ L,.

For §(L,) = w(a + 1), we show that for any k& < w, there is a formula C' € L, so that
6(C) > wa + k. Now, since 6(Lo—1) = wa, there are formulae Ay,..., A,, € Ly_1 such that
6(As) > w(a—1) for t =1,...,m. Let (C¥(p1,....,pm) : ¥ > 0) be a germinal form given in the



assumption of the theorem. Consider A(C¥ (A1, ..., Ay) : v > 0). Since sup{6(C?) : v > 0} = w,
there is a v for any k& < w such that 6(C¥ (A1, ..., Am)) > w(a—1)+k. Hence, 6(A(C¥(Ax, ..., Am)
v >0)) =w(a—1)+w = wa. Then, using Ial, for any k < w, we find a formula F' € L, so
that 6(F) > wa + k. Thus, §(Ly) > supg(wa + k) = wa + w = w(a + 1), and by the conclusion
of the previous paragraph, we have 6(Ly) = w(a + 1).

The first part of (2) follows (1), since L,, = Ug<, Ly by Theorem 2.1. The second part follows
L, = Ugp<wLqs and (1); indeed, 6(Ly,) = 6(Ug<wLa) = sup{é(Ly) : @ > 0} = sup{w(a +1) :
w>a>0}=wl

Theorem 2.2 is summarized in Table 2.1; our infinitary languages L, (1 < a < w) include

infinitary conjunctions but are not much larger than the finitary language L. These extensions
are large enough for treatments of infinitary concepts mentioned above.

Table 2.1: Depths and cardinalities

Lo [ C|Li[C- - -C|Ly
# Ro No No
depth | w | < | w2 | < w?

Let us compare the above theorem with the infinitary logic approach. Following Kaneko-
Nagashima [20], we construct L, (0 < a < a°) as follows. Let Fo = 0, Po = {po, p1,-..}. Let
Lo = Lg. For any a (1 < o < a°), assuming that Lg are defined for any 8 < a, we define

KNa : Fy = {A® : ® is a countable subset of Ug<oLg},

and then L, is defined by Ia0 with F, and Ug<,Lg and by Ial-Ia2. We denote the set of
formulae for step a by L. The set £ is already uncountable. Also, £, does not stop at a = w,
e.g., Uscalp C Ly C Ly for all a < w. Then, §(Us<wLla) = w? but §(L,) = w? + w. This
sequence L, increases up to the first uncountable ordinal wq, where we assume a® > wy. Tanaka-
Ono [33] considered the smallest set, £7©, that is closed with respect to finitary operations on
-, D, B;(-) and countable conjunctions:

TO: for any countable subset ® of LT A® belongs to L£LT°.

Then, it holds that £70 = Ug<w; £3. This LTO is the smallest infinitary language in the sense
of Karp [19].

3 Epistemic Logics GL(L,) (0 < a <w)

We formulate a Hilbert-style proof theory and Kripke-semantics for epistemic logic GL(Ly) =
GL(La(G)) with 0 < a@ < w and a countable set of germinal forms G. We state the soundness-
completeness theorem (Theorem 3.1), which will be proved in Section 6. We discuss the hierarchy
of GL(L4(G)) with respect to both o and G, and provide four meta-lemmas to be used in Section
4.

3.1 Hilbert-style proof theory

The base logic for epistemic logic GL(L,,) is an infinitary classical logic defined by the following
four axiom schemata and two inference rules: for all formulae A, B, C, A® in L,



L1: AD(BDA);
L2: (AD(BD>C)D(ADB)D(ADQO));
L3: (—AD> —-B) D ((—mAD B) D A);
L4: A® D C, where C € ®;
7A Dg A; and A-rule: {4 DACD: fq)e q>}'
We add the following epistemic axiom schemata and inference rule: for any A, C, A® in L, and
1€ N,
K: Bi(4 > C) O (Bi(4) > Bi(C));
D: -B;(-A A A);
A-Barcan: AB;(®) D B;(A®);

Modus Ponens:

Necessitation:

A
Bi(A)

The above axiomatization is an infinitary version of epistemic logic KD” with the A-Barcan
axiom (conjunctive analogue of the Barcan axiom Vz(OA(z)) D O(VzA(x)) in the first order
modal logic). Infinitary aspects are included in L4, A-rule, and A-Barcan, while the other
axioms and inference rules do not directly operate on infinitary structures. The definition of L,
guarantees the well-definedness of L4, A-rule, and A-Barcan. Indeed, an instance A® O C for
L4 is in L, for all C € ® by Lemma 2.1 and Ial. The sequence (A D C : C' € ®) of the upper
formulae in A-rule is a-permissible by Ia2.(7). Since B;(A®) € L, by lal and AB;(®) € L, by
Ia2.(ii), the formula AB;(®) D B;(A®) of the A-Barcan axiom is in L,. An equivalent form of
Axiom D is B;(—=A) D =B;(A4), which is used in (20) in Section 5.

A proof P = (X, <; f) in GL(L,) consists of a countable tree (X, <) and a function f : X —
L, with the following requirements:

(0): (X, <) has no infinite path from its root;

(i): for each node z in (X, <), f(x) is a formula attached to x;

(ii): for each leaf = in (X, <), f(x) is an instance of the axiom schemata;

(

iii): for each non-leaf x in (X, <),

{f(y) : y is an immediate successor of =}
/(@)

is an instance of the inference rules, MP, A-rule, and Nec.

Infinite branching is possible in (iii) to allow inferences with A-rule. Thus, the width of
(X, <) can be countably infinite and also the supremum of the depths can be infinite.

When A is attached to the root node of P = (X, <; f), we call P a proof of A. We say that
A is provable in GL(L,), denoted by F A, iff there is a proof of A in GL(L,).

Lemma 3.1 states basic properties of the provability relation - in GL(L,). Since we adopt
a particular axiomatization of classical logic, these should be proved. Since the fragment deter-
mined by D and — with L1-L3, MP is a standard formulation of classical proposition logic, a
proof of (1) is found in a textbook (e.g., Mendelson [24]). Since our system additionally includes
the connective A, (2) is crucial; a proof is given in Kaneko [18], Lemma 11.1. (3) is the converse
of A-Barcan, which is proved for any permissible or finite ®: indeed, since - A® D A for A € ®



by L4, we have - B;(A®) D B;(A) by Nec and K. Since this holds for all A € ®, we have,
by A-rule, F B;(A®) D AB;(®). Incidentally, when ® is a finite set, the A-Barcan axiom is
unnecessary, i.e., AB;(®) D B;(A®) is derived without using A-Barcan.

Lemma 3.1. For any A, B,C,A® € L, and i € N,
(1): - ADBandtBD>C implyt ADC;

(2): F[ANBDC]=AD (BDCO);

(3): F B;(AD) D AB;(®).

Remark 3.1.(1): We can take the standard de Morgan method to define the disjunction formula
as VO := = A {—A: A € &} for a finite set of formulae ®. For an a-permissible sequence ®, this
could work when we extend Ia2 to include (=A : A € ®) for any A® € L, which is not included
in this paper.

(2): In GL(L,), the substitution-rule is stated as follows: for any A[p] and B in L,,
if = A[p] and A[B] € L,, then + A[B], (8)

where Alp] is a formula in L, and A[B] is the formula obtained from A[p] by substituting B for
all occurrences of p. This fact will be used in Lemma 4.2.

3.2 Kripke completeness

A Kripke frame K = (W;Ry,...,Ry,) is an (n + 1)-tuple of a set of possible worlds and n
accessibility relations over W, where W is an arbitrary nonempty set and R; is a serial binary
relation over W for each i € N, i.e., for any w € W, (w,u) € R; for some u € W. A truth
assignment 7 is a function from W x Py to {T, L}. A pair (K, ) is a Kripke model.

Let G be a fixed countable set of germinal forms. The valuation (K,7,w) | for w € W
is inductively defined over L, = L, (G) as follows: for any A, C, A® € L, = L,(G), and any
we W,

VO0: for any p € Py, (K,w,7) | p < 7(w,p) = T;

V1 (K, 7,w) E -A <= (K, 7,w) ¥ A;

V2: (K,7,w) EADC <= K,1,w)EAor (K,7,w) E C;

V3: (K, 7,w) E AP <= (K, 7,w) = A for all A € ®;

Vi: (K, 7,w) E Bi(4) < (K, 7,v) E A for all v with wR;v.

Since Ly C L, (o < w), the valuation (K, 7,w) = is uniform over L, for all a < w; that is, it is

defined over L, and it can be restricted to L. For any A € L,, we write = A iff (K, 7,w) = A
for all K, w € W and 7.

We have the following soundness-completeness theorem; the proof of soundness is standard
and mentioned below, and completeness will be proved in Section 6. In the theorem, let G be a
fixed (at most countable) set of germinal forms.

Theorem 3.1. (Soundness and completeness for GL(L,)) Let a be an ordinal with 0 <
a <w. For any A € L,, GL(Ly) - A if and only if = A.
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Soundness (the only-if part) implies the contradiction-freeness of logic GL(L,,), which will be
used in the proof of completeness. Also, by soundness, we can see consistency of the conjunctions
of both germinal forms in (7) by the following Kripke model; both are true in the middle world.

Opiope 0 Opupe 0 O~pupy
O1,2 O1,2 O1,2

Figure 3.1

Soundness is proved as follows: Let P = (X, <; f) be a proof of A in GL(L,). We prove
by induction on the tree structure of P from its leaves that = C for each formula C = f(x)
attached to a node z in P. Each step is verified in the following lemma.

Lemma 3.2. (1): Let A be an instance of L1-Lj in Lo. Then |= A.
(2): Let A be an instance of Axioms K, D, N-Barcan in L,. Then = A.
(3): | satisfies inference rules MP, N-rule, and Necessitation.

Proof. We see only the truthfulness of A-Barcan. Let (K, 7,w) = AB;(®). Then, (K,7,w) |
B;(C) for any C' € ®. Then, for any accessible v € W from w by R;, it holds that for any C' € ®,
(K, 7,v) E C, equivalently, (K, 7,v) = C; thus, (K,7,v) = A® holds for any accessible v € W
by R;. This implies (K, 7,w) = B;(A®). Thus, (K, 7,w) = AB;(®) D B;(A®) is true.l

For completeness, a difficulty is to show the existence of a maximal consistent set. For this
aim, Karp [19] assumes Axiom of Choice within her axiomatic system. We do not choose this
method; instead, we adopt the Q-filter method due to Rasiowa-Sikorski [29] and the multi-modal
extension given by Tanaka-Ono [33]. Here, a Q-filter plays the role of a maximal consistent set.
A sketch of a proof of our proof will be given in Section 6.1.

The above completeness result holds when we add Axioms T, 4, and 5 (or drop D), either in
combination or in isolation, and add the corresponding conditions, reflexivity, transitivity, and
euclidean (or drop seriality) on accessibility relation R; (i € N). Required modifications of the
proof will be stated in Remark 6.1. On the contrary, in our framework, we can evaluate these
axioms by studying explicit definability of each axiom, which will be undertaken in Section 4.

3.3 Conservativity and four meta-lemmas

We have the conservativity result between two logics with orders over a’s and G’s.

Theorem 3.2. (Conservativity) Let o < § < w and G,G" two sets of germinal forms with
G CG'. Then, for any A € Lo(G), GL(La(G)) b A if and only if GL(Lg(G")) - A.

Proof. The if part is essential. Let GL(Lg(G')) - A. Let (K, 7) be any serial Kripke model,
and w any world in K. By Theorem 3.1, we have (K,7,w) = A. Because of subformula-
closedness (Lemma 2.1) and the definition V0-V4 for (K, 7,w) =, the statement (K, 7,w) = A
is determined in L,(G). Since this holds for any K,7,w € W, we have GL(L,(G)) + A by
Theorem 3.1.1

By Theorem 3.2, our infinitary logics form the hierarchy with the conservative extension
relation =, described as in Table 3.1: each row is a series of logics with the same G, corresponding
to (1), and each column is a series with the same a with G C G' C G"”. The weakest logic is

11



GL(Lg) = KD" and the strongest is GL(L,,(G)) in the row with the same G. It holds that for
each fixed A € L,(G), we can find the smallest 4 < w and G4 C G such that A € L, ,(Ga);
then Theorem 3.2 implies that GL(L,,(G4)) F A <= GL(L,(G)) - A.

Table 3.1 Hierarchy of infinitary epistemic logics

GL(Lo) = GL(Ia(9) = -+ = GL(L.(9))
U U
GL(L1(9)) GL(L,(9"))
i il
GL(L1(¢")) = -+ = GL(L.(9")

In terms of languages, the arrows =2 and || are strict; L,(G) is a proper subset of Lg(G’)
whenever a < 3 or G C G'. In terms of provability, it is more subtle. Consider positive
introspection (Example 2.1.(1)) and let G = {(BY(p) : v > 0)}, and G’ = {(BY(p) : v > 0),
(BY(pV—p) : v > 0)}. Then the vertical relation || between GL(L1(G)) and GL(L1(G’")) collapses
in the sense that for any A’ € L1(G’), there is a formula A € L1(G) such that GL(L1(G")) - A" =
At When G° = {(BY(p V —p) : v > 0)}, we have the entire collapse result from GL(L4(G°)) to
GL(Lo) = KD" for any o > 0, though L, (G°) contains infinite formulae.

Conversely, both arrows can be strict. Here, we give only two examples. The strictness holds
between GL(Ly(G)) = KD™ and GL(L1(G)); we show by Lemma 3.3, given below, that for any
Ae Lo(g) = Ly,

GL(L1(G)) F AD BY(p) = GL(L1(G)) F —-A. 9)

Thus, there is no formula A € Lo(G) such that GL(L1(G)) F A = B¥(p). Now, let ¢’ = {(BY(p) :
v >0), (Bj(p) : v > 0)} (i # j). It holds that for any A € L1(G),

GL(L1(¢") - A D B} (p) = GL(L1(9)) - ~A. (10)

A proof is given in the Appendix. Then, there is no formula A € L1(G) such that GL(L1(G")) -
A= By (p). However, a general study of the hierarchy in Table 2.1 is beyond the scope of the
current paper.

Here, we give four meta-results; two are known in a finitary KD" (cf., Kaneko-Suzuki [22])
and the other two are new. First, the depth lemma for GL(Lo) = KD" is converted to GL(L,)
by Theorem 3.2. Recall the depth measure § given in Section 2.5

Lemma 3.3. (Depth lemma) Let A and C be two formulae in Lg. Let (i1, ...,i) be a sequence
of agents in N and 6(A) < k. In GL(L,), if - A D B;,...B;, (C), then - =A or+ C.

Assertion (9) is proved by this lemma. Let GL(L1(G)) F A D B¥(p) and k > 6(A). Then,
GL(L1(G)) = A D B¥(p), which implies - =A by Lemma 3.3.

The second result is an extension of the epistemic disjunction lemma for KD™. The following
lemma is stated in GL(Lg,), but can be proved in the same manner as in [22], i.e., by constructing
a counter-model based upon Theorem 3.1. Recall Remark 3.1 about disjunction V.

Lemma 3.4. (Epistemic Disjunction lemma) Let A,C € L. In GL(L,), F B;(A) vV B;(C) if
and only if = B;i(A) or - B;(C).

* A referee gave a similar example to show the collapse of || .
°In [22], the epistemic depth to count only the nested occurrences of B;,i € N is used for this lemma.
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The third result enables us to move forward/backward from the beliefs and their contents.
This will be used in Section 5.

Lemma 3.5. (Scope Lemma) Let A,C € L. In GL(L,), - Bi(4) D Bi(C) if and only if
FADC.

Proof. The if part is straightforward. We show the contrapositive of the only-if part. Suppose
¥ A D C. By Theorem 3.1, there is a model (K, 7) such that (K, 7,w) = A but (K, 7,w) ¥ C
for some world w € W. Now, we add a new world w* to W so that W* = W U {w*}, R} =
R U{(w*,w)} and R} = R; U {(w*,w*)} for all j # i. We extend 7 to 7* : W* x Py — {T, L}
so that 7*(u,p) = 7(u,p) for all (u,p) € W x Py and 7*(w*, p) is arbitrary for all p € Py. We
have a new model (K*, 7*). In this new model, all valuations are preserved from (K, 7). Since
agent ¢ refers only to w at w*, we have (K, 7,w*) = B;(A4) but (K,7,w*) ¥ B;(C). Hence,
(K, 7,w*) ¥ Bi(A) D B;(C). By Theorem 3.1, ¥ B;(4) D B;(C).1

Using this lemma and Theorem 3.1, we can prove that in GL(L,), ¥ B;(p) D B;B;(p) and
¥ B;Bi(p) D B;(p). Thus, Axioms 4 and T are not provable in our logic. Nevertheless, +
B¥(p) D B;B¥(p) but ¥ B;BY(p) D B¥(p) in GL(L,) with a > 1. This unprovability is shown
by the counter-model:

Op —i O —

This is a counter-model also for BYBY(p) D BY(p) in GL(L2(G)).

The next lemma will be used in Section 5.

Lemma 3.6. (Infinitary conjunctions) Let A,AN(C¥ : v > 0) € L. In GL(L,,), if - A D -C"
for some v >0, then = A D = A(C” :v > 0).

Proof. Let - A D =CY for some v > 0. Let (K, 7') be any model and w any world in W
with (K,7,w) = A. By Theorem 3.1, (K,7,w) = —-C", ie., (K,7,w) ¥ C”. Thus, (K,7,w) ¥
A(C" : v > 0), equivalently, (K, 7, w) ): (CY:v> 0> Thus (K, 7,w) EAD=A(CY:v>0).
Since (K, 7) and w are arbitrary, we have, by Theorem 3.1, - A D = A (C” : v > 0).1

4 Application 1: Evaluations of Various Epistemic Concepts

From the viewpoint of epistemic logics, the choices of Axioms T, 4, and 5 are of great importance.
Completeness is one criterion but is neutral in the sense that our logics accommodate all these
axioms, as stated after Theorem 3.1. Axioms 4 and 5 include infinitary aspects, though they are
formulated in a finitary logic. Here, we ask whether each can be explicitly defined in our infinitary
logics. The answers differ for T, 4, and 5. Then, we consider the possibility of embedding a
logic with such an axiom to GL(L,). A similar consideration is given to the concept of common
knowledge. In the end of Section 4.3, we give a small summary of differences between our
approach and modal p-calculus.

13



4.1 Explicit definabilities of Axioms T, 4, and 5 in GL(L,)

We fix one agent ¢ throughout Sections 4.1 and 4.2. Also, a set of germinal forms G is fixed here.
We begin with the following requirements for a target formula Fj(p) in L,: for any A,C € L,,

FO; : Fi(A) € Ly; (11)
FE;, : F F;(A) D B;(4);

FK; @ FF(ADC)D(F(4) D E(C));

FN; : F Aimplies - F;(A),

where F;(p) contains only propositional variable p and F is the provability relation in GL(L,).
F0; means that F;(-) is applicable to any A € L, and FE; that F;(-) is an extension of the belief
operator B;(+). FK; and FN; correspond to Axiom K and Nec. The corresponding requirement to
Axiom D, - =F;(AA—A), is implied by the contrapositive of FE; - -B;(AA-A) D ~F;(AN-A)
and Axiom D for B;(-).

The above requirements are conditions not only for Fj(p) but also for L, since formulae
A, C vary in L,. Lemma 4.1 states that when F;(p) € L,, satisfies F0;, F;(p) is finitary or a« = w.

Lemma 4.1. If F0; holds for F;(p) € Ly, then 6(F;(p)) < w or a = w.

Proof. Let §(F;(p)) > w. Then, some infinitary conjunction A® with §(A®) > w is included in
F;(p). Since F;(p) contains only propositional variable p, so does A®. Since F;(F;(p)) € L,, by F0;
and A®(F;(p)) is a subformula of F;(F;(p)), it holds by Lemma 2.1 that A®(F;(p)) € L,. But
S(ANP(F;(p))) > w + w. This implies §(F;(Fi(p))) > w - 2. In general, we can prove by induction
on 8 > 1 that 6(F’(p)) > w- 8 for all B < w. Using FO;, F’(p) € Lq for any 8 < w. Thus,

1

w? < supgo, 6(Ff(p)) < 6(Lg). By Theorem 2.2, we have a = w.l

Another lemma is about the consistency of F;(p). We say that a formula A is consistent in
GL(L,) iff ¥ A D —p A p in GL(L,). A formula A is not consistent if and only if - —A.

Lemma 4.2. Let 0 < a < w. Any Fi(p) satisfying FN; is consistent in GL(Ly).
Proof. Suppose that F;(p) is not consistent in GL(L,), i.e., - =F;(p). By the substitution-
rule mentioned in Remark 3.1.(2), it holds that - =F;(p D p). On the other hand, by FN;,

F Fi(p D p). This is impossible because GL(L,) is contradiction-free, as remarked just after
Theorem 3.1.1

The conditions corresponding to Axioms T, 4, and 5 are as follows: for any A € L,

FT;, : FFi(A)DA4; (12)
F4; : F Fi(A) D F(Fi(A));
F5;, : F=F;(A) D Fi(—F;(A)).

We look for a formula F;(p) satisfying each of these in addition to F0O; to FN;. Whether or not
such an F;(p) exists is explicit definability of Axioms T, 4, and/or 5 in GL(Ly).

In the case of Axiom T, we observe that B;(p) A p satisfies F0O;, FE;, and FT;, and it is
also the deductively weakest among such formulae; we say that F;(p) is the deductively weakest

among the formulae satisfying given conditions iff it satisfies them and for any F(p) among
those formulae, - F/(A) D F;(A) for any A € Ly,.
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Theorem 4.1. (Explicit definability for Aziom T) Let 0 < a < w. In GL(L,), B;(p) A p is the
deductively weakest among the formulae satisfying F0;, FE;, and FT;.

Proof. We can verify that B;(p) A p satisfies F0;, FE;, and FT; in GL(L,). Let F](p) satisfy
F0;, FE;, and FT;. By FE; and FT;, - F/(A) D B;(A4) and F F/(A) D A. By A-rule, - F/(A4) D
B;(A) A A, which holds for any A € L,. Thus, B;(p) A p is deductively weakest among F;(p)
satisfying F0;, FE;, and FT;.l

This theorem holds for every a (0 < o < w). Also, we can include FK; and FN; as required
conditions in Theorem 4.1. Note that G is arbitrary up to this theorem.

Now, we go to the evaluation of Axiom 4. We assume that G contains B¥(p) = A(BY(p) :
v > 0) with BY(p) = B;(p).

Theorem 4.2. (Explicit definability for Aziom 4) (1): Let F;(p) € Lo satisfy F0;, FE;, FK;,
FN;, and F4;. Then a = w and = Fi(p) D B¥(p) in GL(Ly,).

(2): BY(p) is the deductively weakest among the formulae Fi(p) satisfying F0;, FE;, FK;, FN;,
and F4; in GL(L,,).

Proof. (1): We prove GL(L,) F F;(p) D BY(p) for all v < w by induction over v > 0. For
v = 0, the claim is FE;. Suppose the induction hypothesis that - F;(p) D BY(p). Then, by FO0;,
FN;, and FK;, we have - F;(F;(p)) D Fi(BY(p)). By this and - Fj(p) D Fi(Fi(p)) by F4;, we
have - F;(p) D F;(BY(p)). Since - F;(BY(p)) D B;BY(p) by FE;, we have - F;(4) > BYT(A).

Let 6(F;(p)) < w. Take a v > §(F;(p)). By Lemma 3.3, we have - —F;(p) or I p in GL(Lyo).
The first is impossible since F;(p) is consistent in GL(L,) by Lemma 4.2. The second is also
impossible. Hence, 6(F;(p)) > w. By Lemma 4.1, o = w. Using F0;, FE;, FK;, FN;, F4;, we have
GL(Ly) - F;(p) D BY(p) for all v < w. Thus, GL(L,,) - F;(p) D B¥(p) by A-rule.

(2): We can verify that F0;, FE;, FK;, FN;, F4; hold for B¥(p) in GL(L,). By (1) of this
theorem, it is deductively weakest among F;(p) satisfying these requirements.ll

In contrast to Theorem 4.1, Theorem 4.2 states that Axiom 4 is explicitly definable only
in GL(L,). It has the implication that - B#*(p) D B¥(B¥*(p)) for any k < w in GL(L,),
though ¥ BY(p) D B;BY(p) for v < w; i.e., after w, further introspection carries no additional
information. F4; with the closure property F0; directly brings us to infinity.

We showed that both Axiom T and 4 can be explicitly defined in our system, though the
depth requirements differs. For Axiom 5, the answer is entirely negative, independent of the
choices of o and G.

Theorem 4.3. (Explicit indefinability of Aziom 5) There is no consistent formula F;(p) in
GL(Ly) (0 < a <w) such that it satisfies FE; and F5;.

Proof. Suppose that there is some consistent formula Fj(p) in GL(L,) satisfying FE; and
F5;. Then, F5; is equivalent to b F;(p) V F;(—F;(p)), which further implies, by FE;, - B;(p) Vv
B;(—F;(p)). By Lemma 3.4, we have - B;(p) or - B;(—=F;(p)). By Lemma 3.5, we have - p or
F —F;(p). The former is impossible; and so is the latter because F;(p) is consistent in GL(L, ).l

Thus, Axiom 5 cannot be defined explicitly by a formula in GL(L,,). However, it can still be
treated as a logical axiom keeping completeness, as remarked in Section 3.2.
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4.2 Faithful embedding

The explicit definability results for Axioms T and 4 may imply that an extension GL(L,) with
Axiom T or 4 is faithfully embedded into GL(Lg ). For Axiom T, the embedding result is available
from L, to L, for any « in terms of language, but for Axiom 4, it can be only from Lg to L.
We have no embedding result for Axiom 5.° Here, we give a full embedding argument in the
case of Axiom 4, and a sketch for the embedding result in the case of Axiom T.

Consider the case of Axiom 4 and recall F}(p) = B¥(p). Let (BY(p) : v > 0) € G. We define
the F'-translator Y*: Ly — Ly, = L,(G) inductively as follows: for all A,C € Lo and A® € Ly,

EO: ¢ (p) = p if p € Po;

Elo: ¢(—4) = ='(4);

E2o: ¢'(A D C) = ¢*(4) D ¢*(0);

E3q: v'(A®) = AYH(@);

Edo: 4" (Bi(A)) = F}(¢!(A)) and ¢*(B;(A)) = B;(¢!(A)) for j # .
The following theorem states that KD+ 4; is faithfully embedded to GL(L,,). The depth of the
embedded fragment w4(L0) is 5(w4(L0)) = sup, ., V1(BY(A)) = sup, ., (w-v) = w? = §(Ly,).

Theorem 4.4. (Faithful embedding of KD4 to GL(L,,)) (1): For any A € Lo, KD"+4;+ A in
if and only if GL(Ly) F ¢*(A).

(2): For any A € Ly, there exists an o < w such that KD"™ + 4; = A if and only if GL(L,,)
Ui(A).

Proof. (1): Take an arbitrary Kripke model (K, 7) for KD", which is also a model for GL(L,,).
We replace the accessibility relation R; in (K, 7) by its transitive closure R!", and we denote the
resulting Kripke model by (K", 7). Then, KD" + 4; is Kripke complete with respect to those
models (K 7). Then, we prove by induction on the length of A € Lg that for any world
w e W, (K", r,w) = A if and only if (K, 7, w) = ¢¥*(A). We consider only case of A = B;(C).
Let (K, 7,w) = B;(C). Then, (K, 7,v) = C for any v € R!"(w). By the induction hypothesis,
(K, 7,v)  ¢*(C) for any v € R (w). Since RY" is the transitive closure of R;, it is equivalent to
that (K,7,v) |= ¢*(C) for any v reachable from w by R;. This means (K, 7,w) = BY(*(C)) for
any v > 0, i.e., (K, 7,w) | BY(¥*(C)), implying (K, 7,w) = ¢*(B;(C)). Tracing this argument
back, we have a proof of the converse. For the cases of other connectives, the argument is similar.

(2): For a given A € Ly, we find the maximal iterations, «, of B;(-) inside A; then, by Theorem
3.2 (conservativity), KD"+ 4; F A <= GL(L,) - ¢*(A).A

Now, consider the embedding of Axiom T to GL(L,). Now, we do not need (B¥(p) : v > 0) €
G. In this case, we use the translator /7 based on F[ (p) = B;(p) Ap. Then, the formal definition
of T : Ly — Ly is obtained by the same rules EO, E1o-E3g, but E4, with Fr(p) = Bi(p) Ap
instead of Fi4(p). This translator ¥ is also uniquely defined. Then, we have

KD" + T; - A <= KD" - ¢ (A). (13)

This embedding result is essentially the same as the result given in Kaneko [18], Section 5.

SHalpern et al. [11] consider two modalities, one called belief (KD45) and the other called knowledge (S5),
and discuss whether the latter can be reduced to the former via various notions of definability. In contrast, our
embedding results are about reducing one logic system (e.g., KD4) to GL(L,,).
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However, the result (13) holds, under a minor additional condition, from GL(L,)+T; to
CL(L,) for all a (0 < a < w). When « > 1, the definition 4T over L, needs one requirement
on the set of germinal forms G to be closed under the translation wT:

(C":v>0)eG= @WI(C") :v>0)€cg. (14)

This implies that G is countably infinite.

We have the following lemma. Proofs of this lemma and the next theorem are given in the
Appendix.

Lemma 4.3. ¢! : L, — Ly, is uniquely defined by E0, Ely to Efq (a <w).

Now, we have the following theorem, where GL(L4)+T; denotes the logic GL(L,) plus
Axiom T for B;(-). Then, the logic GL(Ly)+T; is faithfully embedded into GL(L,) with the
translator Q/JT. Let 0 < a <w.

Theorem 4.5. For any A € Lo, GL(Ly)+T; - A if and only if GL(Lgy) - 47T (A).

Theorem 4.5 compares logic GL(Ly)+T; with the fragment 1”7 (GL(Ly)) obtained by the
translator ¥7. It is the main difference from Theorem 4.4 that the translator ©/7 does not change
the layer, i.e., it embeds L, to L, for each «, while ¢4 embeds Ly to L,,. We remark here that
Ia2.(4i7) is used in proving Lemma 4.3 and Theorem 4.5, but otherwise, it is not needed for any
other results in the present paper.

4.3 Evaluation of common knowledge in GL(L,,)

The concept of common knowledge can be formulated in a fixed-point extension of a finitary
epistemic logic, often S5-type, (Halpern, et al. [8], Meyer-van der Hoek [25]). Here, we consider
its KD™ variant, and show that this fixed-point logic is embedded to GL(L,).

The finitary language Ly is extended by adding the unary operator symbol Cy(-) to the basic
symbols listed in Section 2.1, and use LE~ to denote the extended language. A formula Cy(A)
means the common knowledge of A among the group of agents N. The common knowledge logic
CK(L®V) is defined to be the extension of KD" with the language LE~ by adding the following
axiom scheme and an inference rule: for any A,D € LC~,

Axiom CKA: CN(A) D [A AN /\iENBiCN(A)]E

DD [A VAN /\ieNBi(D)]

D>C N(A)
A (finite) proof is defined in the same way as in Section 3.1. In this logic, it is shown by repeated
use of CKA that - Cy(A4) D BY(A) for all v > 0, where B%,(A) is defined in (2). Thus, Cn(A)
contains the common knowledge of A. Rule CKI means that if any D has the property described
by CKA, then D contains Cy(A), i.e., Cy(A) is the deductively weakest among the formulae
having the property.

Rule CKI:

In CK(LC¥), the formula Cy(A) is not explicitly expressed in terms of By(-), ..., Bn(-) in
CK(LCV), but Cn(A) is implicitly definable. To see this, we add another operator symbol
C/y(+) to the language LY and assume CKA, CKI for C/y(-). By CKA for Cj(A) and CKI
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with D = C(A), we have - C(A) D Cy(A). We have the converse by a parallel argument.
Thus, - C\y(A) = Cy(A).

In contrast, our infinitary logic GL(L,) allows us to express the concept of common knowl-
edge explicitly, i.e., B (A) = A(B%(A4) : v > 0), assuming (B%;(p) : v > 0) € G. In a similar
manner to Section 4.1, we look for a formula F(p) € L, in GL(L,) having the following prop-
erties: for A € L, and D € L,, FO with the replacement of F;(p) by F(p) and

FCA, @ FF(A) D AN [NenBi(F(A))];
FCI, : if F DD AA[NenBi(D)], thent D D F(A).

These require F'(p) satisfy the properties corresponding to CKA and CKI in CK(LCN ).

The following theorem states that the common knowledge is explicitly definable in GL(Lg).
Since it follows from FCA, and Nec, K for B;(-)’s that F'(A) is an infinitary formula, Lemma
4.1 is applied to F(p), the explicit definability holds only for a@ = w.

Theorem 4.6. (Ezplicit definability of common knowledge). In GL(L,,), the common knowledge
F(p) = N(BX(p) : v > 0) is a unique, up to the deductive equivalence, formula satisfying FCA,,
and FCI,.

Now, we look at the relation between CK(LCV) and GL(L,). The Kripke semantics for
CK(L®V) is the same as that for GL(Lg). Here, M = ((W; Ry, ..., R,),7) is a serial model as
in Section 3.2 and the valuation of Cx(A) is defined in the same way except the following:

(M,w) E Cn(A) iff (M,v) = A for all Cy-reachable v from w,

where v is Cy-reachable from w iff there is a finite sequence (wy, ..., wy) (m > 0) in W such
that wy = w, wy, = v, and for all k =0,...,m — 1, (wg, wgs1) € R; for some i € N.

We have the completeness/soundness result for CK(LC¥), which is a variant of the well-
known result (cf., Fagin et al. [8]); for any A € LEN, A is valid if and only if CK(LCN) F A.

Now we show that CK(LC) can be faithfully embedded into GL(L,,) with the translator
YO~ . LEN — L, by E0 and Elj - E3, and
Edg : ¢CV(B;(A)) = B;(¢yCN(A)) for all i € N;
EC : ¢O¥(Cn(4)) = BE (1N (4)).

Then, we have the following theorem.

Theorem 4.7. (Faithful embedding of CK(LCN) to GL(L,,)) (1): For any A € L°~, CK(L®V) -
A if and only if GL(Ly) F CN (A).

(2): For any A € LCN, there exists an ay < w such that CK(LCN) F A if and only if
GL(La) F 4% (4).

Proof. (1) can be proved by observing that with the translation ¢“V, the Kripke semantics
for CK(LYY) and for GL(L,,) are the same. For (2), we take the maximum nested depth o of
Cn(:) in A € LE~. By Theorem 3.2, we have GL(L,) F %°¥(A) <= GL(L,,) - %°~(A). By
part (1) and this, we have (2).H

This theorem is similar to Theorem 4.4 with respect to the depths required, that is, the
finitary logics are faithfully embedded to GL(L,,).
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It may be relevant to see the rank function given by Alberucci et al. [2] in this context; this
concept is defined in modal y-calculus, but Alberucci [1] shows that CK(LCV) (based on K-type)
can be regarded as a fragment of modal p-calculus. In our context with G = {(B%;(p) : v > 0)},
their problem is to find a function f over LEN assigning an ordinal to each formula in LE¥
having the following two properties: for all A € LEN

(a): if B is a proper subformula of A, then f(B) < f(A);
(b): f(Cn(A)) > f(BX(A)) for all v < w.

The second is motivated by the fact that H Cn(A) D B (A) for all v > 0. In the present context,
their rank function f is defined by the inductive definition of our depth function é by replacing
the second part of d3 by: f(Cn(A)) = f(A) + w for all A € LEN. This function f satisfies the
requirements (a) and (b). Furthermore, we have:

f(A) = §(CN(A)) for all A e LEV. (15)

Thus, their rank function for LEN corresponds to our depth function & for L. In the same
manner as Theorem 4.7.(2), we can evaluate the depth for each A € LEN. Since each A € LE~
has the maximum nested depth oo < w of Cy(+), it follows from (15) and Theorem 2.2 that for
each A € LON | there is an oy < w such that way < f(A) = §(WCN(A)) < wlaa +1).

We remark that Theorem 4.7 does not hold for generic common knowledge (Sato [30], Arte-
mov [4], Antonakos [3]). In one version of such logics, the language L? is obtained from LEN by
adding J(-). Here, we consider the extension JL(L”) of CK(LC¥) in which the belief operators
B;(:) obey KD" and J(-) obeys S4 axioms (including Nec), and

Interaction axiom (TA): J(A) D AjenBi(A) for all A € LY.

The expression J(A) is interpreted as meaning that A is “obvious fact” in that it is known to
all agents. Interaction Axiom connects J(A) to AjenB;i(A), but the converse is not guaranteed.
Also, JL(L?) F J(A) D Cy(A); since - JI(A) D NienyBi(J(A)) by plugging J(A) to A in TA
and - J(A) = JJ(A) by the S4 axioms for J(-), we have = J(A) D NienBi(J(A)), and since this
is the upper formula of CKI, we have - J(A) D Cn(A).

In JL(L"), the operator J(A) is not explicitly defined in terms of B1(-), ..., B,(-) and Cy(-).
Contrary to this, in GL(L,,), there are multiple formulae satisfying the corresponding properties
to the axioms for J(-). The formula F(p) = B%/(p) enjoys the S4 properties and IA, but for
another propositional variable ¢ # p, the formula F”(p) = B% (p) AB% (¢) also enjoys all of these
properties, but is deductively stronger than F'(p).

A more general development in the fixed-point logic literature is given in the study of modal
p-calculus (cf., Enqvist, et al. [7]). Our approach looks similar in that germinal forms can be
based on iterated substitutions. However, the two approaches also have significant difference,
as summarized below.

(i) The definition of germinal forms in Section 2 allows non-constructive germinal forms, and
even when germinal forms are constructive in terms of iterated substitutions, they may include
negative occurrences of propositional variables for substitution. See Example 2.1.(3). In con-
trast, the positivity assumption that the p-operator (and v-operator) is applied only to a formula
is crucial. See Enqvist, et al. [7], Section 3, and Fountaine [9] for related problems.

(7i) The required depth for the language of GL(Lg) is w(a+1) (0 < o < w) and that of GL(L,,)
is w?. On the other hand, Alberrucci et al. [2] showed that their notion of ordinal ranks to eval-
uate the depths of formulae in modal p-calculus and it goes up to w®. Our germinal forms are
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sequences in GL(Lg) and are assumed to be uniform in generating the series GL(Lg), GL(L1), ...
In modal p-calculus, this is regarded as corresponding to A(ux.A(z)), A%(ux.A(x)), ..., and the
p-operator is also applied to formulae already including the p-operator, that is, py(uz.A(z,y))
as long as the variable condition is satisfied. The difference in the required depths is caused by
these facts.

5 Application 2: Rationalizability in Game Theory

We apply our framework to the study of decision making in game theory, called the theory of
rationalizability (cf., Bernheim [5], Pearce [28], and Osborne-Rubinstein [27]). This applica-
tion has two purposes. First, we show that our framework enables us to formalize each agent’s
decision-making process in terms of agents’ logical inference. Second, it gives a concrete example
of a discourse requiring GL(L,,) exactly with o = 2, which differs from the infinitary concepts
discussed in Section 4. Also, the theory requires more complex germinal forms involving dis-
junctions, and we will use the sound/completeness theorem (Theorem 3.1) to prove one step
(Lemma 5.4) of the main theorem (Theorem 5.2). We remark that Axiom D is used for (20) in
this section.

A 2-person game is given as G = ({1,2}, 51, 52,91, 92), where 1 and 2 are agents, S; is a
finite nonempty set of available actions, and g; : S1 X So — R (reals) is the payoff function of
agent ¢ = 1,2. Before the actual play of the game, each agent chooses his action to be played
without knowing the other’s choice. The focus is on this ex ante decision making.

A crucial component for rationalizability is the best response property: an action s; € S; for
agent 7 is a best response to an action t; € S; for agent j iff g;(s;;t;) > gi(s};t;) for all s, € S;,
where we often write g;(s1, s2) as gi(s;; s;). We stipulate that when agent 4 is focused, the other
agent is denoted by j. We say that an action s; € S; for agent i is rationalizable iff s; is a best
response to some action 5]1- € §; for j, and s} is a best response to some 3%, and 3? is a best
response to some s?, and so on ad infinitum.” The referred action sﬁ“ for ¢ is interpreted as
a prediction inferred in the interpersonal beliefs of depth ¢ in the mind of agent i. Here, this

interpretation is informal; to make it explicit, we go to our formal system.

To express the above game theoretical concepts, we add the following atomic propositions
as propositional variables to the basic symbols listed in the beginning of Section 2: for i =1, 2,

preference symbols Pri(s1, s9 : t1,t2) for (s1,s2), (t1,t2) € S1 X So;

decision symbols 1;(s;) for s; € S;.
The atomic proposition Pr;(s1, s : t1,%2) intends to mean that “agent ¢ weakly prefers (s1, s2)
to (t1,t2)”, which is also written as Pr;(s;; 55 : t35¢5) with {4, j} = {1,2}. The expression I;(s;)
means that “s; is a possible final decision for agent ¢”. The finitary language L is now defined

by Ia0 and Ial with o = 0 based on these additional symbols and the list of primitive symbols
in Section 2. In Lg, the best response property is described as a formula: for s; € S; and ¢; € S5j,

Bsti(si;tj) := A{Pri(si;tj : sistj) : 55 € Si}. (16)

"In the literature, this is called point-rationalizability, which is the degenerate version of ”rationalizability”
allowing mixed strategies with the interpretation that they express probabilistic beliefs about the other’s choices
(Bernheim [5], Peace [28]). In the recent game-theory literature, rationalizability is studied in a state space with
probabilistic (common) beliefs (cf., Tan and Werlang [31] and Hu [13]). However, this approach does not explicitly
formulate logical inferences as in proof theory, since it does not have a formal language.
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For rationalizability, we use two types of germinal forms. The first is the germinal forms for epis-
temic infinite regresses (Ir?[p1,p2] : v > 0) in Example 2.1.(2). We denote G'% = {(Ir?[p1, po] :
v >0):1i=1,2}. The other will be introduced after giving the decision making criterion.

Consider the following criterion for decision making by agent 1 :
D : Asies, (Lisi) O Vies, (Bj(1j(¢))ABsti(sis t;))).

This is used in his mind, i.e., DZR occurs in the scope B;(+). It states that agent i makes some
prediction about the other’s decision ¢; and his decision s; is a best response to the prediction
tj. The disjunction Vyeg; is specific to the rationalizability theory and to capture the idea of
rationalization.

The criterion DZ is self-insufficient in that it lacks the description of how agent j infers ¢; in
agent i’s mind; that is, agent 7 needs to have a certain criterion for it. We assume that agent ¢ has
the same (symmetric) criterion, DJR, to predict a possible ¢; for the imaginary agent j in agent
i’s mind. This is formally expressed as BiBj(DJR). However, this formula includes B;(1;(¢;)) in
the innermost Df, and by the parallel argument to the above, BiBjBi(DZR) is required. Unless
we force this argument to stop at some finite level, this leads to an infinite regress:

B;(Df) — B;B;(D) — B;B;B;(Df) — ... (17)

The conjunction of this sequence is exactly the infinite regress formula Ir;[D%] = Ir;[DE, DE].

We regard the infinite regress Ir;[D%] as a system of equations with unknowns Iy(s;) and
I(sp); agent ¢ may find some formulae so that they could be regarded as solutions for Ir;[D%].
To discuss solutions for Ir;[D¥], we introduce the germinal forms to express the rationalizability
property.

First we choose subsets of propositional variables {p;(t1;t2) : (t1,t2) € S1 x S} for i = 1,2
from {po,p1,...}, where p;(t;;t;)’s are all distinct. We define two sets of sequences {(rat?(s;) :
v>0):s; €85}, 1=1,2, interactively as follows: for i = 1,2,

rat)(s;) = Vi,es;0i(8i3t5); (18)
rat; (s;)) = Vies, (Bj(rat;.’fl(tj)) A pi(sisty)) for v > 1.

Recall V® = = A {—A: A € ®} for a finite nonempty set ® in L,. Let G = {(rat?(s;) : v > 0) :
s; € S;,i = 1,2}. Hence, G¥ consists of |S| + |S2| germinal forms, and each (rat?(s;) : v > 0)
contains 2 x |S x S| propositional variables for substitution. set of these germinal forms by G=.
We adopt the set of germinal forms GIR+R .— GIR |y GR The series of languages {L,, : a > 0}
is defined based on GIEtE,

Let s; € S; and i = 1, 2. For each v > 0, let Rat}(s;) be the formula obtained from rat} (s;)
by substituting Bst;(¢;;¢;) for all occurrences of each p;(t;;t;) in raty(s;), which is still in Ly.
The rationalizability formula is given as Rat;(s;) := A(RatY(s;) : v > 0), which is in L;. Again,
we note that Rat;(s;) occurs in the scope of B;(-).

The formula Rat;(s;) is intended to be a solution of the inference process (17), i.e., Ir;[D%].
However, the directions of predictions are opposite to (17); in (17), predictions go to deeper
layers along v = 0,1,..., but Rat}(s;) = Vy,es; (Bj(Ratg_l(tj)) ABst;(s;;t5)) has a prediction
Bj(RatJ'{fl(tj)), and Ratj'ffl(tj) has a prediction B;(Rat! !(t;)), and so on to v = 0. In the
latter, we require s; to satisfy this backward argument for all ¥ > 0. For this reason, it holds
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that Ir;[D%] = Ir;[DF, D] with some additional axiom determines I;(s;) to be equivalent to
Rat;(s;). The one direction is given by the following theorem, which will be proved later in this
section.

Theorem 5.1. (Necessity) Let s; € S;,s; € S; and {i,j} = {1,2}. Then,
(1): +1Ir;[D®] > [Bi(Li(s;)) D Bi(Rat;(s;))] in GL(Ly);
(2) H II‘Z[DR] D) II'Z[IZ(S,L) D) Rati(si);lj(sj) D) Ratj(sj)] m GL(LQ)

In (1), Ir;[D¥] implies that if agent i believes that s; is a final decision, then he believes the
rationalizability property for s;. In (2), the conclusions for both agents in (1) form an infinite
regress. The epistemic logic GL(Ly) is sufficient for (1), but GL(L2) is required for (2) since the
infinitary formulae {Rat;(s;)}s,es;,? = 1,2 occur in the germinal form Ir;[-;-] of infinite regress.

Consider the converse of the conclusions of Theorem 5.1. If we plug {Rat;(s;)}s,es,,7 = 1,2
to {Ti(si)}s,es,,1 = 1,2 in Ir;[D%], they could be regarded as a solution for D®. Formally,
we substitute each Rat;(s;) for the corresponding I;(s;) in D® for i = 1,2, and we denote
the resulting formulae by D®(Rat) = [Dff(Rat), Df(Rat)]. If DF(Rat) is provable, then each
Rat;(s;) would be a candidate for I;(s;). This argument is formulated as follows:

Vﬁ DZR(Rat) D) /\tiGSi(Rati<ti) D Iz(tz))

We write VI = (V® V/!).8 In fact, we need the infinite regress Ir;[V¥] of V& = (Vf*, VJE) in
order to have the converse of the conclusions of Theorem 5.1. We have the following theorem,
which will be proved below.

Theorem 5.2. (Full Characterization) Let (s1,s2) € S1 X Sz and i = 1,2. Then, both hold
in GL(Ls) :

(1).' H Iri[VR] D) Iri[Ratl(sl) D) .71(51),Rat2(32) D) [2(82)];
(2) F II‘Z[DR] A II‘Z[VR] D Irl-[Ratl(sl) = 11(31),Rat2(32) = 12(52)].

The first is the converse of Theorem 5.1.(2). Combining this and Theorem 5.1.(2), we obtain
the second assertion, the full characterization of I (s1) and Iz(s2), which is done in GL(L,) with
a = 2. The infinitary logic GL(L3) is required and is sufficient to have these results.

Theorems 5.1 and 5.2 study the logical inferences required for decision making and possible
final decisions. These are not about an actual play of a recommended action. The next stage for
agent 4 is the play of such an action. For this, the agent needs the detailed information about
the payoff functions g1 and g2 of the game G = ({1,2}, 51,52, 91,92). The payoff function g;
(1 =1,2) is formulated in terms of atomic propositions as follows:

{Pri(s1,s2 : t1,t2) : gi(s1,52) > gi(t1,t2)} U{—Pri(s1,s2 : t1,t2) : gi(s1,52) < gi(t1,t2)}, (19)

which is denoted by I';. We assume the infinite regress of these preferences, i.e., Ir;[I'| =
II‘Z‘[/\Fl, /\FQ].

We denote the set of rationalizable actions by R; in the sense of the non-formalized game
theory. Incidentally, Bernheim [5] proved that R; # () for ¢ = 1,2 in any finite game G.

8In the infinitary logic, we can formulate the choice of weakest formulae enjoying the property DF as infinitary
formulae without using inference rules
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Returning to our logical framework, it holds that

GL(Ll) H Ir,[l"} D) [ AN Bl(RatZ(sz))] A [ AN Bi(ﬁRati(si))], (20)

$;€ER; $;€8;—R;
which will be proved in the end of this section. Thus, under the infinite regress of preferences
Ir;[T], agent ¢ can decide whether a given action s; is rationalizable or not. To relate this
to a description of agent i’s decision, we combine (20) with Theorem 5.2.(2), and we have the
following theorem; under the infinite regresses Ir;[D®] AIr;[VE] ATr;[T], agent i can tell whether

a given s; is a decision for him or not. Mathematically, Theorem 5.3 is a corollary of Theorem
5.2.(2) and (20).

Theorem 5.3. (Playability) Let s; € S; and i = 1,2. We have, in GL(L2),

- I [DR) A Ty [VE] A T[T O [Sié\RiBi(Ii(si))] A [SiG S{i\_RiBi(ﬁIi(si))}.

Note that the conclusions of (20) and Theorem 5.3 can be formulated in the form of infinite
regress including predictions.

The above discourse starts with the decision/prediction criterion and goes to the considera-
tion of a play of the game. The main engine is logical inferences by agent i and the imaginary
agents in his mind. The discourse of decision making is done within the infinitary logic GL(L2).
In the game theory literature, decision making and existence of a resulting outcome have been
discussed a lot, but these are not explicitly connected by agents’ logical inferences. The above
discourse is the very first attempt in this respect.

From the viewpoint of logic, the above discourse is based upon complex germinal forms, G/
and G, though they are still obtained by iterations of substitution. The germinal forms G/%
for infinite epistemic regress are conceptually not specific to the theory of rationalizability, but
the germinal forms QZR are specific to the theory of rationalizability. In fact, infinite epistemic
regress can be captured in terms of a fixed-point logic, similar to the common knowledge logic.
However, so far, we do not know whether the rationalizability property is captured in terms of
a fixed-point logic, though we conjecture an affirmative answer.

We remark that when “some prediction” in DlR is replaced by “all predictions”, the theory
becomes the decision making following the line of Nash’s [26] theory; specifically, DZR is changed
into Ases; (Li(si) D Agjes; [Bj(Li(t5)) D Bsty(sistj)]). Then, we can develop the theory in a
parallel manner, with the use of only germinal forms of infinite regress, to the discourse in this
section, but this theory depends more upon the payoff structure and is more complex as a whole
(see Hu-Kaneko [14] within the framework of a fixed-point logic).

Finally, we prove the above theorems and (20). All steps, except for Lemma 5.4, are done in
proof-theoretic ways in GL(L1) and GL(L2). Lemma 5.4 is proved using the Kripke semantics.
The proof of (20) is partially semantic since Lemma 3.6 is used.

Lemma 5.1 states various properties of infinitary regress formulae Ir;[A]. GL(L2) is required
for (3), but GL(L;) is enough for the others as long as content formulae are in L;. We define
the epistemic content of Ir§[A] by Irj[A] := A; AIr;[A].

Lemma 5.1. (1): - Ir;[A] = B;(Ir{[A]);
(2): if b Ay for k = 1,2, then - Ir;[A];
(3): = Ir;[A] D Iry[Irf[A]; Ir7[A]l;
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(4) [ II‘Z'[Al D C1,A9 D 02] A II'i[Al,AQ] D II‘Z'[Cl, 02];
(5).' [ II‘Z'[Al,Ag] A Iri[C’l,Cg] = Iri[Al A\ C]_,AQ A Cg]

Proof. We prove (1), (3), and (4).

(1): Recall Ir;[A] = A(IrY[A] : v > 0), where Ir?[A] = B;(4;) and Iry T [A] = B;(A; A Ir’[A])
for allv > 0. Hence, I Ir;[A] D B;(A4;AIr}[A]) for all v > 0; so - Ir;[A] D A(B;(Irj[A]) : v > 0).
By A-Barcan, we have - Ir;[A] D B;(A(Ir¥[A] : v > 0)). Thus, I Ir;[A] D B;(A4; AIr;[A]). The
converse is similar.

(3): By (1), F Ir;[A] D B;(Ir?[A]) for ¢ = 1,2. Suppose that - Ir;[A] D Iry [Ir{[A], Ir§[A]] for
i = 1,2. Since = B;(Ir;[A]) D B;(Ir}[Ir{[A], Irj[A]]) by Nec and K, and since - Ir;[A] D
Bi(A; A Irj[A]) by (1), we have F Ir;[A] D Ir/THIr¢[A], Ir3[A]]. By A-rule, - Ir;[A] D
Tr [Tx[A], Tr3[A]].

(4): It suffices to show that F Ir;[4; D C1, Ay D Co] Ar;(A1, Az) D Ir;[Ch, Cy]. Tt is proved
by induction over v that - Ir;[A; D C1, Ay D Co] Alr;[A1, Ag] D IrY[C1, Cs] for all v > 0. By
A-rule, we have the result.ll

Lemma 5.2. GL(L1) - Ir¢[D%] O [Ii(s;) D Rat¥(s;)] for allv >0, s; € S;, i = 1,2.

Proof. We show this by induction on v. Since F Ir¢[D¥] > DI and - DF > [Ii(s;) D
Vi,es,;Bsti(si;t5)], we have the assertion for v = 0. Suppose the assertion for v. Then,

Ir;[D®] o [B;(I;(s;)) A Bsti(si;s;) O B i(Raty(s;))A Bsti(si; s5)]. Hence, we have F Ir; [DF] >
[Vi;es;(Bj (L (t;))ABsti(sii ) D Vises; (Bj(Raty (t;))A Bsti(si; t;))]. Since b Ir? (DR > Ir;[DF,
we have + Iry [DR] D [Vies; (Bj(Li(t5)) ABsti(siitj)) D Vies; (Bj(Raty(t;))A Bsti(sists))]-
Also, since - Ir¢[D%] o [I;(s;) D Vies; (Bj(Li(t;))A Bsti(si; t;))], we have - Ir¢[D®] o [I;(s;) D
Vi;es; (Bj(Rat¥(t;)) ABsti(s;;t;))]. Thus, b Ir? [D®] o [I;(s;) D Raty™(s;)]. Hence, we have the
assertion for v+1.01

Proof of Theorem 5.1.(1): This is obtained by Lemma 5.2.

(2): Lemma 5.2 implies - Ir¢[D%] O (I;(s;) D Rat;(s;)) for i = 1,2. By Lemma 5.1.(2), we
have + Ir;[Ir{[D%] © (I1(s1) D Rat(s1)), Irg[DT] D (Ia(s2) DRatg(sl))]. Using Lemma 5.1.(4),
we have F II‘i[II‘(f[DR],II‘g[DRH D Iri[Il(sl) DRatl(Sl),IQ(SQ) DR&tQ(Sl)]. Since + II'Z[DR] D)
Ir;[Ir¢[D], Ir[D7]] by Lemma 5.1.(3), we have the assertion.H

To prove Theorem 5.2, we will show that DlR(Rat) for ¢ = 1,2. Then, we have F
Ir;,[DE(Rat), D¥(Rat)] by Lemma 5.1.(2). By Lemma 5.1.(4), we have - Ir;[VF] O Ir;[Rati(s;) D
Ii(s1), Rati(s1) DIa(s1)]. This is Theorem 5.2.(1). Combining this with Theorem 5.1.(2) by
Lemma 5.1.(5), we have Theorem 5.2.(2).

The first step for - Df(Rat) for i = 1,2 is the following lemma.

Lemma 5.3. (Monotonicity): GL(Lo) = Rat!™(s;) D Rat?(s;) for allv >0, s; € Si, i = 1,2.

Proof. We prove the assertion by induction over v > 0. Recall Rat?(s;) = Vy,es,Bsti(si; t).
Since Rat] (s;) = Vy,es, <Bj(Rat?( ))ABst;(s;;t;)), we have - Ratl(s;) D \/t]es Best(sz,t ), i.e.,

F Rat}(s;) D Ratd(s;). Suppose that Rat;-’H(si) O Rat?(s;) for ¢ = 1,2. This implies I—
B‘(Rat"*'l(sj))/\Bst-(si;Sj) D Bj(Rat}(s;))A Bst;(si;s;), and then - th€5j<Bj(Rat;+1(tj))A
Bst;(siitj)) D Vises; (Bj(Raty (t))ABsti(si;t5)), ie., Rat!"(s;) D Rat!/*!(s;).H
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Now, we prove - Df(Rat) for i = 1,2. The proof of part (1) is based on the sound-
ness/completeness (Theorem 3.1); the finiteness of S; and Lemma 5.3 are used. In the following
lemma, we use the abbreviation A, A, of A(A, : v > 0).

Lemma 5.4. GL(L1) = Rat;(s;) D Vi,es;[Bj(Rat;(t;))ABsti(si;t5)].

Proof. First, we recall AyRaty (s;) = AuVies; [Bj(Raty (t;))ABsti(si;t;)]. We prove = A Raty (s;) D
Vises; [N (Bj(Raty (t;)))ABst(si; t5)]. By rule la2. (zz) Wlth a =1, A\y(Bj(Ratj(t;))) is a permis-
sible conjunction. Since - A, (B (Ratj”(t])» = B,(A/Rat}(t;)), it follows that = A Raty(s;) D
Vises; [Bj(AuRat? (t;)) ABst(s;; tj)], which is the assertion of the lemma.

Let M = (F,7) be a serial Kripke model, and w any possible world in W. Suppose (M, w) =
A Vises; (Bj(Rat?(t;))ABst;(si; t5)). Then, (M, w) = Vi es;(B;(Raty (t;))ABsti(si; t;)) for any
v > 0. Let
= {t; € Sj: M, w) = Bj(Rat}(t;)) A Bst;(si; t;)} for v > 0.

Since (M, w) [ Vies; (Bj(Rat}(t;))ABst;(si;t)), we have T} # ) for all v. Since (M, w) =
Rat§+1(sj) O Rat(s;) by Lemma 5.3 and Soundness, we have T} O T]'.’Jrl for all v > 0.
Since §; is a finite set, there is some v such that TJ’-’ is constant for all v > vg. Hence, we
find an s]- € NIy, which implies (M,w) E (A,Bj(Rat}(s;)))ABst;(si; sj). Thus, (M,w)
Vises; [(AvBj(Raty (t5))) ABsti(sist;)]. Thus, (M,w) | AyRat](si) D Vies; [(AB (Rat”( ti)))

ABst;(sq; )] Since F, 7, w € W are all arbitrary, we have = A, Raty (si) D Vies; [(Av (Rat“(t])»
ABst; (85 tj)] by completeness.ll

Proof of (20): We use Lemma 3.6, which allows us to infer (20) from assertions about Rat?(s;)
for finite v’s. Now, we work with GL(Lg). In fact, the main argument uses the technique that
eliminates the belief operators By (-) and Ba(+) from KD" and hence we can work with finitary
classical logic, whose provability relation is denoted by Fo . Correspondingly, we denote, by
Nat(s;), the formula obtained from Rat}(s;) eliminating all By (-) and Ba(-). The set A(I'1UI'2)
is complete by (19) with respect to atomic preference propositions; for a finitary nonepistemic
formula A containing only atomic preference propositions,

Fo A(TLUTy) D Aor Fg A(T1UTy) DA (21)

This is applied to Nat?(s;) for all i = 1,2, s; € S;, and v > 0. Also, when A contains only atomic
preference propositions for agent i, the premise in (21) can be AT;.

We prove, by induction over v, that for i = 1,2, s; € S;, and v > 0,
if Fo A (1 UTy) D Naty(s;), then - Ir;[T'] D B;(Rat; (s;)); (22)

if Fo A(I'yUTy) D —Naty(s;), then F Ir;[T'] D B;(—Raty(s;)). (23)

For v = 0, Nat{(s;) = Rat)(s;) = Vi,es, Bsti(si;t;). Since Irf[I'] = (AL;) A Irj[T], we obtain
(22) and (23) for v = 0 by applying Nec and K. Suppose that (22) and (23) hold for v. By (21),
Fo A(T'1UT2) DNaty ™ (s;) or o A(T1UTg) D —Nat?*(s;). First, let Fg A(T1UT2) D Nat? ! (s;);
by definition, Naty*!(s;) = Vi;es,; (Nat? (¢;)ABst;(s;;¢;)), and hence, by (21) again, o A(I'1 U
I'2) O (Nat(t; )/\Bst (si;t5)) for some t; € S;j. For this t;, it holds that F AT; DBst;(s;;t5)
and F Ir;[I'] O (Rat”( ;) by (22) for v. Comblnmg these, we have - Ir;[I'] A (AL;) D
Bj(Rat;(tj))ABstz(sz,t]) Hence, = Ir;[I] A (AL;) D Vies;[Bj(Rat! (:))ABst;(si; t;)]. Thus,
F Ir¢[T) DRaty " !(s;), so, - Ir;[T] D B;(Rat? ! (s;)) by Nec and K.
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Second, let o A(T; UT3) D —Nat?*!(s;). Again, by definition and (21), Fo A(T1 UT2) D
—(Nat} (t;)ABst;(si; t;)) for all t; € Sj. Let t; € S;. Then, o A(I'y UT'2) D —Nat}(t;) or
Fo A(I'1 U T2) D =Bst;(sist;). Then, by (23) for v, we have F Ir;[I'] D B;(—Rat¥(t;)) or F
AT'; D =Bst;(si; t;). Combining these, we have = Ir;[I'] A (AL) D Bj(—Rat} (t:)) V (=Bst;(si; t5)).
This and Axiom D for Bj(-) imply = Ir;[T'] A (AL) D —Bj(Rat](t;)) V(—=Bsti(siit))), ie.,
F1Ir;[T]A (AL) D ~(Bj(Rat! (t;))A Bsti(si;t;)). Since ¢ is arbitrary, we have b Irj[I]A (AL;) D
= Vies; (Bj(Rat}(t;)) ABsti(si;t)). That is, = Irf[T'] D —Rat? ™ (s;), which, by Nec and K,
implies (23) for v + 1.

Now, take any s; € S;. Then, let s; be rationalizable action. Then, Fg A(I'y UT'2) DNat? (s;)
for all v > 0. In this case, by (22), - Ir{[I'] DRat?(s;) for all v > 0. Thus, - Ir?[I'] DRat;(s;) by
A-rule. Hence, - Ir;[T'] D B;(Rat;(s;)).

Let s; be a non-rationalizable action. Then, Fg A(I';y UT'2) D —Nat¥(s;) for some v > 0. In
this case, by (23), - Ir[I'] D —Rat/(s;) for some v > 0. By Lemma 3.6, we have - Ir?[T'| D
—(Rat¥(s;) : v > 0). Hence, - Ir;[I'] D B;(—Rat;(s;)). These imply (20).H

6 Proof of the Completeness of GL(L,) by Q-filters

We adopt the O-filter method to prove completeness of GL(L,). First, we give a sketch of the
proof, a summary of the concepts to be used, and then go to the main body of the proof.

6.1 Sketch of the proof

As usual, we show that if a formula A € L, is not provable, we find a Kripke model so that A is
not true in some world. It is standard in the literature to construct maximal consistent sets as
those possible worlds via the Henkin method (cf. Hughes and Cresswell [15]). This may appear
to be applicable to our logics because the set of formulae L, (0 < o < w) is kept countable.
But this does not work in our case for two reasons. Since GL(L,) allows infinite conjunctions,
the Henkin method to extend a consistent set does not fit our purpose; the infinitary approach
from Karp [19] avoids this difficulty by requiring Axiom of Choice in the axiomatic system
(cf. Heifeitz [12] in the epistemic logic context). Instead, we adopt the @Q-filter method, due
to Rasiowa-Sikorski [29] for algebraic semantics and Tanaka-Ono [33] for Kripke semantics. A
Q-filter is a strengthened version of a prime filter to deal with infinitary conjunctions. This
method has been developed as an alternative to prove completeness for a first-order logic as well
as for infinitary modal logics (cf., Tanaka [32]). We note that the countability of the language
L, is crucial in applications of these lemmas.

The Q-filter method relies upon various concepts in Boolean algebra, though we deal with
Kripke semantics rather than algebraic semantics. Utilizing the Q-filter method, we construct a
counter-model. This is not the canonical model; instead, we start with the Lindenbaum algebra
L,/ =, where = is the equivalence relation of provability in GL(L,). Then, a Q-filter is a
subset of L,/ = and is a possible world for the counter-model. A Q-filter is required to satisfy
certain closure properties in addition to the prime filter condition. These closure properties are
guaranteed by the formula construction steps, Ia2.(¢) and (i), for the definition of L. Once the
set of possible worlds is defined, accessibility relations R;,7 € N are defined in a similar manner
as in the standard proof based on maximal consistent sets.
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In Section 6.2, we provide a small summary of Q-filters in a Boolean algebra. In Section
6.3, we define the Lindenbaum algebra based on GL(L,), and prepare for applications of the
Rasiowa-Sikorski and Tanaka-Ono lemmas. In Section 6.4, we construct a counter-model. A key
step is the truth lemma that a formula A is true in a world w if and only if [A] € w, where [A]
is the equivalence class including A. This step requires the Tanaka-Ono Lemma to deal with
B;(-). Finally, we show that if ¥ A, there is a Q-filter w such that [A] ¢ w; the existence of
such a Q-filter w is guaranteed by the Rasiowa-Sikorski Lemma.

6.2 Boolean algebra and Q-filters

We give basic definitions and relevant properties of a Boolean algebra (cf., Halmos [10] and
Mendelson [23]). Consider a Boolean algebra B = (B, M, L, —,0,1). We define a < biff allb = b.
Then < is a lattice ordering on B (i.e., a Mb and a U b are the greatest lower bound and least
upper bound of a,b with respect to <). We say that a nonempty subset F' of B is a filter iff
F1(upward closed): a < band a € F = b € F; and F2(M-closed): a,b € F' = alb € F. Also,
we say that a filter F' is prime iff P1(Non-triviality): F' # B; and P2(U-property): alUb € F
= a € I or b € F. We have the following fact on a prime filter F:

acF & (—a)é¢F (24)
In the following, we write a — b for —aLlb = (—a) Ub. When F is a prime filter, a — b € F' if
and only if a ¢ F or b € F, since (—a)Lla=1¢€ F.

For any subset S of B, the greatest lower bound of S in (B,M,U,—,0,1) is denoted by S,
and the least upper bound of S is denoted by LIS. Note that MS and LS may not exist, but if
either exists, it is unique. Let Q = (Q1, Q2) be a pair of countable sets of nonempty subsets of
B so that

((M,U)-closed): MQ; and LUQ2 exist for all Q1 € Q1 and Q2 € Qo.
We say that a prime filter F' is a Q-filter iff

Q1: for any Q1 € Q1, Q1 C F = Q1 € F;
Q2: for any Q2 € Qo, UQ2 € F = a € (Y5 for some a € F.
These correspond to the conditions F2 and P2. The following is Rasiowa-Sikorski lemma (see

also Tanaka-Ono [33]).

Lemma 6.1. (Rasiowa-Sikorski [29]) Let B be a Boolean algebra, and Q = (Q1, Q2) a pair
of countable sets of nonempty subsets of B with (M,U)-closedness. For any a,b € B, if a £ b,
then there is a Q-filter F' such that a € F and b ¢ F.

For a given Q = (Q1, Q2), we denote the set of all Q-filters of B by Fg(B). The nonemptiness
of Fo(B) follows from Lemma 6.1 if 0 # 1. The set Fo(B) will be adopted for the set of all possible
worlds in our construction of a Kripke model.

Since the logic GL(L,) has belief operators, Rasiowa-Sikorski lemma is not enough: We
extend it, which is Tanaka-Ono lemma. We say that B = (B,Mn,u1, —,0,1,0,,...,00,) is a multi-
modal algebra iff

mal: (B,M,1,—,0,1) is a Boolean algebra;

ma2: for i € N, [J; is a unary operator on B satisfying the property that ;1 =1
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and O;(aMb) = O;a M O;b for all a,b € B.
We define 0; 'F = {x € B: O;x € F} for any F C B.
Let B be a multi-modal algebra, and Q = (Q1, Q2) a fixed pair of countable sets of non-

empty subsets of B satisfying (M, U)-closedness. The following three conditions are crucial for
the Tanaka-Ono Lemma: for all ¢ € N,

qO: for all Q1 € Q1, N(0;Q1) :={T;a: a € Q1} exists and M([;Q1) = T;(MQ1);

ql: {;(a —b):be Q1} € Q) for all a € B and all Q; € Qy;

q2: {0;(b—a):be @2} € Q for all a € B and all Q2 € Qa.
Lemma 6.2. (Tanaka-Ono [33]) Let B = (B,r,U,—,0,1,00,...,0,) be a multi-modal
algebra, and Q = (Q1,Q2) a fixzed pair of countable sets of nonempty subsets of B. Suppose
that Q satisfies (M, U)-closedness, and the conditions q0, ql, and q2 for i € N. Then, for any

i€ N,be€ B, and F € Fo(B), if ;b ¢ F, there exists a G € Fo(B) such that O;'F C G and
b¢Gq.

6.3 Lindenbaum algebra

Recall that for any A, B € Lo, A= Biff - (A D B)A(B D A) in GL(L,). We take the quotient
set Lo/ =. For any A € Lo, we denote, by [A]], the equivalence class in L,/ = including A. In
B := L,/ =, we define elements 0,1 and operations M, L, —, and Oy, ..., 0, by

£1: 0 =[-po A po] and 1 =[po D po];

02: for any A, B € Ly, [A]N[B] = [AA B], [AJu [B] = [-(=AA=B)], —[4] = [-A];

£3: for any A € Ly, O;[A] = [Bi(A)] for i € N.
Using these, we have, for any A, B € L,

[A] — [B] = (-[A])u [B] = [-AJu [B] = [-(——AA-B)] =[A D B]. (25)

It follows from this that O0;([A] — [B]) = U:([A D B]) = [B:(A D B)].
Lemma 6.3. L = (B,0,1,M,U, —,0;,...,0,) with B = (Ly/ =) is a multi-modal algebra.
Proof. We can show in the standard manner that (B,0,1,M,U,—) with B = (Ly/ =) is a
Boolean algebra. It remains to show condition ma2. Let i € N. Since - [(A D A) D B;(A D

A)ANBi(AD A) D (A D A)], we have [0;1 = 1. Since - [B;(AAC) D B;(A)AB;(C)|A[B;(A) A
B;(C) D Bi(A A C)], we have O;([A] N [C]) = O [A] N O;[C].A

In the following, we call L in Lemma 6.3 the Lindenbaum algebra. We prove the following
lemma, which guarantees we can use Lemmas 6.1 and 6.2 in the proof of completeness.

Lemma 6.4. For any AN® € L, and i € N,
(a): T{[C] : C € &} = [AD];
(b): T{T;[C] : C € @} = [Bi(AD)].

Proof. (a): First, let us see that [A®] is a lower bound of {[C] : C € ®}. Since - A® D C for
all C' € ® by L4, we have (—[A®]) U[C] = 1. Let C € ®. Then, we have

[re] = [A®]n1=[re]r((=[A®]) LICT)
= ([re] 1 (=[re])) U([AS] N [C]) = ou ([r@] M [CT) = [r@] T [CT.
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Hence, [A®] < [[C]. Since C' is arbitrary in ®, [A®] is a lower bound of {[C] : C € ®}.

It remains to show that [A®] is the greatest lower bound of {[C] : C' € ®}. Now, let [D] be
a lower bound of {[C] : C € ®}. This means [D] < [C], i.e., [D] U [C] = [CT]), for any C € ®.
Let C € ®. Then (—[D]) U[C] = (—[D])u([D]U[C]) = (-[PJU[Phu[C]=1UL]C] =1.
This implies - D D C. Since C' is arbitrary in ¢, we have, by A-rule, we have - D D A®. This
means that [A®] is greater than or equal to [D] in L. Thus, [A®] is the greatest lower bound
of {[C] : C € ®}.
(b): Since - B;(A®) D B;(A) for all A € ®, and since {{J;[A] : A € &} = {[B;(A)] : A € ®},
[Bi(A®)] is a lower bound of {{J;[A] : A € ®}. Now, let [D] be a lower bound of {{J;[A] :
A € ®}. Using the same argument as in (a), we have - D D B;(A) for all A € ®. Thus, - D D
AB;(®) by A-rule. By A-Barcan, we have - D D B;(A®). This means that [B;(A®)] is the
greatest lower bound of {{J;[A] : A€ ®}. 1

Now we define a pair Q = (Q;, Q2) as follows:
Q1 ={{[A]: A€ P} : AD € L,} and Qy = 0. (26)
Then, Q; is a countable. Then, the following lemma holds.

Lemma 6.5. (1): Q = (Q1, Q2) satisfies (M, U)-closedness.
(2): Q= (Qi1, Q2) satisfies the conditions q0, q1, q2.

Proof. Since Qs = 0, the (M, )-closedness for LI and ¢2 are vacuous.

(1): Let @ € Q;. This @ is written as {[A]] : A € ®} for some A® € L. Since MQ = [A®] by

Lemma 6.4.(a), M@ belongs to B =L,/ =.

(2)(q0): We show that for any @ € Q1, N([0;Q) := MN{;a : a € Q} exists and N(;Q) = 0;(NQ).

Since @ € 91, {;a: a € Q} is expressed as {[B;(A4)] : A € &} for some AP € L,. By 151-152,

A® € L, implies AB;(®) € L,. Then, by Lemma 6.4.(b) and - AB;(®) = B;(A®), it holds that

N(0iQ) = [A(Bi(A) : A € @} = [Bi(A®)] = Li[AP] =01 Q.

(ql) : Let @ € Qp and a € B. We show {;(a — b) : b € Q} € Q. Since a = [[A] for some

A € L, and @ is also expressed as {[B] : B € ®} for some A® € L,, we have, by (25),
{Hi(a—b):beQ} ={[Bi(AD B)]: Be d}. (27)

Since A(A D B: B € ®) € L, by 1a2.(i), we have A(B;(A D B) : B € ®) € L, by 1a2.(ii). Let

¢’ = (Bi(A D B) : B € ®). Then, since A®’ € L,, we have, by (27), {Ti(a — ) : b € Q} =

{[Bi(AD>DB)]:Bed} e, .l

6.4 Construction of a counter-model

Recall that L = (B,0,1,M,1, —, 04, ...,00,) with B = L,/ = is the Lindenbaum algebra given
in Lemma 6.3. Also, let @ = (Q1,Q2) be given by (26). Now, we define a Kripke frame
K = (W; Ry, ..., R,) and an assignment 7 as follows:

(i): W =Fg(L), where Fg(L) is the set of all O-filters for L;

(ii): for all i € N, wR;u if and only if O; 'w C u;

(iii): for any w € W and any propositional variable p, 7(w,p) = T if and only if [p] € w.

The nonemptiness of Fg(L) follows from Lemma 6.1 and the contradiction-freeness of GL(Lg)
noted after Theorem 3.1. Then, M = (K, 7) = (W; Ry, ..., Ry, T) is a Kripke model.
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Lemma 6.6. R; is serial for each i € N.

Proof. Let w € W. Consider [J;0 = O;[—po Apo] Then, (3,0 = [B;(—=poApo)] = ["PoApo] =0
by ¢1 and by Axiom D. Since w is a prime filter, we have [J;0 = 0 ¢w. By Lemma 6.2 (Tanaka-
Ono Lemma), we have u € Fgo(IL) such that O; *w C u, i.e., wR;u, and 0 ¢u.l

The following lemma is central to the completeness theorem.

Lemma 6.7. (Truth lemma) For any A € Ly andw € W, (K, 7,w) = A if and only if [A] € w.

Proof. We prove the assertion by induction along the definition 150-152 (5 < «) of formulae.
Consider a propositional variable p. Then (K,7,w) Ep < 7(w,p) =T < [p] € w.

Now, consider a non-propositional formula A in Lg. Suppose that A is generated by I31.
Here, the induction hypothesis (abbreviated as IH), is simply that the assertion holds for any
proper subformulae of A. The case A is applied to an infinitary conjunctive formula.

(D) : Let (K, 7,w) = AD B. Then (K, 7,w) ¥ A or (K, 7,w) F B. By the induction hypothesis,
we have [A] ¢ w or [B] € w. Since [-A] € w or [B] € w, and since [-A] < [A D B] and
[B] <[A D B], we have [A D B] € w.

Let [A D B] € w. Then [-AV B] = [-A] U [B] € w. Since w is a prime filter, we have
[-A] € wor [B] € w. Hence [A] ¢ w or [B] € w. By IH, we have (K, 7, w) ¥ A or (K, 7,w) F B.
Thus, (K, 7,w) F A D B.

(=) : The proof is similar.

(B;) : Let (K, 7,w) = B;(A). Then (K, 7,u) | A for any u with (w,u) € R;. By IH, [A] € u
for any v with (w,u) € R;. Now, on the contrary, suppose that [J;[A]] ¢ w. Then, by Lemma
6.2 (Tanaka-Ono Lemma), there is a u € Fo(L) such that O; 'w C u and [A]] ¢ u. This is a
contradiction. Hence, [B;(A)] = 0;[4] € w.

Let [Bi(A)] = O;[A] € w. Then [A] € u for all v with O0;'w C u. By IH, we have
(K, 7,u) = A for all u with (w,u) € R;. Hence, (K, 7,u) = B;(A).

(A) : Let A® be a finite conjunctive formula generated by 141, or an infinite conjunctive
formula given from a germinal form. In the latter case, any A € ® belongs to U,.gL,. In either
case, [H is that the assertion holds for any A € ®. In these cases, we have the following proof.

Let (K, 7,w) = A®. Then (K, 7,w) = A for all A € &. By IH, [A]] € w for all A € ®. Then
M{[A4] : A € &} exists by Lemma 6.5.(1), and it belongs to w by Q1. Hence, [A®] = N{[4] :
Aed} cw.

Let [A®] € w. Then [A®]] < [A] for all A € ®. Since w is a filter, we have [A] € w for all
A € ® by F1. Hence (K, 7,w) = A for all A € & by IH, which implies (K, 7, w) = A®.

Now, consider the cases of 142.(7), 152.(i7), and 182.(¢i7). Suppose that A® = A(D D C), :
v>0), A& = A(B;(Cy) : v > 0), or A& = A(C, A D, : v >0) be generated by 152.(i), 182.(i7),
or 182.(iii) from D, A(Cy, : v > 0), and A(D, : v > 0). Here, IH is that the assertion holds form
D, N(Cy, :v>0), and A(D, : v > 0).

Let (K,7,w) = A(D D C, : v > 0). Then (K,7,w) = D D C,, ie., (K,7,w) ¥ D or
(K, 7,w) = Cy, for all v > 0. The latter part implies (K, 7,w) = A(C, : v > 0). By IH, we have
[D] ¢ w or [A(C, : v > 0)] € w. Since w is a prime filter, we have [D] — [A(C, : v > 0)] € w,
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which implies [D D A(C), : v > 0)] € w by (25). Since - (D D AN(C, : v > 0)) = AN(D D C, :
v > 0), we have [A(D D C, : v > 0)] € w. The converse can be obtained by tracing back this
argument.

Let (K, 7,w) = A(B;(C,) : v > 0). This implies (K, 7,w) = B;(A(C, : v > 0)). Let u be any
world with (w,u) € R;. Then, (K, 7,u) = A(C, : v > 0). By IH, we have [A(C, : v > 0)] € u.
Now, on the contrary, suppose that [;[A(C, : v > 0)] ¢ w. Then, by Lemma 6.2 (Tanaka-
Ono Lemma), there is a u® € Fg(L) such that O0; 'w C u® and [A(C, : v > 0)] ¢ u°. Since
(w,u®) € R; by the definition of R;, this is a contradiction. Hence, ;[A(C, : v > 0)] € w.
Thus, [A(Bi(Cy) : v > 0))] = [Bi(A(Cy : v > 0))] = 0;[A(Cy : v > 0)] € w, using A-Barcan.

Conversely, let [A(B;(C)) : v > 0))] € w. Then, ;[A(C, : v > 0)] = [B;(A(C, : v > 0))] =
[A(Bi(C,) : v > 0)] € w using A-Barcan. Let u € W be an arbitrary world with 07w C w.
Then, [A(C, : v > 0)] € u. By IH, we have (K, 7,u) = A(C, : v > 0). Since u is arbitrary with
(w,u) € R;, we have (K, 7,u) = B;(C,) for all v > 0. Hence, (K, 7,u) = A(B;(C,) : v > 0).

Let (K,7,w) = A(C, A D, : v > 0). Then (K,7,w) = C, A D,, ie., (K,7,w) = C, and
(K, 7,w) | D, for all v > 0. This implies (K, 7,w) = A(C, : v > 0) and (K, 7,w) E A(D, : v >
0). By IH, [A(Cy : v > 0)] € w and [A(D, : v > 0)] € w. Since w is a filter, we have [A(C),
cv > 0)] O[A(D, 1 v > 0)] € w,. Since F [(Cy, : v > 0) A (D, : v >0)] = AN(Cy AD,, : v >0), we
have [A(Cy, A D, : v > 0)] € w. The converse can be obtained by tracing back this argument.ll

The final step of completeness is to show that for any A € Ly, if ¥ A, then (K, 7,w) ¥ A
for some world w € W. Suppose ¥ A. This means [A] # 1; hence, [A] # 1. Applying Lemma
6.1 (Rasiowa-Sikorski lemma) to [A] and 1, there is a Q-filter F' such that 1 € F and [A] ¢ F.
Denote F' by w. Then, by Lemma 6.7, we have (K, 7,w) ¥ Al

Remark 6.1. Lemma 6.6 can be extended to other epistemic axioms, T, 4, or 5, and the
corresponding conditions, reflexivity, transitivity, or euclidean for R;. Transitivity is derived
from Axiom 4: Let O0;'w C w and O; 'u C v and [A] € O; 'w. Then, [B;(A)] € w. Since
F Bi(A) D B;B;(A), we have [B;(A)] < [BiBi(A)]. Since w is a filter, we have [B;B;(A)] € w;
so [Bi(A)] € O; 'w. Hence, [Bi(A)] € u, i.e., [A] € O; 'u. Repeating this argument, we have
[A] € O Ly. Also, euclidean: wR;u and wR;v = uR;v is derived from Axiom 5. Let Di_lw Cu
and O; 'w C v. Suppose that for some A, [A]] € O; ' but [A] ¢ v. Since OJ; 'w C v, we have
[Bi(A)] ¢ w. Thus, [-B;(A)] € w. By Axiom 5, [B;(=B;(A))] € w. Thus, [-B;(A))] €
O; 'w C u, which is a contradiction to [A] € O; 'u. Hence, O; 'u C v.

7 Conclusions

We developed a series of small infinitary epistemic logics. This series inherits useful features
from both infinitary logic approach and fixed-point logic approach. Similar to the infinitary
logic approach, our framework allows for explicit and unified formulations of infinitary concepts
such as common knowledge; and it allows for the direct evaluation of depths of such infinitary
concepts. Similar to the fixed-point approach, we can control infinitary expressions by imposing
specific germinal forms. Moreover, we have shown that our completeness result holds for each
layer, and our logics in different layers are connected by the conservative extension relation.

We provided two applications. The first is about explicit definabilities of epistemic axioms
T, 4, and 5. Specifically, we showed that Axiom T can be captured in GL(L,) for any «
(0 < a < w), Axiom 4 can be done in GL(L,), since it needs infinite iterations of the belief
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operator. Axiom 5 is not explicitly definable for any a (0 < o < w). These results differentiate
the three axioms. The second is for game theory: we considered an agent’s decision-making in
a game, based on the idea of rationalizability. We gave a full epistemic characterization, which
was done within GL(L2), a shallow part in the series in (1), and, based on this characterization,
we obtained the playability result for an agent in a game.

Our approach gives rise to new open problems. As already stated, a full study of Table 3.1
is an open problem of great importance. As seen in Section 4.3, we showed that some known
fixed-point logics such as common knowledge logic can be faithfully embedded into our system
(Theorem 4.7). In recent years, the fixed-point approach has been extensively developed in
modal p-calculus, and a natural question is whether such embedding results can be extended to
(some specific fragments of ) those logics, and what relationship exists between our system and
modal p-calculus. A full answer to this question remains open, though we gave a summary of
differences in our approach and modal p-calculus in the end of Section 4.3.

There are open problems related to explicit definability and embedding. We studied explicit
definability and embedding for each of the three epistemic axioms and common knowledge.
However, a general criterion for an infinitary (and/or finitary) concept to be explicitly definable
in some GL(L,,) remains open.’ A related problem is to have a general understanding of when
a fixed-point logic can be embedded into our system.

Our framework adopts the Hilbert-style proof theory. One alternative would be to formulate
it in the Gentzen style sequence calculus. In particular, if cut-elimination is available, then one
can discuss the sizes of proofs. For this purpose, there are two possibilities from the literature.
One is to adopt Kaneko-Nagashima [21]’s formulation in the context of an infinitary logic,
which is close to the original Gentzen formulation. Cut-elimination is available, while A-Barcan
prevents it from implying the full subformula property. Another is in the modal p-calculus,
for which Briinnler-Studer [6] provided a different Gentzen style formulation, focusing on some
shallow fragments for cut-elimination. A full study of these systems remains open.
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Appendix

Proof of (10): Let N ={1,2},i=1,7=2,and G = {(BY(p) : v > 0)}, ¢'= {(BY(p) : v > 0),
(B5(p) : v > 0)}; this can be extended to a general case without difficulty. The contrapositive
of the claim is proved by constructing a counter-model. Let A € L1(G) be any formula with
GL(L1(G")) ¥ —A. By Theorem 3.1, there is a Kripke model (K,7) = ((W, Ry, R2),T) such
that (K, 7,wo) = A for some wy € W. If there is a world w € W such that w is (sequentially)
accessible from w, by Ry and 7(w,p) = L, then (K,7,wo) # A D Bj(p) for some v < w;
so, (K, 7,wp) ¥ A D BY(p). In the following, we assume that 7(w,p) = T for any sequentially
accessible w from wg by Ra. We extend (K, 7) to (K', 7) so that (K', 7/, wp) = A but 7’(w, p) = L
for some sequentially accessible w by Rj.

Since A € L1(G), the nested depth of Ba(-) is finite, and let m, be the maximum of the
nested depths of By(+) in A. We denote the set of all subformulae of A by Sub(A), and the
maximum nested depth of Ba(:) in C' € Sub(A) by 1,(C). There are two cases to be considered:

(A): there is a sequence {wo, wi, ..., wy, } such that wg, wy, ..., wp, are all distinct, wy Rawyyq for
all t =0,..., 01 — 1, but wy, Rowy, for some wy, € {wo, wr, ..., Wy, };

(B): for any infinite sequence {wq,w1,...} with wyRow¢q for all ¢ > 0 and for any w, €
{wo, w1, ...}, there is no element wy, € {wg, w1, ..., we} with w;Rawy, .

These two cases are mutually exclusive and exhaustive because of seriality for Rs.

Case (A): We choose a sequence {wo, w1, ..., wy, } with the smallest ¢;. Then, we choose an ¢
given in (A). Incidentally, o = ¢; could be possible. The idea of extending (K,7) to (K',7)
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is as follows: a sequence {v1,...,Um,+2} of new symbols (for new possible worlds) is sequen-
tially connected to wy, by the new Rf but not R). The additional accessibilities in Rf are the
connections from wy, to vy, from v; to va,..., and from vy, 41 to vy, 42, but the out-going ref-
erences from v; (1 <t < vy,4+1), in addition to the connection to vi11, are the same as w4y
where t = k(€1 — o+ 1) +t' and ¢’ < {1 — £y. The last vy, 42 is the dead-end. In addition to
{v1, ..., Um,+2}, we define the sequence (wg 4t : t = 1,...,m, + 2) in W so that wg,1¢+ = weyrp
when ¢t = k(€1 — o+ 1) +¢ for some k > 0 and ¢ < ¢1 —£y. That is, this is the sequence counting
Wpy+1, ---» Wy, and then counting along the same cycle and it stops at wg,mg+2-

wo —9 .. Wg, —2 | V1 =2 U2 =2 e Umetl —2 Umy+2 O1,2
11\ 11 \e i\e  l1i\e2 11\
w [ wilw [ W [

In the above figure, we consider the special case where ¢y = ¢1. We replicate the connections
from wy, and attach them to each vy up to vy, +1. We can extend 7 to 7’ so that 7/(vy, -) takes
the same value as 7(wy,, -), but 7/ (v, 42, ) takes the negative value L for all ¢ € Py. Then, we
prove (K', 7/, wg) E A but (K, 7/, wq) ¥ Bgo+m°+2(p).

Now, we prove the assertion more rigorously. We extend (K, 7) to (K',7’) as follows:

W’ZWU{Ul,...,UmO+2}; (28)

Ry = Ry U {(v,w) : (wygtt,w) € Ry and t = 1,...;me + 1} U {(Umy+2, Umy+2)} (29)
/2 =Ry U {(wfo’vl)} U{(ve,ve41) 1t =1, ...;mp + 1} U {(Vm,+25 Um,+2) }U
{(vt,w) : (wgyg4,w) € Rg and t = 1,...,mo + 1};

and for any ¢q € Py,

7(w, q) itveW
m(v,q) = ¢ T(wegie,q) fv=1 (1<t <mg+1) (30)
1 if v=1vm, 2.

In (29), only v; is directly connected only to wy,, and there may be references from v to some
worlds in W in the same way from wg, 4.

Now, we show by induction on k& = 0, ..., m, that for any C' € Sub(A) with ny(C) < k and
forany t=1,...,m, — k,

(K, 7wy 14) E C = (K, 7", ») E C. (31)

We show this claim by double induction over k£ = 0,...,,m, — 1 and the length of formula
C € Sub(A) with n9(C) = k. We call the induction over k the main induction, and the induction
for the length of formula the sub-induction.

Let £ = 0, which is the induction base of the main induction. We prove the assertion for any
formula C with 7,(C') = 0. By (30), the truth assignment 7/(vy, -) is the same as 7(wg,+, -) for ¢
(1 <t < m,). Also, C has no occurrences of Ba(+). For the valuation of C, RIQ is not used at v;
and wy,+¢. When the outermost connective of C' is Bj(+), Rll does not connect vy with v¢y1 and
the out-going references from v; are the same from wy, ;. Hence, (31) for C. The cases of the
other logical connectives, including infinitary formulae, are similar. Hence, for all t = 1, ..., m,,

we have (31) for C' € Sub(A) with 7,(C) = 0.
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Suppose (31) for k < m,. Then, it is sufficient to consider the case 15(C) = k + 1. The main
induction hypothesis is that (31) holds for any D € Sub(A) with 7,(D) = k. The next step is
induction by the length of C. The first case is that C' = Bg(D) for some D. Then ny(D) = k;
we have (31) for D by the main induction hypothesis. By the choice of wy,+1, ..., ws, and (29),
each of v;11 and wy, 441 is accessible, respectively, from each of v; and wg, 1 by R; thus, the
out-going references by R), from v; are the same as wy, 44+ for all ¢ < m, — k, we have (31) for
C =By(D).

Then, we should consider the other connectives, =, D, A and Bj(-). Consider the case where
C = By(D) for some D. Then 75(D) = k + 1. By the sub-induction hypothesis, we have (31)
for D. Since the out-going references by R} from v; are the same as wy, 4+ for all t < m, — k, we
have (31) for C = B1(D). The cases of the other connectives are similar.

The equivalence (31) for k = m, implies that for all C' € Sub(A),
(K, 7, wgy11) E C = (K',7",v1) E C.

Since v; is connected to wy, by Ry and not by Rf, we have, for all C' € Sub(A), (K, 7,wy,) =
C <= (K',7",wy,) = C. We do not change the out-going references with respect to R} and Ry,
from wy, ..., wg,—1. Also, the truth assignments 7 and 7’ are the same over W. Hence, for k =
0,...,40 and for all C' € Sub(A), (K, 7,wy) E C < (K', 7", wy) = C. Hence, (K, 7/, wg) = A.

In sum, we have (K', 7", wg) = A and (K', 7/, vye+2) = —p. Thus, (K', 7/, we) ¥ A D BY(p).

Case (B): In this case, for any infinite sequence {wo, w1, ...} with w;Raw;; for all ¢ > 0 and for
any wy € {wp, w1, ...}, there is no element wyRowy, for some wy, € {wp, w1, ..., we}. In this case,
we can take any wy and plug vy, ..., Um,+2 t0 wy. Then, we construct (K',7') in the same way
as above. Only we take wyi1, ..., Wepm,+2 from {wp, w1, ...}; here, the above cyclical argument
is unnecessary. The remaining part is the same as above, and we have (K',7',wg) = A and
(K, 7", vmy+2) = —p. Thus, (K, 7/, wo) ¥ A D BY(p).M

Proof of Lemma 4.3: We show by induction over o < w that 1/JT : L, — L, is uniquely
extended by EO, E1,-E4,. This holds for & = 0. Suppose the induction hypothesis that it holds
for all 8 < a. Then, we show that E1,-E4, uniquely define 7 : Ly — L.

First, we prove that for any formula G(py, ..., pm) in Lo and G’ (p1, ..., pm) = U1 (G(p1, ..., pm)),
VIG(AL, ..., Ap) = G' (YT Ay, ..., 0T Ay,) for any A € Py, (32)

This is proved by induction on the length of formula G. We consider only the case of m = 1, from
which a general case is simply obtained. If G(p) = p, then ¥T(G(A)) = ¥T(A) = G' (YT (A)).
We consider the induction step only for the case where the outermost connective of G(p) € Lo is
B;(-), i.e., G(p) = Bi(D(p)) for some D(p), supposing (32) for D(p). Then, G'(p) = T B;(D(p))
= B;(¢"D(p)) A" D(p) by Edq, and let D'(p) = 4" D(p). Since " D(A) = D' (¢ (4)) by (32)
for D(p), we have G'(p) = B;(D' (¢ A)) A D'(4T A), which is G'(yT A).

Now, we show that ¢ is well-defined over F,. Suppose that A(C¥ (A4, ..., An) 1 v > 0) is
generated by a germinal form A(CY(p1,...,pm) : ¥ > 0) and germs Ay, ..., Ay, € P,. By (14),
CY(p1, .o, Pm) = YTC¥(p1,...,pm) € G, and let A = pT(Ay) € Py for k = 1,...,m. Then,
abbreviating C¥(Ay, ..., An) as C¥, we have 9T (A(CY : v > 0)) = A@TCY : v > 0) by E3,.
Now, by (32), C" = TC¥ = YT (C¥(Ay, ..., Ap)) = CY (YT Ay, ..., T A1) € P, for all v > 0.
Hence, A(¥TC¥ : v > 0) is generated by germinal form A(CY/(p1,...,pm) : v > 0) and germs
Al AL € Py, Thus, T (AN (CY(Ay, .., A)) 1 v > 0)) € F.
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We extend ¢, from P, U F, to the entire L, along Ial - Ia2. This is also by induction. The
steps in Il are standard. Consider Ia2. Let A, A(CY : v > 0), A(D” : v > 0) € L,, and assume
the induction hypothesis TH,, : T A, A(wTCY : v > 0), A(WTD” : v > 0) € L,. We prove only
Ia2.(ii) and Ia2.(7i7).

Consider Ia2.(i4). By THy, A(TC? : v > 0) € Lg, and by I1a2.(ii), A(B;(¢vTC?) : v > 0) €
L. By 1a2.(iii), we have A(B;(¢TCY) A¢TC¥ : v > 0) € Lg. This is written as A(ypTB;(CY) :
v >0) € Ly by E4,. Thus, T (A(B;(CY) : v > 0)) = AWTB(CY) : v > 0) = AB;(TC¥) A
YT'CY : v > 0) € Lq. In the case of j # i, this proof becomes simpler.

Consider Ta2.(#ii). By In,, A(TCY : v > 0) € L, and A(YTD” : v > 0) € L,. By
Ia2.(iii), we have A(YTCY ApTDY : v > 0) € Lq. By E34, ¥T(A(CY ADY : v > 0)) =
AYT(CY ADY) 1 v >0) = AWTCY AyTDY : v >0) € L,

Proof of Theorem 4.5. Take an arbitrary serial model (K, 7) and let K™ be the reflexive
closure of K with respect to R;. We show by induction on the length of A that

for all w e W, (K™ 7,w)E A< (K,7,w) = ¢T(A). (33)

Thus, K™/ = A <= K |= T (A). Since K is an arbitrary serial model, this equivalence implies,
by the completeness theorems for GL(L,) and GL(L,)+ T; (Theorem 3.1 and its variant) that
(GL(Lo)+T;) F A if and only if GL(Ly) - ¥ (A).

We prove (33) by induction on the length of A € L. We consider only the two cases: Case
A=NC":v>0) € F, and Case A = A(C” A D" : v > 0) generated by Ia2.(iii).

Consider Case A = A(CY : v > 0) € F,. Then, (K™ 7,w) = ACY : v > 0) <
(K¢l 7 w) = C¥ for all v > 0 < (K,7,v) = ¢TC¥ for all v > 0 by the induction hy-

pothesis. This is further equivalent to (K,7,w) = A(WTCY : v > 0), which is equivalent to
— (K,7,w) T (ACY :v>0)).

Consider Case A = A(CYAD" : v > 0). The induction hypothesis is: (33) holds for C* and D¥
for all v > 0. Now, (K™/, 7,w) = A(CY AD” : v > 0) <= (K, 7,w) = C* ADY for all v > 0 <=
(K, 7,w) = ¢T(CY A DY) for all v > 0, which is equivalent to (K, 7,w) | (T (CY ADY) : v > 0)
— (K,7,w) =T (CY AD" : v > 0).1
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