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Abstract

This paper completes the Keynes-Solow model proposed in Sasakura (2006) by adding
the government sector and the foreign sector, and investigates a macroeconomy in the
short run and in the long run within the general framework. The model used remains
only one. Main results obtained are concerned with the effectiveness of government fiscal
policy consisting of the purchase of both investment and consumption goods. In the
short run fiscal policy is effective. In the long-run steady state an increase in government
investment leads to that in production and income, whereas an increase in government
consumption has the opposite effect. In the golden-rule state fiscal policy is ineffective in

changing the level of real GDP due to the consumption maximization by the household
sector.

1 Introduction

Microeconomists are happy in that they have the general model by Walras. They can con-
centrate on a particuler subject without anxiety. They have a common home to return to
when at their wits’ end. No microeconomist doubts the theoretical foundation of the model.
The opposite obtains now in macroeconomics. Macroeconomists have not invented a general
model comparable to the Walrasian model yet. They are astray because they have no home
to return to with ease. That is why each macroeconomist tends to focus on his/her own
particular subject taking no notice of the connection with each other.! Thus there is a crucial
difference between a microeconomist and a macroeconomist when they work with each one’s
specific theme,

Indeed there have been attempts to construct a general macro model. Noteworthy was, as
far as I know, Friedman (1971) who presented a “simple common model” that encompasses
both a simplified quantity theory and a simplified income-expenditure theory as special cases.
On the basis of the model he proposed a monetary theory of nominal income in which “there
is a theoretical link between the short-run model and the long-run model.” (p. 45) Although
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'For example, Blanchard and Fisher (1989, pp. 26-27), a macroeconomics textbook with the then most
“unified” contents, wrote, “the field is now too large and too fragmented. The Keynesian framework embodied
in the “necclassical synthesis,” which dominated the field until the mid-1970s, is in theoretical crisis, searching
for microfoundations; no new theory has emerged to dominate the field, ... macroeconomics is in crisis, .. "
Their view holds good even taking into consideration what has been done in macroecenomics since then.



I cannot agree with him on the assumption of price rigidity in the General Theory, it was
logically right of him to say, “The rigid price assumption of Keynes is . ..entirely a deus ez
machina with no underpinning in economic theory. Moreover, given that the price level in the
long run is determined by the quantity-theory model, there is no theoretical link between the
short-run model and the long-run model, no way of connecting the one to the other.” {p. 44)
But, strangely enough, his theory determines only nominal income. It has nothing to say
about the factors that determine the proportions in which a change in nominal income will, in
the short run, be divided between price change and output change, though such a defect also
applies to the other two. After all it was wishful thinking to hope that “almost all economists
would accept the framework.” (p. 61)2

The problem of immeasurable importance to macroeconomists remains unsolved. Nowa-
days macroeconomists, recognizant of such an old effort or not, seem to be content with the
theoretical structure consisting of the JI§-LM model, the AD-AS§ model, and the Solow model
to explain respectively the short run, the medium run, and the long run. But the three-model
structure is none other than a historical compromise. In Sasakura (2006), I tried to present
an alternative macro model which can analyze basic aspects of a macroeconomy in the short
run and in the long run at the same time. The model named the Keynes-Solow model {the K.S
model for short), however, does not contain the government sector and the foreign sector, both
of which constitute indispensable parts of an actual macrececonomy. This paper completes
the Keynes-Solow model by adding the two sectors, and investigates a macroeconomy in the
short run and in the long run within the general framework. But introducing the government
sector and the foreign sector in a macro analysis is & cumbersome task. In fact, even the
greatest macroeconomists such as Keynes {1936), Solow (1956), and Friedman (1971) dealt
with a closed economy without the government sector. In order to extend the basic KS model
constructed in Sasakura (2006), I follow standard textbooks except for indirect tax. Indirect
tax is ignored as such in macroeconomics despite the fact that it accounts for a considerable
part of GDP. I treat indirect tax explicitly as well as direct tax, and highlight it as one of the
symbols of the extended model. The model is called the complete Keynes-Solow model. It is
enlarged but only one as the basic K model. It will be shown below that the complete KS
model is able to analyze basic aspects of a macroeconomy in a fairly general, and therefore
realistic, sttuation.

This paper is organized as follows. The next section provides the outline of the complete
KS model. The short-run equilibrium state and the long-run equilibrium state are also de-
fined. Sections 3-5 are concerned with the short-run equilibrium state. Sections 3 explains
how the investment-goods sector, consumption-goods sector, government sector, and foreign
sector behave. Section 4 describes the simultaneous equilibrium of the investment-goods mar-
ket, consumption-goods market, and bond market, while Section 5 discusses the traditional
income-expenditure equation, the quantity theory of money, and the effectiveness of govern-
ment fiscal policy. Sections 6-9 are concerned with the long-run equilibrium state. Section
6 defines again the long-run equilibrium state using notations of the model. Section 7 char-
acterizes the long-run equilibrium state and, using the results, Section 8 finds the long-run
steady state in which macro variables are growing at a constant rate. Section 9 begins by
asking what is the golden-rule state in the complete case, and then analyzes the golden-rule

2It was his interpretation of Keynes's General Theory that brought his important attempt to a deadlock.
For the details of even now stimulating disputes with his critics including Tobin and Patinkin, see (again)
Gordon (1974). He could have, in my view, made his theoretical framework more convincing if he had used a
production function explicitly, as this paper does,



state which is newly defined as the state in which current national consumption is maximized.
In order to show the relevancy of the model, an example is presented in Section 10. Section
11 concludes this paper. Appendices discuss Tobin's ¢ theory and the M-M theorem in the
presence of indirect tax.

2  Qutline of the Complete Keynes-Solow Model

In the complete Keynes-Solow model there are the government sector and the foreign sector
in addition to the household sector, the production sector, the central bank, and commercial
banks. The government sector imposes both indirect tax and direct tax to buy consumption
goods and investment goods. In case of budget deficit government bonds are issued. The
macroeconomy considered here exports domestic consumption and investment goods to the
foreign sector, and imports foreign consumpiion and investment goods from there. In case
of current account surplus this economy or the household sector buys foreign assets called
“foreign bonds” with it. Although the complete model works along the line simlar to the
basic model, the government sector and the foreign sector make it complicated. Thus, let us
see how this economy proceeds, dividing a period into three subperiods as in the basic case.
At the first subperiod of each period, the {domestic) production sector makes investment
goods and consumption goods using labor the household sector supplies® and capital stock the
household sector, the government sector, and the foreign sector hold. The national economy
acquires GNP which constitutes its purchasing power of the period. GNP is the sum of ‘the
amount of production of domestic consumption and investment goods, and that of the net
receipt of factor income from the foreign sector. GNP net of capital consumption, ie., NNP
is divided between the household sector and the government sector respectively as private
disposable income and government disposable income. Each disposable income can be used
to purchase consumption and investment goods, domestic and foreign. Domestic consumption
and investment goods are bought by the foreign sector, too. Under the assumption that money
is not held as wealth, three domestic markets of investment goods, consumption goods, and
newly issued government bonds are cleared every period due to correct production plan. At
the end of the first subperiod the household sector holds as assets capital stock, government
bonds, and foreign bonds, while the government sector has capital stock as well as debts.
The second subperiod is that of portfolio selection. The government sector announces the
rates of indirect and direct taxes which are applied at the next period. In the complete KS
model there are three kinds of assets, i.e., (domestic) capital stock, government bonds, and
foreign bonds. There are four choices for those who hold capital stock. On the one hand, they
can hold the capital stock as that of the investment-goods sector or that of the consumption-
goods sector. On the other hand, they can hold the capital stock of each sector indirectly as
depositors through commercial banks or directly as equity holders. When they hold capital
stock as depositors, the nominal rate of return is a fixed rate of interest (or deposit rate).
When they hold capital stock as equity holders, they have to expect the rates of return on
equities which depend on both how much capital stock exists in each sector and how much
the prices and nominal wage rate of the next period are expected to be, which is not known
until the third subperiod.* Tt is assumed that the price of investment goods as existing capital
stock tends to be so determined as to make the rates of return on equities and the deposit rate

3Such laber includes that of employees of the government sector.
“For a mathematical description, see (44), (45), and (47) in Secticn 6.



(or interest rate) equal. It is also assumed that bank deposits, government bonds, and foreign
bonds become perfect substitutes as a result of arbitrage, in which the price of government
bonds as stock and the nominal exchange rate are adjusted.

The third subperiod is that of plan for production and issnance of government bonds
of the next period. The government sector determines the amount of government spending
consisting of government investment and government consumption. It also plans to issue
newly government bonds when budget deficit is expected to occur. There already exists
capital stock in each production sector as a result of portofolio selection during the previous
subperiod. Nominal wage rate paid at the next period is determined and the prices and the
exchange rate of the next first subperiod are expected.” The production sector calculates the
profit-maximizing levels of output using all information then available including that of the
government sector and the foreign sector. Once the optimal output levels are determinate,
the production sector asks the central bank to supply the appropriate amount of money as a
medium of exchange.

The first subperiod of the next period comes, and the same processes are repeated over
and over again. An economy is said to be in the short-run equilibium state if all expectations
of the last third subperiod are realized. In this paper too, only the short-run equilibrium state
is considered. Thus, the short run always means a period in which an economy is in the short-
run equilibrium state. It should be noted that markets of domestic goods and government
_ bonds are always cleared whereas labor market is not always. An economy in the short-run
equilibrium state is also said to be in the long-run equilibrium state if labor market is cleared
and the rates of return are equal for all assets. In this paper too, the long run always means
periods in which an economy is in the long-run equilibrium state. It should be emphasized
again that a period in which an economy is in the long-run equilibrium state is only a special
case of the short run.

The analysis eventually focuses on the long-run steady state, in which the rate of economic
growth is determined by the sum of the growth rate of labor supply and that of technology.
In this situation the household sector is able to control the economy by changing the rate of
consumption (or equivalently, the rate of saving}. It is assumed in the complete K.§ model
that the rate of consumption is so determined as to maximize the sum of current private
consumption and government consumption each period. For it is the household sector that
enjoys government consumption as well as private consumption each period. This view on
consumption is quite new to the best of my knowledge. It is found from this extended version

of the golden rule that government fiscal policy is ineffective in changing the level of real
GDP.

3 Production Sector, Government Sector, and Foreign Sector

3.1 The Investment-Goods Sector

Suppose that an economy is at the third subpeiod of period ¢ — 1. As was explained in the
previous section, this is the subperiod of plan for production and issuance of government
bonds of period t. First consider the investment-goods sector planning production of period
t. Capital stock of the investment-goods sector, K14, consists of K{, and K k. The former is

5The nominal exchange rate is determined twice a period, i.e., as part of the terms of trade of the first
subperiod and as a result of arbitrage of the second subperiod,



held by depositors through commercial banks, while the latter by equity holders. A subscript
1 represents the investment-goods sector.

The technology of the investment-goods sector at t is given by the Cobb-Douglas produc-
tion function:

Que = K&(A:Nyu) ™0, Ky = KL+ KD, 0<a<, (1)
At = (1 +g)At—h q > _1: (2)

where Qq¢, N1z, and A; are respectively output, labor used, and the effectiveness of labor of
the investment-goods sector at ¢. The effectiveness of labor or “knowledge” is assumed to
grow at an exogenous rate g as in (2).

The nominal interest rate, ¢;, the price of investment goods as existing capital stock, p1s—1,
and the rate of indirect tax, yu, have already been determined during the second subperiod of
period ¢ — 1. Thus, after the nominal wage rate, w;, has been determined, the inventment-
goods sector must make production plan under the following budget constraint:

pLQue + P (1 — §) Kt

= weNyy + {1+ ig)Pre K + (1 + h$)p1e-1 KD + pph,Que, (3)

where pt,, h$,, and § are respectively the expected price of investment-goods produced at

period ¢, the expected nominal rate of return on equities, and the capital depreciation rate.

A superscript e means an expected value in what follows. H1;—1 K¢ is the amount of bank

deposits related to K§,, while p1;_1 K7, is the nominal value of equities related to Kb
Rewriting (3) yields

25.Q1e = wi Ny + iepre1 K + h§Bra—1 Ky + p5e(6 — 78 Kyt + ppfQut, (4)

where 7§ = 1 — (p13—1/p%;). For simplicity let us call nf and § — nf respectively the ex-
pected inflation rate and the inflation-adjusted depreciation rate. Since the share of capital
consumption in GDP is positive, it is assumed that

§— =g > 0. (5)

The purpose of the investment-goods sector is to maximize A, in (4) subject to the
production technology (1). From (4), A, can be written as

e (1= p)p5Que — welNy — a1 K§ — p§{0 — nf) Ky
1t = = h '
P11 KT

(6)

Since the right-hand side of (6) is a function of Ny; alone, the investment-goods scctor has
only to find the level of labor, N%°, which maximizes h{,. Substituting (1) into (6) and
differentiating (6) with respect to Ny yield

dhe _ (- pptll — Q)AL NGRS, — wy
dNy Pru-1K3, .

Then N/ can easily be obtained by solving dh$,/dNy; = 0 and d?h$,/dN{, < 0 as follows:

L
1— p)ps, e
v = [(1 - ayai-e L= PP 1::)*”1* K (7)



A superscript g, of course, represents a value when indirect tax is imposed at the rate pu.
Furthermore, it is used throughout this paper to indicate a value in the complete K5 model
as distinct from the basic XS model in which the government sector and the foreign sector do
not exist. The output of investment-goods which also maximizes hf, is calculated as follows:

Ho= KR(ANE)

1—«
1—w)p$.] =
= [(1"—Q)At(—‘w K. (8)
W
The maximization of h§, is equivalent to the usual profit maximization. Let M PLy; be
the marginal product of labor at t. Then, since M PLy; = 8Q1:/3Ny;, the following profit-
maximizing condition holds:

e

MPLy = (1 — o)Ay N “Kfy = A=,

{9)
which is equivalent to (7). It is apparent that an increase in the rate of indirect tax depresses
the production of investment goods, ceteris paribus. The marginal product of capital at ¢,
MPKy,, is

MPEKy = aKE (AN 2 (10)

When the investment-goods sector expects that investment goods will be sold at the price
p$,, it is ready to distribute the value added, p{,Qf;, among the factors of production according
to (4). Thus nominal factor income in the domestic investment-goods sector, Y{;", is given by

Y = wNf+ iipre—1 K + RS 1 KT,
(1- #)PTtQTte —pf(6 - Wf)Ku- (11)

It is found from (11) that Y/;® is a function of the expected price p§,.

3.2 The Consumption-Goods Sector

Next consider the consumption-goods sector planning production of period ¢. The explanation
of the consumption-goods sector proceeds along much the same line as in the investment-goods
sector, a subscript 1 being replaced by subscript 2 which in turn represents the consumption-
goods sector. Therefore, it suffices to show main features and results in order.

The production function of the consumption-goods sector:
Qu = K& (AN ™%, Koy = K3 + K}, 0<a< L. (12)
The budget constraint on the consumption-goods sector:
P Q2 + piy(1 — 8) Ko

= wyNog + (1 +4)Pre—1 K& -+ (1 + h§)pre—1 K5 + pup§Qat,
or
P5 Q2 = wiNag + ispr—1 KG, + hebre—1 Kby + p§y(8 — mf) Koy + pup5Qa- (13)



The demand for labor in the consumption-goods sector:

R

N;te — [(1 - a)A%—a(i.—w_":)Eg.t.] Ko (14)

The planned output of consumption goods for p,;:
Q5 = K§(ANE)
l—c
1— u)ps, ] =
_ [(1-Q)At(—T“)@] Ko (15)
t
The profit-maximizing condition:

i

MPLy = {1 — @)A®*N;"K§ = T (16)
The marginal product of capital:
MPKy = aKS (A Ny) 0. (17)
Nominal factor income distributed in the domestic consumption-goods sector:
YA = weNE + i1 K5, + B b1 Kb,
(1 — p)p5e Q5 — pie(d — i) Ko (18)

The equilibrium of the domestic consumption-goods market as well as that of the domestic
investment-goods market is investigated in Section 4.

3.3 The Governmnent Sector

At the third subperiod of period # — 1, the government sector decides on the nominal ex-
penditures of investment goods, Gy, and consumption goods, Gat, of the next period. The
government expenditures are met in the first place by its expected disposable income

ITE + DT? — b;B;.

Here ITf and DI} are respectively the expected indirect tax and the expected direct tax.
B; and b, are respectively the total quantity of government bonds already issued and the
interest (not the interest rafe) per unit of bond already promised at the beginning of the
second subperiod of period ¢ — 1. Thus b¢B; is the total amount of coupon payments at the
next period. When budget deficit is expected, new issuance of government bonds is planned
according to the following government budget constraint

pee(Bi — By) = Gy + Goy — (IT{ + DT — b.By), (19)

where pp; is the price of newly issued bonds the quantity of which is Bf,, — B;. The bond
price pp; is set by the government sector. Thus, once the budget deficit represented by the
right-hand side of (19) is calculated, the quantity of newly issued bonds is determined.

Since b, By is already fixed, the government sector must calculate ITy and DT}, It is easy.
(4) and (13) give the expected indirect tax immediately as follows:

ITE = p(p$, QL + P Q5 )-

7



Denote the expected nominal national income at ¢ by Y/*. Then, by definition,
Y=Y+ Y+ F (20)

where Ff is the expected net receipt of factor income from the foreign sector in domestic
currency. Substituting {11) and (18) into (20) leads to

YF = (1 - p)(phQ17 +p5Q50) + FY — piu(6 — 7K, (21)

where K; = Kj; + Ko Since the rate 7 of direct tax has been announced at the second
subperiod, the expected direct tax can be calculated as follows:

DTE = {1 — 1) (5, Q47 + p5:Q%: ) + FY — p5,(6 — m) Ky}

Remember that it is assumed that government bonds and bank deposits are perfect substitutes
as assets. Thus it is understood that the price of government bonds as an asset, fp¢-1, has
been determined through portfolio selection of the second subperiod of period ¢ — 1 as follows:

b
N ST

3.4 The Foreign Sector

The foreign sector plans to buy consumption goods and investment goods at the prices v§; and
p$,, respectively. The national economy considered here also plans to buy consumption goods
and investment goods produced by the foreign sector at the prices of efp}y, and efpfy,. Here
e¢ is the expected nominal exchange rate, while p‘}lt and p$,, are respectively the expected
prices of foreign investment goods and foreign consumption goods in foreign currency. A
subscript f indicates the foreign sector in what follows. A further description of export and
import is given in the subsequent sections.

The foreign sector issues foreign bonds the value of which 1s equal to the current account
of the national economy. Since foreign bonds and bank deposits are assumed to be perfect
substitutes, the following ought to have held at the end of the second subperiod of period
t—1:

(1- 'rf)%:ft e,

(1 — 7}z
where iy, and 7y are respectively the nominal interest rate and the rate of direct tax of the
foreign sector, and &;_; is the nominal exchange rate that has been determined as a result of
portfolio selection. & is to ef what pi.—1 is to p§,.°

€ 1=

4 Domestic Market Equilibrium

Consider how the consumption-goods market, the investment-goods market, and the market
of newly issued government bonds reach each equilibrium. First examine the consumption-
goods market. In the complete K5 model the consumption function is extended to

O = cYES o Gy + EX§ — IM§, 0 <<, (22)

8Like the price of investment goods, there are two nominal exchange rates during a period. One is applied to
transactions at the first subperiod as ef, while the ather is used for portfolio selection at the second subperiod
as &. No distinction between the two is made in international economics represented by, for example, the
Mundell-Fleming model and the overshooting model of Dornbusch (1976).
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where

Ygf = (]_ - T)Y}pe + b Be. (23)

C¥* is the expected nominal demand for domestic consumption goods from three sectors. cYh;
is the expected private consumption demand with Y} and c respectively as the expected
private disposable income and the rate of consurmption. Furthermore EX5; and M3, are
respectively the expected nominal export of domestic consumption goods and the expected
nominal import of foreign consumption goods. The {private) saving function becomes

S = (1 - YL, (24)

where 54° is the amount the household sector plans to save out of private disposable income,
and 1 — ¢ is the rate of saving.

The consumption-goods market attains equilibrium when p§,Q57 = Cf°. Substituting (22}
into this equilibrium condition gives

p5: Qb = cYhy + Gy - EX5, — 1My, (25)

In order to make the model more concrete, let us regard JM$, as a linear function of private
disposable income:

IM§, = maYh, 0 <my < 1,

where mq is the marginal propensity to import foreign consumption goods.” Substituting
(21) into (23) yields

Yhe = (1—7)[(1 = p) 05, Q57 + p3,Qh¢ ) + FY — p3{8 — w) Ki] + b By (26)
Furthermore, substituting {26) into (25) with the import function specified above leads to
p5 Qs = (c—m2){(1 - 7)[(1 - ) (P, Q1 +05:Q50) + FY —p%,(6 —m{) K] + b B} + G + EXGp.
Thus the equilibrium amount of production of consumption gocds can be obtained as

Pl QNS — (e —mo{(1 - 7)1 — p)p§, Q¢ + Ff — p§:(6 — 7f) K] + 0By} + Gor + EXG,
e 1—(c—ma){1—7){1—p) '

(27)
And the equilibrium price and output of consumption goods are obtained by substituting {15)
into {27) as follows:

Po = [(1 - ”)Et_ a)AI—a [Kiztr

y { (c = ma){(L = 7)[(1 ~ 15y @5 + F — pfy(0 — m§) K] + buBy) + G + BX } (28)

1= (c—ma)(} ~7)(1-p)
and

. _ 1—o
Q§:=[(l 1) (1 Q)At] KS,

W

TP his is just an example of other various specifications of import and export functions. For simplicity, it
is assumed above that government does not biy consumption goods from the foreign sector. If it does, an
import function may be rewitten, for example, as IM3, = ma(Yj; + Gar).



i—
X (¢ —ma){(1 — 7)[(1 — Wp% Q1% + FF — pLld — mf) Kul + by Bi} + Go + EXG, *
= (c—ma)(l— 1)L - )

(29)
Next consider the investment-goods market and the bond market. The demands for them

will come mainly from private saving. Thus it is necessary to look at it carefully. (26) can be
rewritten as

Yhi = p$Qlf + p5:Q5¢ + FY — 05,(8 — 7f) Ky — (IT7 + DT - beBy).

Using this, (25) can be expressed as

¢ ! e
p5 Qb = i—_—c[PT:Q?f—Pfs(é—ﬁf)Kt—(th€+DTze—stt—Fte 4+ T [Gae+ EXS —maYp,].

Thus the expected equilibrium private disposable income can be written as

1

Vi =

8 QY — p5(8 — m§) Ky — (ITf + DTf — by By ~ FY) + Gae + EX5, — maYi]. (30)
Finally, from (24) the expected equilibrium saving can be expressed as

S = I} + BD§ + CAf, (31)

I = pLQi — P58 — YKy ~ Gie — EXT, + IMY,
BDtE = G+ Gy — (ITf + DTte — bf,Bt),
CAf = EX{+EX5 +Ff - (IM5 + mQYBE],

where I, BDf, and CA{ represent the expected nominal private investment, the expected
government budget deficit, and the expected current account in domestic currency, respec-
tively. It should be noted that (31) does not mean a causal relation. Correctly speaking,
(31) says that the amount of private saving is equal to the sum of the three as a result of the
equilibrium of the consumption-goods market with the expected price of investment goods
pf; as given.

It is necessary that ¢+ BD§+CA¢ > 0 for positive Y57 in (30). In order for the argument
made below to be clear, it is convenient to take a “normal” case where If > 0 and BDf > 0.
The following lemma is concerned with money hoarding in such a case.

Lemma: Money hoarding implies a domestic economy which is always subordinate fo the

foreign sector in the sense that private disposable income is determined exclusively by current
account.

Proof: See Appendix A.

The case of money hoarding is theoretically possible in the complete K& model,® but it is
quite unrealistic as is shown in the above lemma. It is assumed, therefore, that the household

BaMoney” in this context is that of this national economy.
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sector uses all money available for store of value, i.e., money is not held as wealth (the
no-Pope’s-father condition}. Under this assumption it is easy to show the following theorem:

Theorem 1: If money is not hoarded, the domestic markets of investment goods and newly
issued government bonds reach each equilibrium ot the same time and the equiltbrium condition
is as follows:

0 I¢
16 BDS¢
p5Qi; — P58 — mf) Ky — Gy ~ EXY, + IMF,

— , 32
Gu+ Gy — (ITf + DIY — b;Bt) (32)

where 0 < 8 < 1 is the ratio of St'* — CA§ that goes to the purchase of domestic and foreign
investment goods. The limiting cases § = 0 and 6 = 1 imply respectively zero If in the
numerator and zero BD§ in the denominator.

Proof: See Appendix B.

With private saving the household sector can increase assets in the form of investment goods,
government bonds, or foreign bonds. Theorem 1 means that the household sector spends the
amount equal to If, BD¢, and CAf of the saving on investment goods, government bonds,
and foreign bonds, respectively.

Tt is now found that a new fact has appeared which did not exist in the basic case. That
is, the expected equilibrium prices of consumption goods p§; and investment goods pf, are
completely determined by the market equilibrium conditions (27) and (32). In the basic case
the expected absolute prices of consumption and investment goods are not determined unless
one of the prices are fixed, whereas in the complete case both prices must be determined
simultaneously. One of the prices cannot be known before the other. Thus the complete K5
model has a flavor of the general equilibrium theory even in the short run.? 1¢

Figure 1. Indirect Tax and Equilibrium in the Investment-Goods Market.
Figure 2. Indirect Tax and Equilibrium in the Consumption-Goods Market.

Figures 1 and 2 illustrate a simultaneous equilibrium of the investment-goods market
and the consumption-goods market. Figure 1 shows the supply curve Q‘l‘f of investment
goods when indirect tax is imposed at the rate g, and the investment-goods demand curve
Q“ff) with the equilibrium price of consumption goods p§, shown in Figure 2 as given. The
investment-goods market is equilibrated at the intersection of both curves. The supply curve
@Y, in the absence of indirect tax is also drawn in the figure. As is seen from the figure,

9Other specifications can make the situation rather different. For example, if ITY and DT} are lump-sum
taxes, as is often assumed in a theoretical analysis, the expected equilibrium price of investment goods is
determined independently of the consumption-goods price,

0Tobin’s ¢ theory and the Modigliani-Miller theorem are applicable in the complete K.§ model, toc, as
long as the consideration is confined to the partial-equilibrium framework. Appendices G and H deal with the
modified version of the ¢ theory and the M-M theorem, respectively, when indirect tax is imposed. And finally
their mathematical equivalence is concluded.
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indirect tax shifts the supply curve upward. Thus, the less output level @}, corresponds to
the same price in the presence of indirect tax. Similarly Figure 2 shows the supply curve ta
of consumption goods when indirect tax is imposed at the rate p, and the consumption-goods
demand curve Q% B0 with the equilibrium price of investment goods pf, shown in Figure 1 as
given. The equ111br1um of the consumptmn—goods market i3 represented by the intersection
of both curves. The supply curve Q3; in the absence of indirect tax is also drawn. It is not at
all known whether the equilibrium prices p§, and p$, in Figures 1 and 2 are higher than the

equilibrium prices in the basic case because they depend on various parameters and exogenous
variables.!!

5 The Short-Run Equilibrium State

The arguments developed in the previous two sections can be summarized in terms of a
System of National Accounts:

GNP = P?tQTte + p§eQay + FY
= [Yj; + (DT —bB)} + ITY +P1t(5 — ;) K
= Ygf (ITy + DTY — b By) + pi:(6 — 75 ) K
— VI 4 SE 4 G+ [(ITE + DI — b,By) — Cad + p5u(6 — 78V K
= Yh +Gu+ (84 + [(ITE + DTY — byBy) — Gou| + phi(0 — w5} K}
= {eYh{ + I + p(6 — 75} K] + (Ge + Go)} + C AL (33}

The first line of {33) represents the expected nominal GNP at t, GNP¢, which is the sum of
the expected nominal GDP at ¢,

GDF; = pitQﬁT + Pthgfa (34)

and the expected net receipt of factor income from the foreign sector, Fy. The expected
nominal NNP at ¢, can be written as

NNPf = p}, QY +p5:Qb¢ + Ff ~ piy(6 — nf) Kr.

Yhe + (DT¢ — by By) in the second line is the expected national income Y/, which has already
appea.1ed in (21). It is very important to recognize that GN Pf is the expected tofal purchasing
power of this national economy. The ultimate object of macroeconomics is to discover what
determines GNP (or, in recent terms, GNI) rather than national income.

The third line says that N N P} is divided ameng the household sector and the government
sector respectively as private disposable income Yﬁf and government disposable income IT{ 4
DTf — byB;. The fourth line implies that the household sector divides private disposable
income into private consumption c¢Yp, and private saving S}, while the government sector
divides government disposable income into government consumption G and government
saving (ITf + DTF — byBt) — Go. The fifth line states that GNP is divided into national
consumption cYfy + Gz and (gross) national saving Sie 4+ [(ITf + DTfE ~ stt th] +
p$,(6 — m§)Ky. The sixth line is derived using the equilibrium relation (31) eYEy + [If +

NSupply curve *° and demand curve Q) in Figure 1 are derived in Appendix C, while supply curve Qus
and demand curve Qm in Figure 2 are derived in Appendix D.
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p%, (8 — mE) K] + (Gt + Gat) in it is the expected absorption. Current account CAf is, as 18
well known, described as the difference between GNP and absorption.t?

Now, using the above relations, let us consider the traditional method of income determi-
nation in the Keynesian cconomics. Since NNPf = GNP — pf,(6 — 7f) Ky, the last line of
(33) leads to the so-called equilibrium condition of the goods market:

NNPf =Y + If + (G + Gar) + CAL. (35)
Furthermore, from the third line of (33) the private disposable income can be written as
Yhe = NNPf — (IT¢ + DT ~ b By). (36)

Then, substituting (36) into (35) yields

NNPE = l—i—c[ff 4+ (Gue + Gax) + CAS — o(ITS + DTF — bBy)). (37)
This is too famous an expression of the equilibrium income. There are two differences, how-
cver. First, (37) draws a distinction between government investment and government con-
sumption. In income determination analysis government expenditure is usually supposed to be
government investment or “public works.” 13 The distinction in (37} is a natural consequence
derived from the two-sector model. Second, private investment I} is determined through si-
multaneous equilibrium of the consumption-goods market and the investment-goods market.
{(37) does not represent causality.

It should be remembered here that p¢, and p, in {33} are expected values. It is another
problem whether they are realized at the first subperiod of period {. As in the basic case,
they are realized just as expected only when the central bank supplies appropriate money as
a medium of exchange. Such quantity of money M, is calculated, e.g., as [p$, Q47 + p5,Q5; —
C A$]/V;, where V; is income velocity of money at t. Then, only if the central bank controls
money supply so as to satisfy

MV = p}, Q7 + 5, Q5 — CAs, (38)

the economy reaches the short-run equilibrium state where expected or planned values are all
realized.

It appears at first sight that (38) implies that the central bank is able to influence the
short-run equilibrium state to some extent as in the basic case. But the fact that the expected
equilibrium prices p$, and p§, are determined by (27) and (32) in the complete case limits the
role of the central bank. What the central bank can do or must do for the realization of the
short-run equilibrium state is only to supply money passively according to (38). If the central

12Note that BDE does not appear in (33). Especially from the fifth and sixth lines,
S¢ 4 [(ITE + DIE — beBe) = Gae) + pie(6 — wf) Ke = (01.Qf7 — EX{y + IMy,) + CAL

This equality teaches us that national saving leads to either investment goods or foreign bonds. Indeed
government bonds are incorporated into portfolio of the household sector as shown in (31), but they are
canceled out as an asset of the economy as a whole. However, such a fact does not lessen the significance of
government budget deficit in the analysis as is obviously shown in Theorem 1. That is, national saving is not
known until government budget deficit is determined endogenously.

13Gee, for example, Keynes (1936, pp. 116). But note that Keynes (1936, pp. 128-129) kecps in mind both
government investment and government consumption, using the term “loan expenditure.”
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bank does not do so, it will lead to the malfunction of the markets. Since this paper focuses
on the short-run equilibrium state, the central bank is supposed to do so every period. And
then the short-run equilibrium state comes true every period without an auctioneer.

Let a superscript * represent a value realized. Then, in the short-run equilibrium state,
P = P D% = oo Qe = QY. Q4 = Qbf, etc.'® In the short-run equilibrium state (38)
looks like a modified version of the Fisher equation of exchange:

MVy = p}, Q47 + p5, Q% — CAL.

However, as has been explained, this is not the equation. The following proposition is right.

Proposition 1: In the complete KS model, the quantitiy theory of money, which claims that
the quantity of money determines the price level, does not hold any longer.

In the short-run equilibrium state, (33) and {37) are also rewritten with a superscript e
replaced with a superscript # :

GNP} = pi Q5 +pnQy +Ff
= VB + (DT} = bBo)] + IT] + piy(d — np) Ky
= Yhi + (UL} + DT} = bBy) + p(6 — 1) Ks
cYg: + 87 + Gor + [(IT} + DI} — by By) — Got] + pi{(6 ~ 7} ) K¢
CYB: + Gop + {SF + [T} + DT} — b By) — G + p}, (0 — w7 ) Ki}
= {cVhy + [If +pi(6 = 7} ) K] +{Gre + Gar)} + CAL, (39)

and
1
NNP} = 1 I+ (Gi+Go) + CAf — c(ITy + DT — b By)].

—C

In the complete K§ model the household sector plays two major parts. One is, as in the
basic case, the division of disposable income into consumption and saving. Using (24), (25),
(30), and (31), this is expressed as follows:

CYS: ¢
SE T 1—¢
_ p5, Qb — Gao — BEX3y + IM3, :
ph QY — p}, (0 — a) Ky ~ (IT} + DT — 0By — F) + G + EX3, — M3,
In fact (40) is equivalent to (27) except for superscripts x and e. The other is how much to

use saving for investment goods or government bonds as is correctly stated in (32). In the
short-run equilibrium state this is expressed as follows:

0 _ Pl = pild — m) Ky~ Gu ~ BX7, + 1M, )
1-46 Gy + Gog — (1T} + DT — by By) '
14 A5 to variables regarded as exogenous, the following are simply assumed in the short-run equilibrivm state:

F = F:,EXE; = EX{,, IMi, = IMi, BEXgy = EX3,, and ef = el

(40)
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Therefore, the short-run equilibrium state represented by pi; and p3, is fully described by (40)
and (41). And it is understood that the household sector exerts an influence on it through
c and . (41) is specific to the complete case. It is found from it that the government sector
cannot determine the amount of budget deficit.!?

Gy and Gy are regarded as policy variables. Then, does an increase in (G or (Gay cause
an increase in production and income? Or, to put it in other words, is government fiscal
policy effective? Since a rise in prices leads to an increase in production and income, the
effectiveness of fiscal policy can be checked by examining the signs of 8p,/0G 1+, Op7,/0G .
8p3: /OG1t, and Bp,/BGs. The following proposition is derived from the fact that these signs
are all positive.

Proposition 2: In the short run government fiscal policy is effective.
Proof: See Appendix E.

This proposition itself appears to be the same as what is usually written in textboaoks, but
there is a difference between them. The latter is supposed to be based on the sluggish
adjustment of prices, whereas the former relies merely on the realization of correct production
plan by the production sector.!®

Investment goods produced inside the national economy is added to captial stock of the
economy as a whole except the portion exported to the foreign sector. Investment goods im-
ported from the foreign sector also increases the capital stock. Thus the capital accumulatiton
equation is written as

EX:,  IMj,
Pl E?P}u'

Kip1=(1- 8K+ QY - (42)

where ef and P}n are respectively the realized nominal exchange rate and the realized price
of foreign investment goods in foreign currency.

6 Definition of the Long-Run Equilibrium State

Having characterized the short-run equilibrium state, let us begin to analyze the long-run
macroeconomy. This section defines the long-run equilibrium state in the complete K5 model.
First, derive the difference between h$, and ;. Rewriting (4) yields

(1 — )PS5, QU = we NI + pS, (5 + 6) Ky + (RS, — é)Pr—1 KTy (43)

where r¢ = [(1 + 4)f1:-1/9%,) — 1, and r§ is the real interest rate. By rearranging (43), the
difference between kS, and i; is written as

1
B, — iy = p5e(rf + 6) Kt [(1 -,u)pgt]a ey

Pre-1 K2, i

P, (44)

5pgrticularly a balanced budget is possible only if the household sector sets # at 1, which corresponds to
the basic case.

18 Appendix E also shows that p3, is an increasing function of pj; in (40) whereas p3, is a decreasing function
of p7, in (41). Therefore, the short-run equilibrium state is unique if it exists.
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where

5, = [(1 + i:)ﬁu—;— (1- J)p‘itr [At(;ut_ a)r—a

wi l—c
e [Tf + 5]“ 5
- P Al — a) )

Figure 3. Indirect Tax and the Expected Normal Supply-Price of Investment Goods.

It should be noted that indirect tax does not change the expected “normal supply-price” $7,
of investment goods. But it shifts the point where h§, is equal to #;, as shown in Figure 3. It
is found from the figure that indirect tax takes equity holders to a disadvantageous position.

From Section 3 the economy is supposed to be at the third subperiod of period ¢ — 1.
Henceforth, assume that the economy is always in the short-run equilibrium state, which
implies that production plan made each third subperiod are always realized at the first sub-
period of the next period. Here the focus of analysis changes from the short-run equilibrium
state to the long-run equilibrium state.

In the short-run equilibrium state the difference (44) can be written simply by replacing
a superscript e with a superscript *:

1
(%48 1— * 7o
. iy = Plt(j"t + )hKu [( Ai‘)f’u] “1h, (45)
Pru-1K3, Pt
where
5, = {(1 + @)Pie—1 — (1 - 5)1’3]“ [ Wy ]l_a
1t o Al - a)
« ) l-&
— p* [Tt +6:|a p_f: (46)
1 a Al —a) )

The difference between h%, and ¢; can be calculated using (13) and (28):

1
., Phlri+ 9K {[(1—;@;}5@& 1}
2t K -

_ iﬁlt—lKgg iﬁ"{t
1
pl(ri+3) | ¢ ((1—#)19&)3 m (1~ pla [ wt-pla_c ]
= - —(-a)— K- |1+ —m)——+ K
Pre1KE Y1—c o, (6 = mi) Tte |0 + (0 —mi) e 1—cf
_I_p{t(rt‘ + 4) {th +BEX5 ~IM3,  IT) + DT} - b B, — FY } (1-pa 1 (47)
Pu-1K%, P Pl rf+é 1-¢
The long-run price condition is described as follows:
1 1
1o Pt =7, Pii—1 = Pif) (48)

where 7 is a constant inflation rate.!” A superscript #* represents the long-run equilibrium

state in what follows. As for labor market, there is the natural level of employment, N, with
a constant growth rate n, i.e.,

Ny=(1+n)Np1, n> —1. (49)
"Recall that the expected inflation rate was defined as nf =1 — (H1¢-1/pf;) in Section 3.
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As a situation peculiar to the complete XS model, the following are assumed:

™
pf: = 5G'2 Kf**: 6@2 z 0
12
EXy - IM3 o
——2 _—2 = fyx, K{
i e
IT + DTS — (b By)™
t ptt = 4 Ki™,
1t
Ft“
*x
Pt = F Kf )
1t
1t
Hk
p** = ﬁGl Kiu y ﬁGI >0
1t
EXy  IME "
ptt - e**p?* = 6NX1 Kf' ¥ p?: = e:*p}ttﬁ
11 t 1t

where K#** is capital stock in the long-run equilibrium state and coefficients of K{"™" are
constants.!® The ahove relation between K}** and other variables is called the proportionality
condition. It is convenient to write as follows:

ﬁ?=ﬁ62+ﬁNX21 )BNXZﬁNXl +5NX25 JB:)BGz"'ﬁNX: Y=Y — YF-

Now let us define the long-run equilibrium state. An economy is in the long-run equilib-
rium state at ¢ if the following five conditions are all satisfied:

1. The economy is in the short-run equilibrium state.

2. Full employment is realized, i.e., Nii" + N&* = Nq.

3. The rates of return are all equal, i.e., kY, = iy = h3,.1°
4. The long-run price condition (48) holds.

5. The proportionality condition holds.

For the sake of convenience, let us call the long-run equilibrium state merely the long-run
state in what follows.

Conditions 2-4 are commonly used to discuss the long run in macroeconomics, while
Condition 5 is new to the extent that it is explicitly stated. The next section examines the
long-run state on the basis of the above conditions.

7 The Long-Run State

Taking (45) and the first half of (47) into account, Conditions 3 and 4 imply that

1 L
- Pit-1 =i = -5 Ple =Py = Pt (50)

L

The last equality pi; = e{*p}i, means that Cassel's theory of purchasing power parity holds in the long-run
equilibrium state.

19The rates of returns on government bonds and foreign bonds already coincide with the bank rate in the
short run due to the adjustment of the bond price and the exchange rate,
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1t is found from (50) that in the long-run state prices of investment goods and consumption
goods coincide and change at the same rate. Thus it is convenient to use only pj{ for them.
Moreover, a nominal value divided by p}} can be interpreted as a real value in a usual sense.
Denote, for example, real GDP at £ by Q{*". Then, Qi = GDF;"/pif, and therefore

P = QT+ Q8 (51)

because of (34).
From (50), the labor demand in the investment-goods sector (7) can be written as

1
. o 1 e 3 3 ';
N{; = [(1 - Q)Ag "—“_( ,u)pu] K,

2y
and similarly the labor demand in the consumption-goods sector (14) as

1

. 1= Kk o
NG = [(1 —a}A}'“—-—-—( u’:)p“] Koy

Since Ki; + Ko = Ky, Condition 2 leads to the following equality:

1

[(1 - a)A%_“&_’wL)p—li] " K= N2 (52)
t

(52) gives the long-run-state real wage rate:
ik

'wt . __ _
= (-l a)At[

K; ]“

AN, (53)

wi™" is the long-run-state nominal wage rate, and it is determined on the values of pi;, K,
Az, Ni, o, and g which are all known at the third subperiod of period ¢ — 1. Let capital per
effective labor in the right-hand side of (53} be designated by k{', and capital per effective

labor in the investmet-goods sector and in the consumption-goods sector respectively by k4,
and kb

= e, ZtK—f\%“ and K, = Z;{f{v%
where NI + N5 = N;. Then {53) can be rewritten as
wi™t e _ 1o o
T (1= @) A (k)™ = (1 ~ o) Au(k{p)™ = (1 — o) Au(k3)"™ (54)

It is found from (54) that in the long-run state capital per effective labor coinsides in the
investment-goods sector and in the consumption-goods sector. Let us call (1 — a}Afk)™ in
(54) the marginal product of labor as a whole, and denote it by MPL}*. Then, it follows
from (9), (16), and (54) that MPL{* = MPL}} = MPL3}, and that they are all equal to
wi™ /(1 = )p}, not the real wage rate wy"" /pif.
Condition 3 is satisfied by arbitrage. If h¢, > (<)iy, Pre—1 rises (falls).?! And if h§, > (<)i,

the ratio of Ka; to Ky rises (falls). As a result, hi, = 4; = h3;, holds. Then it is necessary to

D Considering (8), (15), (50), and (52), (51) reduces to the ane-sector Cobb-Douglas production function
Q)" = A N, T°KY.

Gee Figure 3. The graph of pf, shifts upward (downward) when pii—1 rises (falls). When pi, is adjusted
onto the line f1,—1 = (1 — u)pi;, hi, and & coincide.
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know what nominal interest and configulation of Kj; and Kg; are consistent with the long-run
state. I will try to find them.

First, consider the interest rate. In the long-run state, the real interest rate as defined
and Assumption (5} are respectively simplified as

pre (1 + 3“**)15:* 3
T} =
: Pit
= (1+#Q1-7n) -1, (55)
and
d—m>0, (56)

because of Condition 4. And, taking (50} and (54) into account, (46) leads to

,u,au_+_6

T, = W) = el = alkg)* L (57)

Let us call a(kf)*~! in (57) the margmal product of capital as a whole, and denote it by
MPK;*. Then, it is found from (10), (17), and (57) that MPK;* = MPKj} = MPEK3},
and that they are all equal to (r#** +4)/(1 — p), not the sum r}** + § of the real interest rate
and the capital depreciation rate.

More importantly, the first half of (57) means that the level of capital per effective labor
as a whole determines the long-run-state real interest rate, which in turn specifies the long-
run-state nominal interest rate if"* through (55) as follows:

8 = 1 (1 = (k) = (5~ 7l (58)

1
Once i is set at i*** as in (58) on the values of @, Ky, Ai, Ni, 4, o, and p which are all known
at the second subperiod of period t — 1, the asset price fi;_; is so determined as to make hJ{
and i*** equal with the result that the inflation rate takes a value of m. Condition 4 consists
of two parts, [1/(1 — 7)] pli_y = pi; and (1/(1 — =)] §1;_; = pii. It is found from the above
argument that it is the nominal interest rate that determines the long-run-state inflation rate
as in the latter part. The former part may be realized, e.g., by fiscal policy of the government
sector because of its influence on prices in the short run.
Next consider the capital stock. (50) and (56) simplify (47) as

1—=¢

16w Gr 8 et - [r 6 - m G o

+f i+ B I T DY bB) R JOoma 1y

Pii P PSR
Substituting (ri*** + 8)/(1 — p) = a(k})@~! and taking Condition 5 into account yield the
ratios:

N,uu K A "

Ng K.lut** =1l-c+ [C(J +7- ﬂ-) - 6'2](]“‘? )1—(.'11 (60)
and Nu** Ky,w

B e = o= el 4y =) = R (61)
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where K" = K& 4 Ki™ and k™" = K{*" /A;N;. Capital stock is placed according to (60)
and (61) during the second subperiod with the result that A3t = i holds. K" and K5
are determined on the values of 7, %, v, K¢, As, Ni, 8, o, and ¢ which are all known at the
time. (60) and (61) show that N{;™ and Nii™ are also determined before the third subperiod

of period t — 1.22

8 Analysis of the Long-Run Steady State

The complete KS model in the long-run state is represented by capital per effective labor,
k. This section analyses the long-run steady state. The method by Solow (1956) is again
very helpful to detect it. The equation of capital accumilation in the short run (42} also
holds in the long-run state as follows:

EXyf  IM{}

ek PP
P € Pt

K =(1-OK™ + QY -

The proportionality condition simplifies the above equation to
KU = (16— Bux ) KE™ + Q5 (62)
Dividing both sides of (62) by Ay41Ne41 and considering {2), (49), and (60) give

km*zl—ﬁ—ﬁﬁ-c(ﬁ—i—’}’—?r) . l1—-c
i+l (1+g)(1+mn) ¢ (1+g){1+n)

(7)o (63)

The economy is said to be in the long-run steady state if kfy] = k{”". Let a subscript 5
indicate the long-run steady state of the economy in what follows. Furthermore, drop “long-
run” in the “long-run steady state” unless it causes confusion. Then the steady-state capital

per effective labor can easily be obtained as follows:

]._C 1—e

k“‘*:
S lgtn+mt+B-y+{1-c6+y-7)

24 (64)
It is convenient to assume that

g+nt+a+f-—7>0,

and
d+~y-—7m>0

These assumptions make k%™ always positive.”® Put

HEL o EL
kg** _ KSt k;:* — KSlt and kg;* — KSQt
— 1 - LE 3 - LA

21t is easy to show that in the long-run state the budget constraints of the two sectors can be unified into
(1= wWpii Q™" = wi" "N+ pii (r™" + ) K.

3 Appendix F shows how to derive (63).

2 Ag'a matter of convenience g+ 1+ gn is written simply as g + n in what follows. Thus g+ n below means
g+ n + gn mathematically,

?They also imply that g +n + 8 + 8 > 0. In fact these assumptions are not so powerful, as is seen soon.
For example, the assumption that g+ n + 6 + fyx > 0 is also useful. In sum a set of rather curubersome
assumptions are needed to make the argument below economically meaningful.
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where
;J.#* p'.** K JikE ¥
K& = K4, + Kb5;, and Ny = Ngiy + Ny, -

Then it 1s assured from the previous analysis that

kg** — kg;i — k'u**_

The complete K§ model in the steady state is, therefore, characterized by k™.

As for capital stock,

1

i-c¢ T—=
P AN
S T lgFnrndfoyr -0 ry-ml 7"
I{p,** _ (1 —C)(g+ﬂ+(5+ﬁNX1) e
ST gtntn+B-y+(1-B+y-n) 7’
and
;J.*!!: c(g+n+ﬁ+;@NX1_'Y)+ﬁ2 Lo %
S gtntr+f-y+(I-gE+y—m)
because of (60) and (61).
As for output,
Qs = ANET (T = ANES (47)°
= (g+n+5+ﬁle]K§:*,
Qo = AsNG5(k55)" = AeNgh, (k5
— C(g+n+7r+ﬁle _'}’) +ﬁ2Kp'.**
l-=¢ St 0
and
b = Q5w + Q5 = AuNi{k5')®
1 — C lfu
= A Ni,
grnta+f—y+(1 - +y—m e
from (1), {12), (60), (61), and (64).
Finally, as for real private disposable income and real saving,
Yﬂ** " " . JFT+ + DT — (stt ¥k
Iift = ‘_L.Sﬂ'lt + g2t - (5 - ?T)th - : t EE] )
Pt M

= Q11 + Q%% — (6 - MK — 7Kg
_9+n+ﬂ+ﬁ-7
l-c¢

LS
Kg

and

S5 (- aven
pit — pit
=(g+n+m+0-7KE",
because of (21) and (24).
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The market equilibrium conditions (40) and {41) in the short run holds true in the steady
state, too. The former is the equilibrium condition of the consumption-goods market, which
has already been taken into consideration during the derivation of (47), and it is satisfied by
(68), (69), and the proportionality condition. The latter can be simplified by {68) and the
proportionality condition as follows:

g =g+ﬂ,+?'r—ﬁ(;l
1—6¢  Bg, +B8c -

(73)

(73) is the steady-state equilibrium condition of the investment-goods market (and also the
bond market). It means that, if the household sector does not change 8, the steady-state net
tax revenues IT}* + DTy* — (b,B;)** must be so determined as to satisfy

1 1-8
7T=§561+ﬁ02——6—(g+n+7r), 0< <12

Then, in the steady state y(= yr — vr) can be written as a function of 7, 8¢g,, and 8g,:

¥= 7(71-!;601!56'2)1 (74)
where 5} 1 5, 1 0
v i ¥
—=1-=-<0, -—==>0, — =1
ik 6 Be, @ Be,
Making use of (74), it is easily shown from (65) and (70) that
oKL OKE” aKL™
<0, 550 <0, 5 >0, 75
an 08¢, d0q, (73)
and P jrxe g ek b fIEL
Ose . 0, Qs 0, Qs 5, (76)
B 9bc, 96,

That is, in the long-run steady state with & constant, economic growth is affected adversely by
an increase in 7 and that in J¢, but favorabley by that in Sg,. These facts are immediately
understood by seeing the first term of the right-hand side of (63). A rise in inflation or
government consumption tends to decrease capital stock as a whole, while a rise in government
investment helps it increase. An increase (a decrease) in capital stock leads to an increase
(a decrease) in aggregate output. The steady-state effect of a change in the inflation rate is

depressive in the basic case, too. As for government fiscal policy, the following proposition
- holds.

Proposition 3: In the steady slate, government investment has a positive effect whereas gov-
ernment consumption has a negative effect on real economy.

(Government fiscal policy as well as money (or the inflation rate) is not “neutral” toward the
steady-state economy.

6 A5 is seen from Theorem 1, the government budget deficit need not follow (73) in the case of 8 = 0,
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9 Analysis of the Golden-Rule State

In the steady state the household sector is able to adjust the economy by changing the rate of
consumption ¢ with other parameters as given.?" A change in ¢ leads to that in the long-run
steady state represented by (65) - (72). As in the basic case, the golden rule is again assumed
to govern the consumption behavior of the household sector, i.e., the current real consumption
is to be maximized every period. But in the complete case there occurs a rather disputable
thing that has to be made clear at once. What is consumption maximized? In the basic
case it was undoubtedly consumption goods bought by the household sector itself. Does the
same apply to the complete case? I do not know whether such a question has been taken
up in macroeconomics. Yes can be an answer, but it is more convincing, I think, to regard
nationl consumption, not private consumption, as what is to be maximized by the household
sector because government consumption is also enjoyed by the household sector. Indeed the
government sector buys consumption goods with money in the form of taxes collected from
and national debt to the household sector, but it does not consume them. Thus the long-run
steady state where current real national cunsumption is maximized every period is also called
the golden-rule state. The golden rule discovered by Oiko Nomos is extended in this way.

Now let us analyze the golden-rule state in the complete K. model. Remembering {25)
and taking the proportionality condition into consideration, current real national consumption
in the steady state

Nps; + G
pii
is the same as
o1 — Brx, Ko 28

Thus the golden rule requires the household sector to control the rate of consumption so as
to maximize Qg — Onx,K5; - It is still simple!

From (65) and (69),

an — Bux Kgn _ clg+n+aw+Bnx, — v) + B2
2t 2 t

“** #**
1—c Kg — Bnx, K

1
=C(9+ﬂ+ﬁ+ﬁNX"”Y)+ﬁcz[ 1—c =

l1-¢ gran+r+8-vy+ {1 -c)(f+v~—m)
Let a subscript ¢ represent the golden-rule state as before. Then, the golden-rule-state rate of

consumption in the complete XS model can be obtained by solving d(Q/7; — Bnx, K&; ) /dc =
0 and dz(Q‘;; - ﬁNXZKgr*)/dcz < 0:%°

(1-a)lg+n+6+8) - Ba,
g+n+m+B8vx—y+ L —a)(d+vy—n)

= (77)

?TThere is another possibility that the household sector changes the ratio, 8, of S§;" — CAg, that goes to
the purchase of investment goods. It is assumed below that 6 is constant.

281t is implicitly assumed that pi; = e;"p}h,, p3, being the steady-state price of foreign consumptoin goods
in foreign currency. See also footnote 18.
1t is easier to obtain ¢, from the fact that

Qs — Brx K57 = [(E™)" — (g+n+ 0+ Bux) K™ JAN
which is derived from (68) - (70).
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where ~ is that of {74).3° If the household sector obeys the golden rule by keeping the rate of
consumption at ¢k, it proves successful in enjoying the maximum consumption, all told. How
wise this househould sector is!

When ¢ = cf, k& in (64) is simplified as

1

k‘u**:[ o }m
@ g+n+6+Onx ’

where ki = K£;" /Ay Ny, a subscript § being replaced by a subscript G. Then the complete

KS model in the golden-rule state is characterized by k.
As for capital stock,

1

pEE o T-=
e {g +n+d+ @vx] Al (78)
K# = [ _ o JBNXQ ] K,u.**’ 79
and s
K [ 1 - @ UNX, ] Kk 30
ca = |( a)+g+ﬂ+5+ﬁNX Gt (80)

As for output,
Qe = ANGy, (k)™ = AcNgy (kg™)°
= (g+n+5+ﬁNX1)ng*, (81)
froe = AuNGoy (kG )™ = AuNGyy (k)

(1-a)g+n+d+Orx)+afnx,

_ prr 31
. K& (82)
“and
Qbr = Q& + Q= AN(KE™)"
o T
= A,
g+n+8+Onx e
= - th , (83)

30The polde-rule-state rate of saving is calculated as follows:

Lo = algrn+a+8—17) _
CTgtnt+r+Bix—v+{1-a)d+y—n)

Tt is known that the rate of saving increases with population growth and productivity growth. Modigliani

(1986) called the positive effects of population and productivity the Neisser effect and the Bentzel effect,

respectively, and emphasized that the latter effect was diametrically opposite to the conclusion reached by the

permanent income hypothesis of Friedman. The saving rate obtained here, 1 — ¢f;, is an increasing function of

both n and g. Thus the two effects are both predicted by the KS model as well as the life cycle hypothesis,
31 A5 to the ratio of the investment-goods sector to the consumption-goods sector,

LR 1

T
Koge _ Qone _ 10 By X,

KEVY QS « +a(9+n+6+ﬁ~x1)'
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because of (78).%
Finally, as for real private disposable income, real private saving, and private consumption,
Yga _gt+n+r+pf—v

Pit l-cc

frees
Key

_g+'n,+’ﬂ'+ﬁNX—7+(1—Q)(5+7“W)Kﬂ**
- Gt

o
grn+86+Byx — a6+ 77— T} s
—_ ! 84
g+n+8+Bnx Vo -
Sg’;*— ok
2t —(g+nta+ 8- 7Kg
Pt
g+ a+B—=% e
= y 85
g+n+6+/3NXaQG“ )
and Y,u.u 1
CGP*QG* = [ —(g+n+3+bux) —ﬁaz] K&y
1t

l-—a ﬁGz ] Lxx
= — ) 26
[ o g+n+8+ Bnx Qg (86)

The above results (78)-(85) are much the same as the corresponding results of the basic
case. Especially in the case where 8y x, = Snx, = 0, which necessarily holds true in a closed
economy, the levels of capital stock and output are just the same! Then, there are three
features of the complete K§ model to be stressed. The first is the same as in the basic case,
i.e., the superneutrality of money. In the golden-rule state, money (or the inflation rate) does
not influence real economy represented by (78) - (83).3% The second is proper to the complete
case, i.e., the ineffectiveness of government fiscal policy in the golden-rule state. As is also
apparent from (78) - (83), fiscal policy has no influence on real economy represented by them
because government policy parameters 8z,, 8a,, and v do not appear in them. Indeed the
government sector can change resource allocations by adjusting those parameters according to
(74), but the golden-rule-state level of real economy is not affected by such policy changes.®*

32In terms of the capital-output ratio, (83) becomes

P
Ke, o

QLY g+n+6+Aux’

331t should be added, however, that, while private consumption is not influenced by by the inflation rate,
real private disposable income (84) and real private saving (85) are affected by it even in the golden-rule
state, which shows that the relationship between a short-run and a long-run consumption functions analyzed
in Sasakura (2006) remains basically unchanged in the complete case, too.

34This argument may remind you of the so-called Ricardian equivalence proposition due to Barro (1974).
According to it, a tax reduction compensated with the same amount of newly issued government bonds with
government expenditure unchanged has no impact upon consumption with an increase in saving by the amount.
Does the complete K'S model support the proposition ? The answer is “no and yes.” “No” means that it is
impossible in the first place to implement such a tax cut in the steady state. As is seen from (73) or (74),
the tax ratio yr cannot be changed with other parameters unchanged. The tax reduction due to a decrease
in v7 leads to a collapse of the steady state. “Yes” can be considered tf 6, which is treated as fixed in this
paper, moves accoxding to a change in vr so as to satisfy (73). Under such circumstances a tax reduction as
suggested by the Ricardian equivalence increases the golden-rule-state disposable income (84) and also saving
(85), but has no impact on consumption, national (87) or private (86).
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Hence the following proposition:

Proposition 4: In the golden-rule state, government fiscal policy is ineffective in changing the
level of real GDP.

The third is the stability of the ratio of national consumption to GDP. The stability of a
variation in consumption level compared with that in income level has long been recognized
by macroeconomists since Modigliani and Brumberg (1954) and Friedman (1957) provided
the theoretical foundations. The complete KS model also shows it. Moreover, it can specify
the ratio. Using (82) and (83), the maximized national consumption is calculated as follows:

* LT3 ]- - E
Gor — Pvx. Ky = —a—(g +n+6+ Byx) Kl

=(1-)Qg - (87)

Hence the following proposition:

Proposition 5: In the golden-rule state the ratio of national consumption to GDP is 1 — o

This is a crystal-clear necessary condition for the economy to be in the golden-rule state.
Given that « is usually estimated at % or so, the ratio above may be around %

Figure 4. The Golden-Rule State with Government and Foreign Sectors.

The above-mentioned features come into being because the household sector adjusts the
golden-rule-state rate of consumption ¢ to a change in m, 8q,, or 8g,. It is understood from
(77) and (74) that ¢ is a decreasing function of = and fBg,, and an increasing function of
Ba, - Figure 4 makes this adjustment of ¢f; easy to understand.

In the figure is shown the golden-rule state in terms of effective labor.*® Let us take, as
an example, the case of a change in government investment.3® Consider three values of the
ratio of real government investment to capital stock as a whole, 5(1?1 < ;32,1 < ﬁ%l, and the
corresponding golden-rule-state rates of consumption, c’él < c’éﬁ < c‘(‘;z. When ¢ = cgo, the
economy lies on Point A?, where national consumption takes the maximum value A°B°. B°C°
is the corresponding output of domestic investment goods plus real net export of consumption
goods. Assume first that the ratio of government investment falls to 8L ,- What happens?
If the economy diverges from the golden-rule state but remains in the long-run steady state,
it shifts leftward, say, to Point A! due to (75) and (76). Both national consumption and
output of domestic investment goods plus real net export of consumption goods decrease to
A'B! and B!C!, respectively. Then, what should the household sector do in order to make
the maximum national consumption possible again, The answer is very simple: Accumulate
capital. To do so the household sector has only to lower the rate of consumption from cf‘;o to

33Gee also footnote 29.

%The case of a changes in government consumption or inflation can be examined in the same fashion if the
directions of a change in government investment mentioned below is reversed.
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ci'. Then the economy returns to the original golden-rule state (Point A°) with a smaller cf;
and a larger 1 — ¢f;. This is a transitional process of adjustment to a fall of the government
investment ratio fg,-

Next suppose that the government investment ratio rises from g, to B2 . Similarly, the
economy shifts rightward, say, to Point A%, Natjonal consumption decreases to A?B?, while
output of domestic investment goods plus real net export of consumption goods increases
to B2C?. What the household sector should do is to deccumulate capital. This time the
household sector has only to raise the rate of consumption from c‘(‘;o to c‘g. Then the economy
comes back to the golden-rule state with a larger c’é and a smaller 1 —c’é. This is a transitional
process of adjustment to a rise in the government investment ratio. Changes in the ratio
Be, in both directions never affect the value of a golden-rule-state level k£, as claimed in
Proposition 4.

An alternative way to check the adjustment of ¢f; lies in the the golden-rule-state version
of (40):

BV _
s 14
_ t— By Kb~ B, K2
Qs O~ mKEy — Kby + Bou Ky + B Koy

(88)

Take the case of a change in government investment again. A rise in f; leads to that in v of
the denominator of (88) due to (74). Since it is already known that Q%y}, Qo and K¢y
are independent of 3¢, , the rate of consumption is obliged to rise according to (88). It is an
optimal reaction of the household sector to a policy change of the government sector. The
dependence of private disposable income and private saving on f; in {84) and (85) is the

result of this optimal reaction of the household sector.

10 An Example

Pigou (1950, p. 62) once stated, “In a moving world, therefore, Keynes’s short-period equilib-
rium positions are not the positions which are at all likely ever actually to establish themselves.
Thus they are on a par with the long-period equilibrium positions, always pursued but never
attained, which dominate Marshall's Principles. ...Both [Keynes and Marshall] alike deal
only with tendencies.” The same applies to the short-run equilibrium state and the long-run
equilibrium state analyzed in this paper. They are just results derived from simple principles
of economics. They are no realities. Someone may regard them as belonging to a sort of a
never-never land. Nevertheless, I believe that they are useful to get a good grasp of “ten-
dencies” of an actual macroeconomy. Particularly, I want to show in this section that the
golden-rule state®” can describe a plausible national economy by constructing a numerical
example, though I never intend it for your country.

As the task of this section I calculate the golden-rule-state ratios of various terms to GDP
in the following equality:

GDP& = pLiQe
= dGYpae+ Gt + UG +pii (0 — M Kg'| + Gif + NXG,

%"Remember that the golden-rule state is a special case of the steady state whik is a special case of the
long-run equilibrium state which is a special case of the short-run equilibrinm state.
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= wlf N+ i P KRG + el (6 — MK+ mliQG: (89)

where N X%, is net export of consumption and investment goods in the golden-rule state, and
by definition NX, = CAg, — F{*. The first line of (89) follows from (50) and {51). The
second line is derived from the last line of (39). The third line can be obtained from (11) and
(18), using the condition that h}} = ify " = h3f with ify™" as the golden-rule-state value of the
nominal interest rate. The first, second, and third lines can be called respectively GDP from
the production side, that from the expenditure side, and that from distribution side.

The SNA relationship as shown in (89) appears in every textbook of macroeconomics,
not to mention, but it is explained largely in terms of empirical evidence. Indeed it matters
what it is, but it also matters why it is so. Now let us examine the macroeconomy with the
following parameters:

Erample: g = 0.015, n = 0.001, § = 0.060, @ = 3, 7 = 0.020, p = 0.080, B, = 0.019,
Bg, = 0.023, Byx = 0.002, yr = 0.040, and yr = 0.002.

The complete XS model in the golden-rule state is almost characterized by these parameters.3®

First consider the second line of (89). Private consumption is calculated at once using
(86) as chYhrr = 0.568p1; Qb .3 From (83), Kg' = 4.274p}; Q%' , or the capital-output
ratio is 4.274. Then government consumption: G5 = U.O23pﬁK§:* = 0.098p3Q%; ", capi-
tal consumption: p},(5 — 7)K% = 0.040p1t KAy = 0.171p{;Qf,, government investment:
Gli = 0.019p5r K5 = U.USIp{ng*:, and net export: NX2; = 0.002p7} = 0.00QpT:QZ;*.
Private investment I2 can, of course, be obtained by subtracting the sum of these re-
sults from p}r Qe *Evith the resulﬁ*?s Ig = 0.073p}f Q4. Hence private gross investment:
I+ ph(6 — m)Kgy = 0.244p11Q,

Another method of knowing IE: is to look how much is used for it from private sav-
ing. From (85), private saving can immediately be calculated as Sg," = 0.098p37 Q%
Furthremore, since current account is the sum of net export and net receipt of factor in-
come from the foreign sector, CAY, = NX& + Fi* = 0.004p}  K5y" = 0.017p1;Qf, - Then
the amount that goes to the purchase of investment goods and government bonds becomes

Sia* — C A%, = 0.081p};Qf,". From (73), § = 0.895, i.e., it is found that the household sector
uses the ratio 0.895 of the above-mentioned amount for buying investment goods. Thercfore,
Iy, = 0.895(S4" — CA%,) = 0.073p}1Q%,", which coincides with the preceding calculation.
Incidentally, the budget deficit becomes BDY, = 0.105(Sk;" — CAg;) = 0.009p7; Qg - The

Gt twaGt -
results concerning the second line is summarized in Table 1.

Table 1. GDP from the Expenditure Side: An Example.

Next consider the third line of (89). Since pij (6 — 7)K% and pupii Q' (= 0.080p1: Q")
are known, it suffices to calculate those of wfyy” Ny and i ptf_ Kgy". From (53), labor income
can be writfen as

whey Ny = pii (1 — p)(1 — ) AgNe(k™ )

®8\Moreover, either a value of By x, or that of fyx, is necessary to be able to calculate QF); and Q. See
(81) and (82).
39 A1) results in this section except Tables 1 and 2 are rounded off to three decimal places.
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= (1~ (1 - a)pi; Qg

Therefore, wky Ny = (1-0.080)(1— pir QL = 0.613pi;Q%; . The golden-rule-state interest
rate can be obtained from (58} as follows:

* % 1 * &y r—
it = 7 [(1 - palkf™)* " = 6+ 7]

1

= 1= pwlg+n+5+Byx) =8+

Taking the long-run price condition (48) into account, capital income is written as
i D1 Ky = [(1—p)g+n+d+0nx) —6+n] piiKG,

Therefore, i pii_1 Kh = U.U32p{*KgI* = 0.136p}7Q%; . Incidentally, i£™* = 0.032 and
ri* = 0.012.4! The results concerning the third line is summarized in Tab]e 2.
Table 2. GDP from the Distribution Side: An Example.

Finally and most important, the golden-rule-state rate of consumption is calculated from
(77) as ¢, = 0.853. It is no exaggeration to say that in the golden-rule state the macroeconomy
is governed by this rate and the household sector that determines it.

11 Conclusion

In reality a macroeconomy is made up of virtually uncountable firms and households inter-
acting with the government and foreign sectors. Although it is conventional to say that a
macroeconomy is complex, it certainly is and it will be. That is why an actual macroeconomy
should be simplified as a macro model. In this paper I constructed a simple macro model
using the wisdom of Keynes and Solow, but tried to make it as realistic as possible by taking
the four sectors into consideration.

The main results obtained are as follows:

#0As is apparent from (53), this relation between labor income and GDP has already held as soon as the
economy entered the long-run equilibrium state.
UErom (57),

M 8= (1 - ek
={1 —p)(g+n+6+,@Nx).

Therefore, 7% = (1 — p){g+ n + § + Bvx) — & = 0.012. The following result is also interesting in relation to
footnote 22.

2]

T Bk Ex} _ —
T+ OKE = plifl N)(9+”+‘S+ﬁNx)g+n+5+ﬁN

tht

= (1 — p)apii Qg -
It means that the golden-rule-state value of capital stock can be written formally as the discounted present
value of the return on it as follows:

(1 - p)aQp," —KE"

Kl.lll- ra‘-
_ aQ}.lmm _ JI{}M-* _P‘QQF** + Qp!- p-- — .ua E:- + o
1+ r’”‘* § +:~P‘")2 '
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1. The existence of the government sector invalidates the quantity theory of money.
9. In the short run government fiscal policy is effective.

3. In the long-run steady state government investment has a favorable effect on production
and income, whereas government consumption has an adverse effect.

4. In the golden-rule state fiscal policy is ineflective.

5. The complete KS model predicts that the golden-rule ratio of national consumption to
GDP is roughly two thirds.

Result 1 suggests the ineffectiveness of monetary policy of the central bank., Indeed the
growth rate of money supply and that of prices are the same in the long-run equilibrium
state with a constant income velocity of money, but it is the result of a causal relation from
economic activity to money supply. Results 2-4 are concerned with government fiscal policy.
The effectiveness of fiscal policy has long been discussed in macroeconomics. The XS model
is able to give consistent answers because it is only one throughout. The prediction of Result
5 is simple and can be checked on the spot. It is rather fragile as far as data available
are concerned. But data are not necessarily arranged for a particular theory. Thus the
correspondence between data and theory needs to be further examined.

Finally T ask you to remember what this paper as well as Sasakura. {2006) has been written
for. It is because I believe that current macroeconomics textbooks based on the three-model
structure is theoretically inconsistent and that another model should be newly constructed.
The Keynes-Solow model is my solution.

Appendices

A Proof of Lemma

That part of private saving which amounts to CA§ necessarily goes to the purchase of foreign
bonds, and the rest of it can be used to buy either investment goods or government bonds. Let
0<#<1and0 <@g <1 be the ratio of 5;° — CAf that goes to the purchase of investment
goods and government bonds, respectively. The household sector uses the amount equal to
IM$, to buy foreign investment goods. Thus the nominal demand for domestic investment
goods is the sum of H{S¥* —C AY) — IM§,, p§,(6— n§) Ky, Gi, and EXT,. On the other hand, the
nominal supply of domestic investment goods is p$,Qf;. Thus the equilibrium of the market
is described by

p5,QF = (57 — CA}) — IM{; + pii{é — nf) Ky + Gue + EXFy.

Since S)*° — CAy = If + BD§, the above equality leads to If = 0(If + BDf).
The equilibrium of the market of newly issued bonds is described simply by

pei(Bf, — By) = 0p(S° — CA}).

Since government bonds are newly issued according to the budget constraint (19), the above
relation leads to

Gy + Gop - (fo + DTte - b By) = 93(5#2 - CAE).
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Therefore, the bond market equilibrium leads to BD§ = #g(If +BDf). Combining the results
of the equilibrium conditions in the investment-goods and bond markets yields

(1-6—8g)(If + BD{) =0.
Money hoarding is equivalent to 0 < #+0p < 1. Insuch a case If + BD} =0, ie., S = CAs.
It follows from (30) that
1
YS: == I—:CAE
Q.ED.

B Proof of Theorem 1
From the proof in Appendix A, the equilibrium condition for the investment-goods is If =
@(If + BDf), while for the bond market BDf = 85(Jf + BDf). But they are the same if the

no-Pope’s-father condition holds, ie., # 4- g = 1. Furthermore, it 1s obvious that If = 0 for
8=0orfg =1while BD{ =0for@=1or g =0. QED.

C Derivation of Supply Curve Q¥ and Demand Curve Qi

The investment-goods supply curve Q‘ff is none other than (8). To express it in a usual way,
replace Q}; and p§; in (8) respectively with Q"% and py, below. Then,

1=
1o T(1— p)(1— )45
QS — pis [( #)(1— o) t] Kus

Wy

To examine the shape of the graph, differentiate Q‘ff w.r.t. p1p once and twice. Then,

dQ*’  1—a =2 [(1—p)(1 - )4 s
fu = P1e” [( ) ) t] Kyt > 0,
D1t 44 wy
and
—a i 1
PQE _1-0l-2 1;&[(1—;1)(1—@&]1?1( T asqc
dpr‘ft T T . Pt wy 1wy - =g,

<0 ifi<ac<l

The shape of the supply curve in Figure 1 reflects the macro fact that « is around %

Next consider the investment-goods demand curve Q'ftD . As already mentioned in Ap-
pendix A, the nominal demand for investment goods is the sum of 8(5 — CAf) — IMf,,
98,6 — 7€) Ky, Gy, and EXY,. Then,

1
QLY = Ewtsre — CAS) — IMfy + p5e(8 — ) Ky + G + EXT),

where S/ and CA¢ are respectively given in (24) and (31). Substituting (26) into the above
equality yields
[1=0(1 ~c+ma)(l — 7)]p1e-1 K + Dy

Pt

QP = 0(1 - c+ma)(1 - 7)(1 - WY +
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~[1-8(1 —c+m2)(1 —7)(1 - 8Ky,
where
Dy = 8(1 — ¢+ ma)(1 — 7)1 — p)p§ Qs +8(1 — ¢+ ma)be By + Gt

—O[1 — (1 — ¢+ mp){1 — T)|FE + (1 — O)(BX§, — IME) — 0EXS,.

This is the investment-goods demand curve with p§, as given. It would be reasonable to
assume that [1 - 8(1 — e+ m2){1 — 7)|P1e-1K: + Dy = 0.
Differentiate Q%; w.r.t. pi; once and twice. Then,

. 1—ex
dQiy 1—q e [(1—;1)(1“@)14&]7
s = 1_ - 1__ 1_ o K
- 01 — e+ ma)(1 - 7)(1 — p)——Ppuy ” 1t

L= 8(1 — e+ ma)(1 — 7)|Bre-1 Ke + Dy

2 3

P
and
1—ox
a2Qh” al ~20 1= (1_“)(1_Q)At]7
= (1 - 1- -

s =00 - et ma)(1 = 1) — [ - Ky

[1 - 9(1 —c+ m2)(1 — T)]pu 1K + Dy
Pu

It follows from these results that demand curve Q‘l‘tD is bending forward and that it changes
the sign of the slope at p1; = Y, where

> 0.

e [ el [Ti=am]

[1-8(1 —c+m2)(l — 7)]Pre-1 K¢ + D} ©
8 { Ky }

The demand curve in Figure 1 is pictured under the assumption that p§, < Phy-

D Derivation of Supply Curve Q4 and Demand Curve QuP

The consumption-goods supply curve ta is none other than (15). To express it in a 11&.11&1
way, replace Q% and p§, in (15) respectwely with Q% and py;. Then the argument on QL3
in Appendix C applies to that on Qgt in the same fashion, a subscript 1 being replaced by
a subscript 2. Therefore, let us focus on the consumption-goods demand curve Q%D . The
nominal demand for consumption goods is given by the consumption function {22). Then,

1
ta = -—p—z-;[cYg: + Gzt -+ EX2¢ - ngg:].

Substituting (26) into the above equality yields

QLP = (¢ — ma)(1 — 7)(1 — W)@l

(c = m2){(1 — (L — Wi @it + Ff — p§, (0 — 7)) K] + buBe} + G + EXGy
P2t

+
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This is the consumption-goods demand curve with pf, as given.
Differentiate Qg‘tD w.r.t. ps; once and twice. Then,

1-cx
G oy ) L Fl—p)(l-a}At]T
dpos = (e ‘mz)(l {1 1) . Poy Wy Ko

(o= m){( — DL~ PP QAT + FE —Pild ~ 1)K + buBi} + G + BXG,

P%t
and .

1—cx
d2QhP 1—al—2a =5 [(1—p)(l-a)d] =
SN (e — — )1 — = K
= e ma) (L= ) [ = ] "
(c—m){(1 = 7)[(1 — w)p5Qhs + Ff ~ ph(6 — 7Kl + by Bi} + Gy + EXG,

+2 > 0.

Pgt
It follows from these results that demand curve Q‘Z‘f is bending forward and that it changes
the sign of the slope at py = ph;, where

Py = [1_q (c—ma){1—7)(1—p) (1-a)A;

{1 (e ma) (= DI~ WS QY + FF ~p4(8 — m)Kd + bBi} + G+ BX5 1
Koy 1—(c—ma)(1—7)(1—p) '
The position of the demand curve in Figure 2 reflects the assumption that @ < {¢— m2){1 —

7)(1 — ). This means that b, is smaller than p§, in (28).

E Proof of Theorem 2

The equilibrium of the investment-goods market alone can be expressed using (41) with the
asterisks on the prices deleted as follows:

1 1
miwe P + Mz pre +mae p5 = s (90)

where

(1 = p)(1 - o)A
w

M = [1“9(1—@(1—7]]{ ]TKlt > 0,

nuae = [1-06{1-1)](1-08K; >0,

1—o
ma = Ot —(1—p)(l—1)] [(I-M)Ei_ Q)At} " Ko >0,

£y = [1— O(1 = 7)]pre—1 Ky + Gy + 8Gor + (- N(EXT; ~ IM{,_) — 0T F} + 0bBy.

Similarly the equilibrium of the consumption-goods market alone can be written using (40)
as follows:

1 L
Noit Py + 210t Pre — M2tPSy = oty (91)
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where

e = (c—mg)(l—p)(l~71) a —M)i— Q)At]TKu > 0,
noize = [(e—mz)(1 —7}+cur](l - NK; > 0,
{1—p)(t- o) A

nooe = (1 —(c—mg)(l—p)(1-71)] [ - ]T Ky >0,
£2t = (C — mg)[(l - T)(ﬁlt_th - Ft*) - bgBt] _ ng — EX;;.

Needless to say, pt; and p3, in (40) and (41) are the solution of the simultaneous equations
(90) and (91). Thus, in the neigborhood of the short-run equilibrium state, the following

relation holds:
(s0Z e BOT ) (o) ()

l—a
Bl (ph) e e — 224 (py) = dpat dlar

Denote the determinant of the above coefficient matrix by Det;, that is,

Mii 1-a Ti2at 1-a i1t i-w Mot , &\ l==
Dety = —[ (p1e) "= +ﬂ112t] [*?(PE:) E }—[ o (p1e) = +??212t] [d(?m) E ] < 0.

k¥ ¥

Then it is easy to derive the following partial derivatives:

pEd-1
Ipis — _ﬂzzt(P;z) o
BGH 84 Dett
¥ N = ]
Oy _ mne(ph) = +onny
3(}'1; o Dett ?
l—a l—re
Opis (p5) = [(1-p)(1 - O’)At} e
= —-f1-(c— 1- - K

8G2t [ (C mz)]( )u’)(]' T) Q’Dﬁtg wy 2t

l-a
Oy _ (M + Bnone)(pl) =+ a(mua + 8miar)
8G2; a4 Det; '

And obviously the signs are all positive. Q.E.D.

F Derivation of Capital Accumulation Equation (63)

kp,** — 1— 46— ﬁNX1 ey Athg* (klu,**)a
i 1+g)(1+n)" ApiNegp o
— 1—-6— ﬁNXl ey + . 1 Nf; (kg**)a
1+g)t+n)" A+ gy(l+n) N
_ 18- 6NX1 ik 1

+{e(d + 7y — m) = B (k) (RET)®
1-e¢

Trgninm® Taigasm’ ¢
1=8~fBnx, =B tecld+vy—7)

- (1+9)(1 +n) K (1 +9)(1+n)(kf**)a
_ 1—5—ﬁ+0(5+"(‘-ﬂ') p,"+ l-¢ (kuu)a
(1 +g)(1+n) ¢ 1+ (T+n)t 77
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G Indirect Tax and Tobin’s ¢

In the presence of indirect tax Tobin’s (average and also marginal) ¢ is modified as [(1 —
w)p5e/95,]/®. Here is a proof. Multiplying each side of (8) by {1 — p)pf, yields planned
amount of production of investment goods
) 1— pe ?
(-} @ = (1 —uipy [(1 - G)At(—“—% Ky

1

1-wpfleri+6

- [( ﬁ;‘)plt] R (92)
£

Therefore,

(1 = w)pt, s 3 (1 — u)ps, ?_;QE‘:S'

[ ﬁ‘ft ] - p?tK 12 )
The denominator of the right-hand side of (93) represents the value of existing capital stock
evaluated at the expected price p¢, of investment goods as flow at the first subperiod of period

t, and p§, is the replacement cost of capital stock. {1—u)p§;aQ)y is the expected gross return
on existing capital stock because

(1 — wpf QY — NI = (1 —wpf, QY — (1 - w)pi,(1 — ) QY
= (1- #)PT:QQTﬁ

(93)

due to {9). Since
,u,e

L+ - wpfeQlf | (4 7)1 - p)pheQly
( Iu’) Pt e + 5

o,
1+i+46 (1 + 4+ d)2 k

the numerator of the right-hand of (93) may be thought of as the discounted present value of
the gross return on capital, or the value of capital stock. Thus, [(1— 12)p$,/H%]'/® corresponds
to what Tobin (1969, p. 21) called ¢ which is “the value of capital relative to its replacement
cost.” (See footnote 41 for the value of capital stock in the golden-rule state.)

Apparently the right-hand side of {93) represents Tobin’s average g. But it is also marginal
¢ because

< d[{(1-p)eQfy
d[( HIPT: Hﬁ*—] _ A peai] di;fi
d[p§i K i+
_ [(1 - )plt]
P ’

due to (92). Therefore, Tobin’s g, average and marginal, is {(1 — p)p%, /55,1
There are two gs in the complete K'§ model, too. They may be called ¢}, and ¢4, where

- [L ] .
Pit
and o
- [(1 - )p&a]% _ (- wpey
- it 1Ko I
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g%, corresponds to the original ¢, while a5, is g of the consumption-goods sector in the complete
case. g% and ¢h, appeared respectively in (45) and the first half of (47) where e is replaced
with *.

H Indirect Tax and the M-M Theorem

The M-M theorem holds true, if modified, even in the presence of indirect tax. Furthermore,
it can be shown, using the complete K.$ model, that the M-M theorem and Tobin’s ¢4 theory
remain mathematically equivalent under such circumstances, too. As explained in Sasakura
(2006), Modigliani and Miller (1958) focused on a group of firms or an industry which is
characterized by px with k as a class of the group. pi is the expected rate of return on
equities in the absence of debt-financing, where all of profit earned belongs to equity holders.
They proved three propositions concerning the cost of capital. So let us proceed in order
again.

First take the investment-goods sector as an industry examined here and let & be 1. (In
the case of the consumption-goods sector k& = 2.) Then, in the complete K'S model,

(1 — w5 QY — weNiy — P4 (6 — nf) Kt
Pre-1 Kt

Py {{(1—.‘1)?&];(??4_5) _(g_ﬂg)}, (95)

i
Pt

(94)

P1e—1 B5s

because of (7) and (8). pf, in (95) corresponds to pr in the original M-M theorem when
indirect tax is imposed at the rate p. '

Let X* stand for the expected return on the assets owned by the investment- goods sector.
Denote by D4, the market value of the debts of the sector; by S¥, the market value of its
equities: and by V¥ = 5% + D4, the market value of the sector. In terms of the complete K5
model, X4, = (1 — p)p Q47 — we Vi — pfi (6 — 7f) K, DYy = pre1 K¢, and St = Pre-1 K,
where Kf, + K¢, = Ky;. Then, the budget constraint on the investment-goods sector (4) can
be written as:

L. op o X{‘t
Vii= S+ Dy = };g (96)

(96) corresponds to Proposition I of Modigliani and Miller (1958, p. 268). The average cost
of capital of the investment-goods sector is defined as the ratio of the expected return to the
market value. Then, (96) can also be expressed as:

X
f{ = P’ft-
That is, the average cost of capital of the investment-goods sector is completely independent

of its capital structure and is equal to the capitalization rate ph, of a pure equity stream of
the sector.

Next consider the relationship among h{;, iz, and pf;. From (43),

(1 — pw)p$, @y — weNEE — p§i(6 — m§) Ky — pie(rf + ) Kie Pre—1Ku
Pre—1K1s P11 K,

hft — i = (97)
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Substituting (94) into (97} and remembering the definitions of D¥, and S, lead to
DY,
h$y = oy + (ol — "’ft)S_;lst-
it

That is, the expected rate of return on equities 4§, is equal to the capitalization rate pf; for a
pure equity stream, plus a premium related to financial risk equal to the debt-to-equity ratio
times the spread between p¥, and ¢;. This result corresponds to Proposition II of Modigliani
and Miller (1958, p. 271).

Proposition III of Modigliani and Miller (1958, p. 288) can be rephrased in terms of the
complete KS model as follows: If the investment-goods sector is acitng in the best interest
of the equity holders, the marginal cost of capital (or equivalently the rate of return on the
investment) should be equal to the average cost of capital, which is in turn equal to the
capitalization rate pf, for an unlevered stream in the sector. The marginal cost of capital
may be defined as dX{;/dV];. Then,

dX1, — d[(1 — w)p$ Q1 — weNfY — P16 — 7)) K
avi; d[pre—1K14]
_ph d(1 = paQly — (6 — 7f) Ky
Pie—1 dK ¢
1
p?t [(l—f"')p?t]; e £
= - - e+ —-(0—7 = p¥..

As is obvious, dX*%,/dV}, is also the rate of return on the investment. Remember that the
investment-goods sector maximizes h¢, in (4). Therefore, Proposition IIT also obtains in the
complete K§ model. Similar arguments applies to the consumption-goods sector where k& = 2.
Now the relationship between the modified M-M theorem and modified Tobin’s ¢ theory

can be made clear. From the previous appendix [(1 — p)p$,/05:]1/® and [(1 — p)p§,/5%1/®
are two gs, ¢i; and ¢, respectively. Taking (95) into account, the following simple relations
hold:

& 2 (1 & gy 2 (i
and

gh > ()1 & phy > (<ie-
That is, the modified M-M theorem and modified Tobin’s ¢ theory are mathematically equiv-

alent.
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Figure 2. Indirect Tax and Equilibrium in the Consumption-Goods Market.

21
. (lm#)pi
f4< II g _ =
) e/"h'l: =4
N
0 Py

Figure 3. Indirect Tax and the Expected Normal Supply-Price
of Investment Goods.
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Figure 4. The Golden-Rule State with Government and Foreign Sectors.

3 *% *k

GDE, | <tV | G | Ia L pr(6-m)KE | Gy | NXg,

100 (%) 57 10 24 8 1

Table 1. GDP from the Expenditure Side: An Example.

ok +* J gk *% *% . LTl
GDPG: we N, iG PuaK& | Dy (6 -m)KE | # P G

100 (%) 61 14 17 8

Table 2. GDP from the Distribution Side: An Example.
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