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1. Introduction

This paper is a sequel to Sato (2009), ! in which we introduced a new con-
dition concerning the satiation property of preferences and established the
existence of a competitive equilibrium under it. The new condition, which
we here call boundary satiation (BS), asserts that if satiation occurs inside
the individually rational feasible consumption set, then satiation should also
occur on a “boundary” of the set. The condition BS generalizes the standard
nonsatiation assumption and Allouch and Le Van’s (2008, 2009) weak nonsa-
tiation. ? In particular, of these conditions, only BS allows the set of satiation
points to be a subset of the individually rational feasible consumption set.

Unfortunately, Sato’s (2009) existence results under BS depend on the
boundedness of consumption sets (or that of individually rational feasible
allocation set), and therefore, cannot be applied to securities markets with
short-selling, in which choice sets are unbounded from below.

For the case of standard nonsatiation, Dana et al. (1999) show that the
compactness of the indiwvidually rational utility set (CU) is sufficient for the
existence of a competitive equilibrium. This condition CU allows choice
sets (and the individually rational feasible allocation set) to be unbounded.
Moreover, CU is implied by various types of no-arbitrage conditions, which
are intended to bound the economies with unbounded-from-below choice sets
endogenously by limiting arbitrage opportunities. 3

On the other hand, Martins-da-Rocha and Monteiro (2009) show that un-
der Allouch and Le Van’s (2008, 2009) weak nonsatiation, CU is not sufficient
for the existence of a competitive equilibrium. However, they establish the
existence of a competitive equilibrium under weak nonsatiation by introduc-
ing the notion of a strong compactness of the individually rational utility set
(SCU). The condition SCU is stronger than CU in general, but it allows the
individually rational feasible allocation set to be unbounded. Moreover, CU
is equivalent to SCU under standard nonsatiation, and therefore Martins-
da-Rocha and Monteiro’s (2009) results unify the existence results of Dana

LA revised version is attached to this paper.

2Weak nonsatiation allows satiation inside the individually rational feasible consump-
tion set, provided that satiation also occurs outside the set.

3For details about the no-arbitrage conditions, in addition to Dana et al. (1999), see
Hart (1974), Hammond (1983), Werner (1987), Page (1987), Nielsen (1989), Page and
Wooders (1996), Allouch et al. (2002) and Allouch et al. (2006).



et al. (1999) and Allouch and Le Van (2009). *

The purpose of this paper is, based on the results of Martins-da-Rocha
and Monteiro (2009), to extend the results of Sato (2009) to economies with
unbounded-from-below choice sets. Since BS contains weak nonsatiation as a
special case, CU is not sufficient for the existence of a competitive equilibrium
under BS. Therefore, we prove the existence of a competitive equilibrium (to
be exact, a quasi-equilibrium) under BS and SCU. In the proof, we require
no additional conditions other than the standard assumptions, as a result
of which, we also generalize the results of Martins-da-Rocha and Monteiro
(2009).

Nielsen (1990), Allingham (1991) and Won et al. (2008) investigate the
existence of a competitive equilibrium in the context of the CAPM without
a riskless asset. ° In a more general setting, Won and Yannelis (2006)
provide existence results that contain these results as a special case. In fact,
the results of Won and Yannelis (2006) can be applied to the case in which
neither BS nor SCU holds. ® However, as shown in this paper, there are
cases in which our existence result can be applied, while those of Won and
Yannelis (2006) cannot. Therefore, this paper provides one of the weakest sets
of conditions in the literature for the existence of a competitive equilibrium.

This paper is organized as follows: In Section 2, we describe the model and
list the assumptions. In Section 3, we first provide a preliminary existence
result (Section 3.1), and then prove our main existence theorem (Section 3.2).
Finally, in Section 4, we provide an example of an economy in which both
BS and SCU hold, while Won and Yannelis’s (2006) condition concerning
satiation does not hold.

4Martins-da-Rocha and Monteiro’s (2009) results also generalize several existence re-
sults based on the no-arbitrage conditions, including the results of Hart (1974), Werner
(1987), Allouch et al. (2006).

5In the CAPM without a riskless asset, satiation is rather a rule than an exception.
See, for example, Nielsen (1987) and Won et al. (2008).

6See also, Won and Yannelis (2008).



2. Model and Assumptions

2.1. Model

We consider a pure exchange economy £ with ¢ commodities and n agents
(¢,n € N). T For convenience, let I be the set of all agents, that is, I =
{1,---,n}. Each agent i € I is characterized by a choice set X; C R,
a utility function u; : X; — R, and an initial endowment e¢; € R’. Let
X = [lie; X; with a generic element x = (;);c;, and put e = (e;);e; € R™.

The pure exchange economy & is thus summarized by the list

&= (Rz’ (Xiauz',ez‘)z‘el)-

An allocation x € X is feasible if " ,c;x; = > ;e €;. Note that we do not
allow free disposal. We denote the set of all feasible allocations by F'.

An allocation z € X is individually rational feasible if x € F and w;(x;) >
u;(e;) for all i € I. We denote the set of all individually rational feasible
allocations by A. Let A; be the projection of A onto X;, and refer to it as
the indiwidually rational feasible choice set of agent i € I. In addition, let
R; ={x; € X; : ui(x;) > u;(e;)} for each i € I.

We define the individually rational utility set U as follows:

The utility function wu; is satiated at s; € X; if s; maximizes u; over X;,
and s; is called a satiation point of wu;. Let S; denote the set of all satiation
points of u;, that is,

S; ={s; € X; 1 ui(s;) > u(x;) for all z; € X;}.
Put S = Hie[ Sz

We adopt the following standard definitions of competitive equilibrium
and quasi-equilibrium.

"We use the following mathematical notations. The symbols N, R, and Rﬂ denote
the set of natural numbers, ¢-dimensional Euclidean space, and the nonnegative orthant
of RY, respectively. For x,y € Rf, we denote by -y = Zﬁzl x;y; the inner product, and
by ||z|| = v/& -z the Euclidean norm. Let B(z¢,7) = {z € R’ : ||z — x¢|| < r} denote the
open ball centered at xo with radius r. For a € R = R!, we denote by |a| the absolute
value of a. For a,b € R with a < b, we denote by (a,b) and [a, ], the open interval and
closed interval between a and b, respectively. For a set A C R, we denote by int A, cl A,
and bd A, the interior, closure, and boundary of A in R, respectively.
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Definition 1. An element (7,p) € X x R\ {0} is a competitive equilibrium
of the economy & if

(a) for all i € I,
(a-1)p-Ti <DP-ei,
(a-2) if u;(z;) > u;(T;), then p-x; > D - e,
(b)

Dol Ti = D icr €

Definition 2. An element (7,p) € X x R\ {0} is a quasi-equilibrium of the
economy & if
(a) for all i € I,
(a-1)p-7; <D e,
(a-2) if w;(z;) > w;(T;), then p-z; > P - e,
(b) Xier Ti = Yier €

a
a

We can divide the existence proof of a competitive equilibrium of £ into
two parts: (i) proving that there exists a quasi-equilibrium of £, and (ii)
proving that the quasi-equilibrium is also a competitive equilibrium. Since
the analysis concerning part (ii) is well established (or can be done indepen-
dent of (i)), ® in this paper we focus on the existence of a quasi-equilibrium

of €.

2.2. Assumptions

In this subsection, we present the assumptions used in this paper.
The following two sets of assumptions are quite standard in the literature.

Assumption 1. For each 7 € I,
(a) X; is closed, (b) X is convex, (c)e; € X.

Assumption 2. For each i € I,

(a) u; is upper semicontinuous on X, ?

8There are several known sets of assumptions under which every quasi-equilibrium is
also a competitive equilibrium. The following is the simplest: (a) e; € int X; and (b) w; is
continuous on X; for each ¢ € I. For further details, see Geistdoerfer-Florenzano (1982).

9A function f : X — R is upper semicontinuous on X C R’ if and only if for all a € R,
the set {x € X : f(z) > a} is closed in X.



(b) w; is strictly quasi-concave. °

Foreacht € I, let intg, A; denote the interior of A; in the relative topology
on R; C R’ that is, for z; € R;, we have z; € int r; A; if and only if there exists
an open ball B(z;, ) centered at x; with radius r, such that B(x;,r)NR; C A;.
Let A§ and (intg, A;)¢ denote the complements of A; and intg, A; in X;, that
iS, Af = Xz \ Az and (intRi Al)c = Xz \ iIltRl. Az

Concerning the satiation property of preferences, we use the following
assumption introduced in Sato (2009).

Assumption 3 (BS). For each i € I, if S; # @, we have S; N (intg, A;)¢ #
J.

Assumption 3 is a generalization of the standard nonsatiation assumption
(that is, S; N A; = @ for all ¢ € I) and weak nonsatiation introduced in
Allouch and Le Van (2008, 2009). '* We refer to Assumption 3 as boundary
satiation (BS) based on the fact that if S; C A;, then Assumption 3 implies
that S; N (A4; \ intg, A;) # @, and the set A; \ intg, A; coincides with the
boundary of A; in the relative topology on R; under Assumptions 1 and 2.

We also use the following assumption that is stronger than BS.

Assumption 4 (INS). For each i € I, (a) S; Nintg, A; = &, and (b) if
S; N (A; \ intg, A;) # &, the set is a singleton.

Under Assumption 4, every u; must be nonsatiated on intg, A;, the in-
terior of A; (in the relative topology of R;), and therefore, we refer to the
assumption as interior nonsatiation (INS). Note that INS is weaker than the
standard nonsatiation assumption by (b).

Dana et al. (1999) show that under Assumptions 1 and 2 and the standard
nonsatiation, the following condition is sufficient for the existence of a quasi-
equilibrium.

Assumption 5 (CU). The individually rational utility set U is compact.

The compactness of U is a weaker property than the compactness of A. In
particular, it allows A to be unbounded.

A function f : X — R is strictly quasi-concave if and only if for all z,y € X with
f(z) > f(y), and for all A € (0,1), we have f(Az + (1 — N)y) > f(y).
H'Weak nonsatiation asserts that S; N A¢ # @ for all i € I.
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On the other hand, Martins-da-Rocha and Monteiro (2009) show that CU
is not sufficient for the existence of a quasi-equilibrium under weak nonsatia-
tion. '2 Instead, the authors establish the existence of a quasi-equilibrium
under weak nonsatiation by introducing the notion of the strong compactness

of U.

Definition 3. The individually rational utility set U is strongly compact if
for every sequence (z¥),en in A, there exist a feasible allocation y € F' and
a subsequence (") satisfying

wi(y;) > klim wi(z*) forall i€l

together with
1g (z}*
Jim. H—S\(I%(yl —x*)=0 forall i€l (1)

The strong compactness of U is stronger than the compactness of U in
general, but weaker than the compactness of A. In addition, it is readily
verified that both the compactness and the strong compactness of the indi-
vidually rational utility set are preserved under any upper semicontinuous
and strictly increasing transformation of the utility functions.

Since BS contains weak nonsatiation as a special case, CU is not sufficient
for the existence of a quasi-equilibrium under BS. Therefore, we assume
the strong compactness of U, instead of CU, when investigating equilibrium
existence under BS.

Assumption 6 (SCU). The individually rational utility set U is strongly
compact.

3. Results

3.1. FExistence under interior nonsatiation
The main purpose of this paper is to prove the existence of a quasi-
equilibrium under Assumptions 1, 2, BS, and SCU (Theorem 1 in Section

12See Martins-da-Rocha and Monteiro (2009, Section 5).

13We denote by 1g, : X; — {0,1} the indicator function of S;: 1g,(z;) = 1 if z; € S;,
and 1g,(z;) = 0 otherwise. In Martins-da-Rocha and Monteiro (2009), the space R’ is
endowed with the L! norm, that is, ||z| = Zle |z;| for all z € R, while we consider R
with the Euclidean norm. Obviously, this difference does not affect the definition of the
strong compactness of U.



3.2). To this end, we first prove the existence of a quasi-equilibrium by
assuming INS instead of BS.

The following proposition extends the result of Dana et al. (1999, The-
orem 3) and is used to prove our main existence theorem. Although in the
proposition we impose not SCU but CU, as we will see later (Remark 1 in
Section 3.2), CU implies SCU under INS. Proposition 1 is therefore a special
case of Theorem 1.

Proposition 1. Under Assumptions 1, 2, INS, and CU, there exists a quasi-
equilibrium (T,p) € A x R*\ {0} of €.

Proof. First by CU, it is readily verified that there exists §; € argmax{w;(z;) :
x; € A;} for each ¢ € I. Then, INS implies that there exists (; € (intg, 4;)°

For v € N, let £ be the truncated economy obtained by replacing X;
with X} = X; Ncl B(0,v) for each i € I. Let 7 € N be such that e¢; € XV
and ; € X; N B(0,v) C X} forally >vand i€ I.

Let RY = {x; € XV : ui(x;) > ui(e;)}, and let AY denote the individually
rational feasible choice set of ¢ € I in €Y. Note that RY = R;Ncl B(0,v) and
G € RY.

For each v > 7, the economy &¥ satisfies all the assumptions of the
existence theorem in Sato (2009, Theorem 2). In particular, £ satisfies BS.
To observe this we first prove the following claim.

Claim 1. CZ S (mtRZu A;j)c

Proof of Claim 1. Suppose that (; € intgs A7.
By the definition of intrs A, there exists 1 > 0 such that

B(¢, )N R C AY.
On the other hand, since (; € B(0, v), there exists ro > 0 such that B({;,r2) C
B(0,v).
Let » = min{ry, r5}. Then,

B(Gi,r) N Ri € B(Gym1) N (B(Gior2) N R) € B(G,m) NRY C AY C A,

Therefore, (; € intgp, A;, which contradicts our choice of (. O



Let S? denote the set of all satiation points of agent ¢ € I on X/, that
is, SY = {s; € X} : wi(s;) > w;(w;) for all x; € X}, Note that S} # @ by
the compactness of X! and upper semicontinuity of w;. We now prove that
EY satisfies BS.

Claim 2. S} N (intgr AY)® # 2.

Proof of Claim 2. If (; € S}, we have (; € S} N (intzr A7) by Claim 1.
Suppose that ¢; ¢ SY, then, for any element s; of SY # @, we have u;(s;) >
u;((;). Moreover, by the definition of (;, we have wu;(s;) > w;(¢;) > wi(x;)
for all z; € AY C A;, which implies that s; ¢ AY. Therefore, we have
S; € SzV N (thR;{ AZV)C O

For each v > 7, applying the existence theorem of Sato (2009), 4 we
obtain a quasi-equilibrium (z¥,p") € X x R\ {0} of & with u;(T¥) > u;(e;)
for all + € I. In view of the definition of the quasi-equilibrium, we may
assume that p¥ € S = {p € R*: ||p|| = 1}. Put @ = u;(z¥) for each i € I
and @’ = (u});e; € R". Clearly, w” € U.

Consider the sequence ((@”,p")),>z C U x S. Since U x S is compact, we
may assume that the sequence has a limit point (w,p) € U x S. Then, by
the definition of U, there exists T € A such that

Ul(fl) 2 U; forall 7€l

We prove that the element (Z,p) € A x R\ {0} is a quasi-equilibrium of the
original economy &£. Since T € A, it suffices to show that (7, p) satisfies (i)
and (ii) of Definition 2.

We first prove that p-Z; > p - e; for each 7 € I.

Claim 3. p-T; >D-e; for eachi €
Proof of Claim 3. Fix i € I. We divide the proof into two cases.

Case 1. 7; ¢ S;.

In this case, there exists y; € X; such that u;(y;) > u;(T;).

14See also Remark 2 of the revised version of Sato (2009) which is attached to this paper.
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For a fixed A € (0,1), let y;(A\) = Ay;+(1—\)Z;. By Assumption 2 (b), we
have w;(y; (X)) > w;(T;). Since u; () — @ < u;(T;) < wi(y;(N)), there exists
7' € N such that u;(y;(\)) > w; (V) for all v > 7. In view of the definition of
XY, we may assume without loss of generality that y;(\) € X" for all v > 7.
Then, for each v > 7/, since (z¥,p") € X” x S is a quasi-equilibrium of £,
we have

P yi(A) =D e

Taking the limit as v — 0o, we obtain
P-yi(\) >P- e

The above inequality holds for an arbitrary A € (0,1). Therefore, taking
the limit as A — 0, we finally obtain

D-T; >D- e
CASE 2. 7; € S;.

Then, by INS, ; is the unique element of S;NA;. Let 7" > ¥ be a natural
number such that 7; € X! for all v > 7. We first prove that p" - Z; > D" - ¢;
for all v > 7".

For each v > 7", since T; € S;, either of the following two cases holds:

In case (a), we have T/ = T; because T/ € S;NA; = {7;}. Since (z",p") €
X" x S is a quasi-equilibrium of £”, we have p* - T; =p" - T/ =p" - e;.

In case (b), since 7; € X} with w;(7;) > w;(T¥), we must have p* - T; >
c €.
Since p¥ - T; > P - ¢; for all v > 7" by the above argument, we obtain by
taking the limit as v — oo,

ﬁl/
ﬁ - T 2 p =t
which completes the proof of Claim 3. 0

Since T € F, Claim 3 implies that p-Z; = p - ¢; for all i € I. Therefore,
(z,p) satisfies (i) of Definition 2.
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We next prove that (ii) of Definition 2 holds. Suppose that for some
i € I, there exists y; € X; such that u;(y;) > w;(ZT;) and p-y; < P - e;.
Since w;(y;) > w;i(T;) > w; and w;(TY) — w;, we have u;(y;) > u;(z¥) for
sufficiently large v. Moreover, we may assume without loss of generality that
y; € X} and p”-y; < p” - e; for this v. However, this contradicts the fact that

(z¥,p") € X¥ x S is a quasi-equilibrium of £”. U

3.2. Emistence under boundary nonsatiation

We now state and prove the existence of a quasi-equilibrium under BS
and SCU:

Theorem 1. Under Assumptions 1, 2, BS, and SCU, there exists a quasi-
equilibrium (Z,p) € A x R\ {0} of €.

Note that Theorem 1 generalizes the results of Martins-da-Rocha and
Monteiro (2009, Theorem 6.1) and Sato (2009, Theorem 2).

Proof of Theorem 1. In this proof, we assume that e; ¢ S; for all i € I.
This assumption is not a real restriction as far as the existence of a quasi-
equilibrium is concerned. To observe this, let I, = {i € I : ¢; € S;}, and
consider the economy obtained by removing agents who belong to I,. 3 If we
can prove the existence of a quasi-equilibrium (7,p) € [Ticp s, Xi x R\ {0}
in the modified economy, then together with p, the allocation ' € [];c; X,
defined by 7, = 7; for i € I \ Iy and T; = ¢; for ¢ € I, clearly constitutes a
quasi-equilibrium of the original economy.

Let & € argmax{u;(z;) : x; € A;} for each i € I, as in the proof of
Theorem 1. Then, BS implies that there there exists (; € (intg, A;)° such that
w;i(Gi) > wi(&). In particular, if S; # &, we can find such ¢; in S; N (intg, A4;)°.

Following Martins-da-Rocha and Monteiro (2009), for each i € I, we
define a function v; : X; — R by

vi(w;) = ui(w;) + Lg, (@) exp(—||z; — G]),

where 1g, : X; — {0, 1} is the indicator function of S;. Note that v;(z;) =
w;(z;) for x; ¢ S;, especially v;(e;) = u;(e;).

I51f I, = I, for an arbitrary p € R?, the element (e,p) € X x R’ clearly constitutes a
quasi-equilibrium of £.
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We consider the auxiliary economy &(v) obtained by replacing u; with
v; for all @ € I in &, that is, E(v) = (Re, (Xi,vi,ei)ig). Note that since
vi(e;) = ui(e;) for all i € I, we have R;(v) = R; and A;(v) = A;, where
Ri(v) = {x; € X; : vi(z;) > v(e;)}, and A;(v) denotes the individually
rational feasible choice set of i € I in E(v).

We prove that £(v) satisfies all the assumptions of Proposition 1.

The following claim can be shown in the same way as in the proofs of
Martins-da-Rocha and Monteiro (2009, Claims 6.1-6.3).

Claim 4. The economy E(v) satisfies Assumptions 1, 2, and CU.

Proof of Claim 4. See Martins-da-Rocha and Monteiro (2009, Claims 6.1—
6.3). O

Let S;(v) be the set of all satiation points of ¢ € I in £(v). Note that if
S;(v) # @, then S;(v) = {¢;}. We now prove that £(v) satisfies INS.

Claim 5. For each i € I, we have (a) S;(v) Nintg,) Ai(v) = &, and (b) if
Si(v) N A;(v) # @, the set is a singleton.

Proof of Claim 5. Suppose that S;(v) N intg,) Ai(v) # @ for some i € 1.
Since S;(v) = {(;}, we have (; € intg, ) Ai(v). However, since R;(v) = R;
and A;(v) = A;, we have (; € intg,(y) Ai(v) = intg, A;, which contradicts our
choice of ¢;. Therefore, we have S;(v) Nintp,) Ai(v) = @ for all i € 1.

The second part of the claim immediately follows from the fact that

Si(v) = {G} if Si(v) # 2. O

Applying Proposition 1, we obtain a quasi-equilibrium (Z,p) € X x R\
{0} of £(v). In fact, (Z,p) is a quasi-equilibrium of the original economy €&.
To observe this, it suffices to show that (ii) of Definition 2 holds.

For i € I, let y; € X; with w;(y;) > u;(%;). Then, Z; ¢ S;, and thus
vi(T;) = wi(T;). Since v;(y;) > wi(y;) > v;(T;) and (T, p) is a quasi-equilibrium
of £(v), we have p-y; > P - e;, which is the desired conclusion. O

Remark 1. As noted before, under INS, the assumption CU implies SCU.

To observe this, suppose that CU and INS hold. Let (z”),en be a sequence
in A. Then, CU implies that there exist a feasible allocation y € A, and a
subsequence ("*)ren satisfying

wi(y;) > klim wi(z*) forall iel. (2)

12



Let
Ins={iel:3k(i) eNst. z* ¢S, VEk>Ek()}

Then, equation (1) clearly holds for all i € I,.

Suppose that I\ I,,s # &. Passing to a subsequence if necessary, we may
assume that z;* € S; for all k and i € I\ I,,,. Then, (2) implies that y; € S;
for all i € T\ I,,5. Since S; N A; is a singleton by INS, we must have y; = *
for all k and i € I\ I,,5. It is now clear that (1) holds for all i € I.

4. Example

In this section, we provide an example of an economy in which both BS
and SCU hold. In the economy, the individually rational feasible allocation
set is unbounded, and neither standard nonsatiation nor weak nonsatiation
holds. Moreover, the economy does not satisfy Won and Yannelis’s (2006)
condition concerning satiation.

Let £ be an exchange economy with two commodities and two agents
defined as follows. Agents’ choice sets are

X1 = {1'1 GRQ F T < 213 +3}
Xo =R X [0,00),

where z;; denotes the quantity of j-th commodity chosen by agent i = {1,2}.
Agents’ utility functions are

ur(zy) = —|rn — 1 + 1,

Ug(l’g) = X921.

Note that S; = {21 € X; : #11 = 1} and Sy = @. Finally, the initial
endowments are e; = ey = (2,2).
It is then easy to check that &£ satisfies Assumptions 1 and 2. We next
prove that & satisfies CU.
First, we prove that U is bounded. Let A € U, then there exists x € A
such that
wi(e;) < N <wy(x;) forall i€l

Clearly, 0 < A; < 1. We also have (2 <)A\y < 4. To observe this, suppose
that Ao > 4. Then, x5 = us(xs) > A2 > 4 and x1; < 0. However, this
implies that u;(z1) < 0 = uy(ey), which is a contradiction. Therefore,

UCl0,1] x [2,4],
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in other words, U is bounded.

We next prove that U is closed. Let (\),en be a sequence on Y converging

to some A € R2. Then, for each v € N, there exists ¥ € A such that
A <w(zf) forall iel.

Suppose first that Ay < 3, and let © = (21, 22) be the allocation with
r1 = (1,1) and 25 = (3,1). Clearly, + € A. Since x; € S;, we have
N < () < uyg(x) for all v € N, which implies that A\; < u;(z;). Since
A2 < 3, we also have Ay < uy(x2). Therefore, A € U.

Suppose then that Ay > 3. For all v € N, since u;(2%) > u;(e;), we have
x4, € [0,2]. Moreover, since x4, = 4 — ¥, € [2,4] for all v, the sequence
(xY], 75, )ven is bounded. Therefore, passing to a subsequence if necessary, we
may suppose that the sequence converges to a vector (Ty1,To1) in R?, which
satisfies Ty + Top = 4.

Since Xy > 3, we have Ay > 3 for sufficiently large v. Then, 2%, =
ug(2) > Ny > 3. Moreover, since z¥ € A, we must have z}; < 1, which
implies that u;(27) = 2¥,. Therefore, we have \¥ < 2% for all ¢ € I, and for
all sufficiently large v. Taking the limit as ¥ — oo for each ¢ € I, we have

ui(e;) < N < T

Note that we also have Z1; < 1. Let y; = (Z;1,2) for each @ € I. Then,
y = (y1,92) € A and B

ui(e;) < Ni < Tin = (i),
which implies that X € U. Therefore, U is compact.

According to Martins-da-Rocha and Monteiro (2009, Proposition 7.1), in
an economy with at most two agents CU is equivalent to SCU. Therefore, £
satisfies SCU. Note that A; is unbounded for each ¢ € I, which implies the
unboundedness of A.

We prove that £ satisfies BS. Since S, = @, it suffices to check that agent
1 satisfies BS. Let s; = (1,4). Then, it is clear that s; € S; N A;. We prove
that s; € (A; \ intg, A1). Let (2¥),en be the sequence defined by

1
xy =s+—(1,1) forall veN.
v
Then, it is clear that x7 € R; N A{ for each v € N and 2} — s; as v — o0.

Therefore, sy € (A; \intg, A1), and thus, £ satisfies BS. Note that since S; C
Ay, agent 1 satisfies neither standard nonsatiation nor weak nonsatiation.
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Finally, we prove that £ does not satisfy Won and Yannelis’s (2006) con-
dition concerning satiation.

Let Iy ={i e I:5; C A;}, and for an allocation z € X, let I,5(x) = {i €
I:x; ¢ 8S;}. Foreachi € I and z; € X, let A(x;) = {y € Ay, = x;}.
Moreover, for z; € X;, let Pi(x;) = {y; € X; : ui(y;) > ui(x;)}.

In our framework, the condition of Won and Yannelis (2006, Assumption
S5’) can be expressed as follows:

Condition 1. There exists (s;)icr, € [l;ez, Si such that for each x € U;er, A(s;),
and for any p € R*\ {0} that satisfies p- Py(x)) > p-xy for all k € I,,(x), 6
we have p-a; > p-e; forall i € I'\ I,5(z).

Note first that I, = {1} in our economy. Let = € A(s;) for an arbitrary
chosen s; € S;. Then, there exists x9 € X5 such that z = (s1,22) € A. We
also have I,s(z) = {2} and I\ I,s(z) = {1}. Since s; € S}, we have s1; = 1.
Then, x9; = 3 and Pa(z3) = {y2 € X2 : y21 > 3}.

Let p = (1,0). Then, for agent 2 we have

p- Py(z3) >3 =p- .
However, for agent 1 we have
p-s1=1<2=p-e;.

Therefore, Condition 1 does not hold in &.
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Abstract

In this paper, we introduce a new assumption concerning the (non)satiation
property of preferences and establish the existence of a competitive equilib-
rium under it. The assumption is weaker than the standard nonsatiation
assumption and “weak nonsatiation” introduced in Allouch and Le Van [Al-
louch, N., Le Van, C., 2008. Walras and dividends equilibrium with possibly
satiated consumers. Journal of Mathematical Economics 44, 907-918]. In
particular, the new assumption allows, under certain conditions, preferences
to be satiated only inside the set of individually rational feasible consump-
tions. Moreover, just like the two nonsatiation assumptions, our assumption
depends solely on the characteristics of consumers.
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1. Introduction

In classical general equilibrium theory (Arrow and Debreu 1954, Debreu
1959, among others), consumers’ preferences are assumed to be “nonsa-
tiated,” that is, assumed to have no consumption bundle that is preferred
to all other. However, in some cases, we observe that consumption sets are
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naturally compact (see Mas-Colell 1992) and every continuous preference has
therefore at least one satiation point. As is well known in the literature, a
simple way to avoid this inconsistency without affecting the existence of a
competitive equilibrium is to assume that when a preference has satiation
points, they are always outside the set of individually rational feasible con-
sumptions. ! This modified nonsatiation assumption allows preferences to
be satiated, but excludes the case in which satiation occurs inside the indi-
vidually rational feasible consumption sets.

It is well known that a competitive equilibrium may fail to exist when
satiation occurs inside the individually rational feasible consumption set. Re-
cently, however, Allouch and Le Van (2008, 2009) have shown that even if
there exists a consumer whose preference reaches satiation in his or her indi-
vidually rational feasible consumption set, one can still obtain the existence
of a competitive equilibrium by assuming that satiation also occurs outside
the set. This assumption is a generalization of the standard nonsatiation
assumption (including the modified one) and called “weak nonsatiation.” 2

Won and Yannelis (2006) introduce a different assumption that allows for
satiation inside the individually rational feasible consumption sets. In fact,
their assumption applies to the case in which satiation occurs only inside
the individually rational feasible consumption sets and contains Allouch and
Le Van’s weak nonsatiation as a special case. Moreover, in their existence
proofs, consumers’ preferences are allowed to be non-ordered and individu-
ally rational feasible consumption sets do not need to be bounded. These
advantages make their results applicable to securities markets with unlimited
short-selling, in which choice sets are unbounded from below, and the capital
asset pricing model (CAPM) without a riskless asset, in which satiation is
rather a rule than an exception. However, Won and Yannelis’s assumption
contains a restriction on the price system, while weak nonsatiation, just like
standard nonsatiation, depends solely on the characteristics of consumers.

The main contribution of this paper is to establish the existence of a com-
petitive equilibrium under a new assumption that is weaker than Allouch

LA consumption bundle is said to be individually rational feasible if it can be achieved
by a trade in which every consumer involved attains at least the same utility as that gained
from his or her initial endowment. For the existence proof under this assumption, see for
example, Bergstrom (1976), Dana et al. (1999).

2Allouch and Le Van (2008, 2009) also prove that in securities markets with short-
selling, Werner’s (1987) nonsatiation assumption implies weak nonsatiation.



and Le Van’s weak nonsatiation, and therefore, the standard nonsatiation
assumption. Our assumption allows each consumer’s preference to be sati-
ated only inside the individually rational feasible consumption set, provided
that at least one satiation point lies on a “boundary” of the set. One’s in-
dividually rational consumption bundle belongs to the “boundary” if every
neighborhood of the bundle contains at least one point that is at least as
good as his or her initial endowment but is not individually rational feasible.
Although our existence results rely on the ordered preferences and bounded
individually rational feasible consumption sets, the new assumption does not
imply Won and Yannelis’s (2006) assumption. Moreover, just like standard
nonsatiation and weak nonsatiation, our assumption depends solely on the
characteristics of consumers.

This paper is organized as follows. In Section 2, we describe the model and
introduce the new assumption. In Section 3, we provide our main existence
results. In Section 4, we consider an alternative to the new assumption
and provide some related results. As a concluding remark, in Section 5,
we compare our assumption with the assumption introduced by Won and
Yannelis (2006). Finally, the proofs of some propositions are provided in
Appendix.

2. Model and Assumptions
2.1. Model

We consider a pure exchange economy £ with ¢ commodities and n con-
sumers (¢,n € N). 3 For convenience, let I be the set of all consumers,
that is, I = {1,--- ,n}. Each consumer i € [ is characterized by a con-
sumption set X; C R, an initial endowment w; € R, and a utility function
w; » X; — R Let X = [[;c; X; with a generic element z = (x;);es, and put
w = (w;)ier € R,

3We use the following mathematical notations. The symbols N, R and Rﬁ denote
the set of natural numbers, /-dimensional Euclidean space and nonnegative orthant of
R, respectively. For z,y € R, we denote by = -y = ijl x;y; the inner product, by
l|lz|| = V& -z the Euclidean norm. Let B(zg,7) = {x € R’ : ||z — z0|| < r} denote the
open ball centered at o with radius r. For a € R = R!, we denote by |a| the absolute
value of a. For a,b € R with a < b, we denote by (a,b) and [a, b], the open interval and
closed interval between a and b, respectively. For a set A C R?, we denote by int A, cl A
and bd A, the interior, closure and boundary of A in R, respectively.
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The pure exchange economy & is thus summarized by the list
&= (Réy (Xiuuhwi)iel')-

An allocation z € X is feasible if Y ;c;x; = > ;c;w;. Note that we do
not allow free disposal. We denote the set of all feasible allocations by F'
Moreover, let F; be the indiwvidually feasible consumption set of consumer
1 € I that is defined as the projection of F' onto X;. In other words, for
r; € X;, we have x; € F; if and only if there exists (), € [I; X; such
that © = (24)rer € F. Then, it is easy to check that F; = X; N (=3, X; +
Swer{wk}) for alli € I.

An allocation = € X is indiwvidually rational feasible if x € F and
ui(z;) > u;(w;) for all i € I. We denote the set of all individually ratio-
nal feasible allocations by A. Let A; be the projection of A onto X;, and call
it individually rational feasible consumption set of consumer i € I.

Let R; = {x; € X; : wi(x;) > ui(w;)} for each i € I. Then, it is easy to
check that

Ai=Rin <— Y R+ Z{wk}> for all i€ 1.

i kel
For simplicity of notation, we put
Gi=-> Rj+ )Y {w} foreach i€l
i kel

Note that A, = R;NG; C R; for alli € 1.

The utility function wu; is satiated at s; € X; if s; maximizes u; over X;,
and we call s; a satiation point of u;. Let S; denote the set of all satiation
points of u;, that is,

S; ={s; € X; 1 ui(s;) > u(x;) for all z; € X, }.

Put S = Hie[ Sz
We adopt the following standard definitions of competitive equilibrium
and quasi-equilibrium.

Definition 1. An element (7,p) € X x R\ {0} is a competitive equilibrium
of the economy & if

(a) for alli e I,



(a-1) p- 7 <P~ w;,
(a-2) if w;(z;) > w;(T;), then, p-z; > D - wy,
(b) Yier Ti = Yier wi-

Definition 2. An element (Z,p) € X x R\ {0} is a quasi-equilibrium of the
economy & if

(a) for all i € I,
(a-1) p-@ <P-uwi
(a-2) if wi(ws) > us(T;), then, p-2; > P - wy,
(b) Xier Ti = Xier wi.

2.2. Assumptions

We first make the following two sets of assumptions on the economy &.

Assumption 1. For each i € I,
(a) X, is closed and convex, (b) X; is bounded, (c¢) w; € X.

Assumption 2. For each 7 € [,

(a) u; is upper semicontinuous on X;, 4

(b) w; is strictly quasi-concave. °

As shown in Section 3.1, the existence of a quasi-equilibrium is ensured
under Assumptions 1 and 2 and our new assumption on preference satia-
tion introduced below. To prove the existence of a competitive equilibrium,
however, we need some additional assumptions (see Section 3.2). It is worth
noting that in our main existence theorems (Theorems 2 and 3), Assumption
1 (b) can be weakened to the boundedness of A by the standard truncation
technique.

It is easy to check that under Assumptions 1 and 2, we have the following
facts.

4A function f : X — R is upper semicontinuous on X C R if and only if for all « € R,
the set {z € X : f(x) > a} is closed in X.

5A function f : X — R is strictly quasi-concave if and only if for all =,y € X with
f(z) > f(y) and for all A € (0,1), we have f(Az + (1 — N)y) > f(y)-



Fact 1. S; # @ for each i € I.

Fact 2. R;, G; and A; are nonempty, compact and convex in R’ for each
1€ 1.

In particular, the convexity of R; in Fact 2 follows from the quasi-concavity
of u;, 8 which is implied by Assumption 2 (b) under Assumptions 1 (a) and
2 (a).

Before introducing our new assumption on satiation property of prefer-
ences, we first define some additional notations.

For each i € I, let intg, A; denote the interior of A; in the relative topology
on R; C R’ that is, for z; € R;, we have z; € int r; A; if and only if there exists
an open ball B(x;, r) centered at z; with radius r such that B(z;,r)NR; C A;.

Roughly speaking, if x; € intp, A;, when consumer ¢ € [ slightly changes
his or her consumption plan from z; in such a way that the resulting con-
sumption bundle 7 is within R;, the bundle z} will also lie on A;. In contrast,
if z; € A; \ intg, A;, the resulting consumption bundle 2, € R; may not lie
on A;, no matter how small the change is.

Let A¢ and (intg, A;)¢ denote the complements of A; and intg, A; in X,
that iS, AZC = Xz \ Az and (iIltRi Az)c = Xz \ iIltRi Az

We now introduce the following assumption.
Assumption 3. For each i € I, if S; # @, we have S; N (intg, A;)° # @.

Since (intg, A;)¢ = AU (A; \ intg, A;), this assumption allows consumer’s
satiation area to be a subset of the individually rational feasible consumption
set, provided that it touches the complement of intg, A; in A;. In other words,
under Assumption 3, we must have S; N (4; \ intg, 4;) # @ if S; C A;. Note
that under Assumptions 1 and 2, the set A; \ intg, A; coincides with the
boundary of A; in the relative topology on R;.

Assumption 3 generalizes the following two assumptions.

[Nonsatiation| For each i € I, we have S; N A; = @.
[Weak nonsatiation] For each i € I, if S; # @, we have S; N AS # @.

6A function f : X — R is quasi-concave if and only if for all z,y € X and for all
A €[0,1], we have f(Az + (1 — A)y) = min{f(z), f(y)}.
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[Nonsatiation| is a standard assumption in the classical general equilib-
rium theory. It excludes the case in which satiation occurs inside the indi-
vidually rational feasible consumption sets.

[Weak nonsatiation], introduced by Allouch and Le Van (2008, 2009),
is a generalization of [Nonsatiation|. This assumption allows consumer’s
satiation points to be inside the individually rational feasible consumption
set, provided that at least one satiation point lies outside A;. However, unlike
Assumption 3, it does not apply to the case in which S; is a subset of A;.

Note that [Weak nonsatiation| coincides with [Nonsatiation] when S; is a
singleton for all ¢+ € I with S; # @. Note also that Assumption 3 coincides
with [Weak nonsatiation] if R; = A; for all i € I because we have intg, A; =
A; in such a case.

In the following example, only Assumption 3 holds among the above three
assumptions concerning satiation.

Example 1. Consider an exchange economy £ with two commodities and
two consumers. Let X; = X, = R% and w; = wy = (4,4). Consumers’ utility
functions are as follows.

Ul(l'l) = —||($11,$12) — (4, 6)”2 and UQ(ZEQ) = T21.

Note that w; has a unique satiation point s; = (4,6), while uy is never
satiated on X, (see Figure 1).

Let yo, = (4,2) € X5. Then, the allocation (s1,y2) € X1 X X, is feasible.
Moreover, since

us(y2) = 4 = ua(wn),

we have s; € A;. Therefore, neither [Nonsatiation] nor [Weak nonsatiation]
holds.

We prove that Assumption 3 holds. Let £; = (1,0) € R?, and for each

€ (0,1], let

Zl(t)281+t€1 (4—|—t 6) EXl,
ZQ(t) = Yo — t€1 ( — t,2) < XQ.

We claim that z(t) € Ry \ A; for all ¢t € (0,1]. To see this, note first
that we have 21 (t) + 29(t) = X ;c;w; for all ¢ € (0,1]. Next, since uy(21(t)) =
—t* > —4 = uy(wy), we have z,(t) € Ry for all t € (0,1]. Moreover, for all

€ (0,1], since
UQ(ZQ(t)) =4—t<4= Ug(wg),

7
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Figure 1: Example in which Assumption 3 holds but [Nonsatiation] and [Weak nonsatia-
tion] do not.

we have z5(t) ¢ Ry. Therefore, z((t) ¢ A; for all ¢t € (0, 1].

Since z1(t) € Ry \ A; for all t € (0, 1] and 2 (t) — s; as t — 0, we obtain
s1 € Aq \ intg, A;. Therefore, Assumption 3 holds.

It is easy to check that the allocation T = (s1,y2) together with the price
p = (1,0) € R? is a competitive equilibrium of &.

Note that this example also shows that Assumption 3 does not coincide
with [Nonsatiation] even if S; is a singleton for all i € I with S; # @.

3. Main Results

3.1. FExistence of quasi-equilibrium

The purpose of this section is to demonstrate the existence of a quasi-
equilibrium of £ under Assumptions 1 — 3 (Theorem 2). In the proof, we use
the following existence result by Allouch and Le Van (2009).

Theorem 1. (Allouch and Le Van, 2009)



Under Assumptions 1, 2 and [Weak nonsatiation], there exists a quasi-
equilibrium (Z,p) € X x R* of £. 7

Remark 1. A careful reading of the original proof of Theorem 1 by Allouch
and Le Van (2009), which is based on the result of Dana et al. (1999, Theorem
1), shows that the stated quasi-equilibrium allocation T is, in fact, an element
of A, that is, u;(%;) > w;(w;) for all ¢ € I.

The strategy of our existence proof is as follows.
First, under our assumptions, we can choose s = (s;);er € S so that

s; € (intg, A;)¢ forall i€ 1. (1)

Next, for this s, we construct a sequence {w"},en = {(WY)ier foen C R
that satisfies the following properties:

(a) W — wasv— o0,

b-1) w} € X, for all ¢ € I, and

(b) there exists 7 € N such that for all v > 7,
(
(b-2) s; & RY N (=X B + Xperiwy}) for all i € I, where

R} = {x € X}, : up(x) > ugx(wy)} foreach kel®

We then define an auxiliary economy &Y for each v > 7 by &Y =
(R, (X, us,w!)ier) (the economy & differs from the initial economy only
in its initial endowments). By the definition, each £ satisfies all the as-
sumptions in Theorem 1. In particular, [Weak nonsatiation] holds by the
property (b-2) of {w"},en.

Therefore, by Theorem 1, we obtain a sequence {(Z/,7")},5r C X x R*
in which each term is a quasi-equilibrium of £”. Under our assumptions, we

may assume that the sequence has a limit point, and we can prove that the

"In the original version of Theorem 1 (Allouch and Le Van 2009, Theorem 2), the
boundedness of A is assumed instead of Assumption 1 (b).

8To be precise, we cannot always find a sequence {w”},cny C R that satisfies all the
properties stated above. However, as will be shown later, we may assume without loss of
generality that there exists a sequence that satisfies the properties (a) and (b) as far as
the existence of a quasi-equilibrium matters.
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point is a quasi-equilibrium of the original economy.

The next lemma shows that for a fixed s € S that satisfies (1), we can
find a sequence {"},eny C R with certain properties. It will be used in our
main existence theorem to construct the sequence {w”},en C R described
above.

Lemma 1. Suppose that Assumptions 1 and 2 hold, and suppose that there
exists s = (s;)ier € S that satisfies

S; € (intRi Az)c fOT’ all 1€ 1.

Then, there exist {e"},en C RY and 7 € N such that ve¥ — 0 as v — oo,
and for every v > 7T and i € I,

Si ¢ RZ N (GZ - {8”}).

Proof. Let s = (s;)ier € S be the element that satisfies s; € (intg, A;)¢ for
alliel. Put y={i€l:s; € A;\intg, A;} and I,y = [\ Lhu={i € I :

In the following, we divide the proof into several cases, in each of which
we construct a sequence {”},eny C R’ that satisfies the properties in the
statement of the lemma.

Case 1. Iy = @ (equivalently, I,,; = I).

It is clear that the sequence {e"},eny C R defined by ¢” = 0 for all v € N
satisfies the desired properties.

Case 2. [y # @.

We first consider the sequence {€” ,},en C R defined by

1
o =3 > (sp—wy) foreach veN.

out —
helpy

It is clear that ¥ , — 0 and ve¥ , — 0 as v — 0.

out out
Then, for ¢ € I,,;, we have the following claim.

10



Claim 1. For each i € 1,,, there exists U; € N such that
sit RinN(G; —Ae,}) forall v>m,.

Proof of Claim 1. First, for each i € I,,, since s; ¢ A; = R; N G; and
s; € R;, we must have s; ¢ G;. Then, since G; is closed in R* (by Fact 2),
there exists a positive real number r; > 0 such that B(s;,r;) NG; = &. Since

ev . — 0 as v — o0, there exists 7; such that s; + €%, € B(s;,r;) for all

v > U;, which implies that s; ¢ G; — {€",} for all v > 7,. O
With respect to ¢ € I4, we have the following claim.
Claim 2. For each i € Iy, either (a) there exists U; € N such that
si ¢ RinN(G; —A{eby}) forall v>1;
or (b) there exists U, € N such that
s; € RiN(G; —{eby,}) forall v>w,.
The proof of Claim 2 is provided in Appendix.

Let I;, be the subset of Iy such that i € I, if and only if there exists
7; € N that satisfies

si€ Rin(G; —A{ey,}) forall v>w,.

Note that if I\ I;;, # &, by the definition of I;,, and Claims 1 and 2, there
exists U,y such that for every v > v, and i € I\ Iy,

si ¢ RinN(G; —{eb 1)

Let Upy = 1if IT'\ I;, = @.
Then, we have two cases.

Case 2-A. [;, = @.

It is clear that the sequence {”},en C R’ defined by & = &, for each

out
v € N satisfies all the properties in the statement of the lemma.
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Case 2-B. [;,, # 2.

For simplicity of notation, we assume without loss of generality that [;,, =
{1,2,--- , M}, where M = |I;,,| <n.

In view of the definition of I;,, there exists 7;, such that for all i € I;,
and v > U,

si € Ri N (Gi —{egu})-

Put 7 = max{V,ut, Vin }

We construct the sequence {¢”}, ey in several steps.

First, for each fixed v > 7, we successively define M vectors €7, -+ e}, €
R’ that satisfy the following two properties for each m € I;,:

(i) sm+€% € Ry \ Ay and ||e%,|| < 1/2™02™ 2 and

(ii) for all i € (I \ L) U{L,--- ,m},
8 0 (G- fend - ooy,

We first define €} as follows.

Suppose first that I\ I;;, # &. Since v > U (> U,y ) and the set G; —{e%,,}
is closed in R for each i € I'\ I, there exists a positive real number 77 such
that

B(si,r]) N (Gi —A{eb s }) =2 forall iel\I,.

Then, since s; € A; \ intg, Aj, there exists €2 € R*\ {0} such that

Y Y |y 1
s1+ef € R\ Ay and || <m1n{2;2,2y4}.9

Since 212||¥|| < r¥, we have
si & RN (G —{ev,} — 203{eY}) forall i€ I\ L. (2)

We need to show that (2) also holds for i = m = 1.

9Recall that for z; € A;, we have x; € A; \intg, A; if and only if B(z;,7) N R; ¢ A; for
any positive real number r.
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Claim 3.
51 ¢ RN (Gy—A{el, ) — 2°{eT}).

The proof of Claim 3 is provided in Appendix.
If I'\ I;;, = @, we may define €% as the vector that satisfies

14 14 1
s1+e] € R\ A and ]| < S
The proof of Claim 3 is not affected by this change.

Let m € I, with m > 2, and suppose that €}, --- e/ | are the vectors
that satisfy properties (i) and (ii) for each ¢ € {1,--- ,;m —1}. We define €%,
as follows.

First, by property (ii) with respect to m — 1, we have, for all i € (I \
L) U{Ll,--- ;m — 1},

s ¢ Ryl (Gi —{h) —mz_l 2%%{55})- (3)

Note that for all ¢ € {1,--- ,m — 1}, by the first part of property (i) and the
convexity of R,, we have s, + A\ej € R, for all A € [0, 1].

By (3), there exists a positive real number 7 such that for all i € (I
L) U{l,--- ,m—1},

m—1
B(sir) N (Gi PN 2qﬂq{s;}) _o.
q=1

Since s, € Ay, \ intg,, Ay, we can choose €/, € Rf so that

. v 1
Sm + 671;2 S Rm \ Am a’nd ‘|€Z7,|| < mln{ 2m;n2m’ 2ml/2m+2 }

Since 2™v*™||ev || < ¥, we have, for all i € (I'\ I;;,) U{1,---,m — 1},

~—

08 R (G (e = So2m) ) “
q=1
We claim that (4) also holds for i = m.

13



Claim 4.

Sm & Ry N <Gm —{ebut = >, 2‘11/2‘1{5;}).
q=1
The proof of Claim 4 is provided in Appendix.

Therefore, we conclude that for each v > 7, there exist M vectors
¥, .-+ &% € R that satisfy properties (i) and (ii) for each m € I,,. Note
that by property (ii) with respect to m = M,

si ¢ RN <Gi —{evut — D 2m1/2m{sﬁn}> for all i€ 1. (5)

mel;,

We now define a sequence {€%,},en C R by

(AVARWAN
X

m

5 1 for v

E. =

m Z om 2m v f
mely, 2 Ve or v

Since
el < S 2l < 2 forall v,
meln v
we have vel, — 0 as v — oo (recall that for all v > 7 and m € I, by the
second part of property (i), we have 2™v?™||e” || < 1/v?).
Finally, define a sequence {€"},eny C R? by

v __ v v
€ = gout_'—gin'

Then, from the definition, we have ve¥ — 0 as v — oo. Moreover, by (5), we
have, for every v > 7 and i € I,

S; ¢ Rz N (Gl - {gV})’
which completes the proof. 0

Let {€"},en be the sequence that satisfies the properties stated in Lemma
1. The next Lemma shows that we may assume that > ,c;w; —ve” € Y e R;
for all sufficiently large v € N as far as the existence of a quasi-equilibrium
matters.

14



Lemma 2. Suppose Assumptions 1 and 2 hold. Suppose that there exists a
sequence {6" },eny C RY such that 6 — 0 as v — oo, and

Zwi—é” §§ZRZ for all v e N.

icl iel

Then, there exists a (-dimensional vector p # 0 such that
p-R >p-w; forall i¢cltO
Therefore, (w,p) € X x RY is a quasi-equilibrium of &.

Proof. Since > ;c;w; € Yic; R by Assumption 1 (c¢), if there exists a se-
quence {6"},en C R’ that satisfies the properties in the statement of the
lemma, we must have Y ,c;w; € bd(X;c; R;). Since Y ,c; R; is convex, by
applying the support theorem (see Florenzano and Le Van 2001, Corollary
2.1.1), we obtain p # 0 such that

p-z2>p-Y w forall zed R

iel i€l
Take arbitrary ¢ € I and x; € R;. Since x; + 3, w; € Yoper Ry, we have
P-ai+D-Yy w>D-wi+D- Yy wj
j#i J#i

and thus,

3|
8
Vv
3|
&

Therefore, we obtain
p-R;>p-w; forall iel,
which completes the proof. 0
We now state and prove the existence of a quasi-equilibrium of £.

Theorem 2. Under Assumptions 1 — 3, there exists a quasi-equilibrium
(T,p) € X x R\ {0} of €.

OBy “p-R; >P-w;,” wemean p-x; > p-w; for all z; € R;.
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Proof. By Assumptions 1 (a), 1 (b), 2 (a) and 3, there exists s = (s;)ies € S
such that s; € (intg, A;)¢ for all i € I.

Then, by Lemma 1, there exist a sequence {€},eny C RY and a natural
number 7; € N such that ve¥ — 0 as v — oo, and for every v > 7; and
iel,

si ¢ BN (G —{"}). (6)

Suppose that the sequence {re"}, ey contains a subsequence {v,£" },en

that satisfies

Zwi — e ¢ ZRZ» for all p € N.
iel el
Then, by Lemma 2, there exists p € R\ {0} such that the element (w,p) €
X x Rf\ {0} constitutes a quasi-equilibrium of £.
Therefore, we may suppose without loss of generality that there exists
75 € N such that for all v > 7,

> w;—ve” €Y R,
el el

By this relation, for each v > 7 = max{7, 7, }, there exists 2" = (z¥);cs €
[L;cr Ri such that > ,c; 27 = > ,crw; — ve”. Note that since R; is compact,
the sequence {z}},>5 C R; is bounded for each i € I.

For each v > 7 and 7 € I, let

’ ( 1) L,
w =|1—-—|w + —x;.
v v

Then, we have w? € R; C X; by the convexity of R;, and
v 1 1 v v
dowi=|1-—| > wit-D> af=> w—e" (7)
i€l V) el Vel i€l

Moreover, w! — w; as v — oo for each i € I. Indeed, since {z¥},>5 is

bounded,

1 1
loi = will < “llwill + i | = 0 as v — c0.

We now define, for each v > 7, an auxiliary economy &£” by

& = (RE, (Xi, Uuwl'j)z‘el)'

7

Note that £ differs from £ only in its initial endowments.
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By the definition, each £” satisfies all the assumptions in Theorem 1. In
particular, each £ satisfies [Weak nonsatiation]. To see this, note first that
for each i € I, by (6) and (7),

S; ¢ Gz — {8”}
= =D Rj+> {w} —{"}

i kel
== R+ {w} (8)
i kel

For each i € I, let
R ={z; € X; : ui(x;) > ui(wi)}.
Then, since w! € R;, we have RY C R;. Therefore, for each i € I,
=2 RIS AW € =R+ 3 {w
j#i kel j#i kel

Finally, by this relation and (8),

s ¢ B (=SB4 T - A
i kel
where AY denotes the individually rational feasible consumption set of con-
sumer ¢ € [ in £,

Therefore, by Theorem 1, each £ (v > 7) admits a quasi-equilibrium
(¥, p") € X x R“\ {0}. In view of Definition 2, we may assume without loss
of generality that p¥ € S(0,1) = {p € R* : ||p|| = 1} for all v > D.

We now obtain a sequence {(z",7")},>7 C X x S(0,1) in which each
term (Z”,p") is a quasi-equilibrium of £”. Since X x S(0,1) is compact, we
may assume without loss of generality that the sequence has a limit point
(z,p) € XxS5(0,1). We prove that (7, p) is a quasi-equilibrium of the original
economy.

We first show that (a-2) of Definition 2 holds. Suppose that for some
1 € I, there exists x; € X; with

ui(w;) > ui(7;) and p-r; <P-w;

Then, since (z,p”) — (7,p) and w! — w; as v — oo, and w; is upper
semicontinuous, we have

ui(z;) > u(7y) and p’-x; <P -wf
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for sufficiently large v. However, this contradicts the fact that (z¥,p") is a
quasi-equilibrium of £”. Thus, (a-2) of Definition 2 holds. It is easy to check
that (z,p) satisfies (a-1) and (b) of Definition 2.

Therefore, we conclude that (Z,p) € X x S(0,1) is a quasi-equilibrium of
the original economy &. 0J

Remark 2. In fact, in the proof of Theorem 2, we can find a quasi-
equilibrium allocation T in the individually rational feasible allocation set
A. To see this, let {(z7,7")},>r C X x S(0,1) be the sequence obtained in
the proof. In view of Remark 1, we may assume that 7 € A" for each v > 7,
where A" denotes the set of all individually rational feasible allocations in
E¥. Note that u;(T¥) > w;(w?) > u;(w;) for each v > 7 and @ € I. Then,
since TV — T; and u; is upper semicontinuous, we have u;(Z;) > u;(w;) for all
1 € I, which implies that 7 € A.

3.2. Existence of competitive equilibrium

There are several known sets of assumptions under which a quasi equilib-
rium is a competitive equilibrium (see, for example, Geistdoerfer-Florenzano
1982). In this paper, we employ the simplest one:

Assumption 4. For allz € I,
(a) w; € int X;, and

(b) w; is continuous on Xj.

We now establish the existence of a competitive equilibrium under As-
sumption 3.

Theorem 3. Under Assumptions 1 — 4, there exists a competitive equilib-

rium (Z,p) € X x R\ {0} of €.

Proof. By Theorem 2, there exists a quasi-equilibrium (Z,p) € X x R*\ {0}
of £. We prove that (Z,p) is a competitive equilibrium of £.

It is clear that (T, p) satisfies (a-1) and (b) of Definition 1. Suppose that
(a-2) of Definition 1 does not hold for some ¢ € I. Then, there exists z; € X;
such that

ui(w;) > ui(7T;) and p-r; =Dp-w;.
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Since p # 0 and w; € int X;, there exists y; € X; such that p-y; < p-w;. Let
x;i(t) = tw; + (1 — t)y; for each t € (0,1). It is clear that for all ¢ € (0, 1),

zi(t) e X; and p-ai(t) <D-w.

Moreover, since u;(x;) > u;(%;) and w; is continuous on X;, we have
wi(x;(t)) > wu;(w;) for ¢ sufficiently close to 1. However, this contradicts
the fact that (Z,p) is a quasi-equilibrium of &.

Therefore, we conclude that (Z,p) € X x R®\ {0} is a competitive equi-
librium of £. 0

4. Alternative assumption

In this section, we introduce an alternative to Assumption 3 and provide
some related results.
Consider the following assumption.

Assumption 5. For each i € I, if S; # &, we have S; N (inty, F;)¢ # .

The symbol intx, F; denotes the interior of F; in the relative topology
on X; that is, for z; € X;, we have x; € inty, F; if and only if there exists
a positive real number r > 0 such that B(z;,r) N X; C F;. Assumption
5 allows 5; to be a subset of the individually feasible consumption set Fj,
provided that S; touches the complement of intx, F; in X;. This assumption
is a generalization of Sato’s (2008) nonsatiation assumption, which asserts
that S; Ninty, F; = & for each ¢ € I.

By replacing A; by F; and R; by X; for all ¢ € I in the statements
and proofs of all the propositions provided in 3.1 (including Theorem 1), we
obtain the existence of a quasi-equilibrium under Assumption 5.

Corollary 1. Under Assumptions 1, 2 and 5, there exists a quasi-
equilibrium (Z,p) € X x R\ {0} of £. 1

Assumptions 3 and 5 do not imply each other in general. Indeed, As-
sumption 5 does not hold in Example 1 in 2.2 (in which s; lies on intx, F}).
In contrast, in Example 2 below, we observe that only Assumption 5 holds.

1Tn this corollary, Assumption 1 (b) can be weakened to the boundedness of F' by the
standard truncation technique.
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Example 2. Consider an exchange economy £ with two commodities and
two consumers. Let X; = {r; € R? : 0 < xy; < 10 and 715 > 0} and
X, = R%. Let w; = (0,10) and wy = (10,0). Consumers’ utility functions
are as follows.

(,j(:) —|10—1312’ if $12§£10
U =
e 5 —au|+5 if 2 =10,

uz(x9) = Tao.

Note that u; is satiated at s; = (5, 10), while us is never satiated on X5 (see
Figure 2).
By the above definitions, it is easy to check that

Alz{xlGXlIO§$11§10and$12:10}:R1

and s; € Ay. Since A, \ intg, A; = @ when A; = R;, Assumption 3 does
not hold. However, since s; € F} \ intx, F7 (note that s; requires the total
amount of the second good in the economy while consumer ¢ € I can consume
more of it), Assumption 5 holds.

However, Assumption 5 implies Assumption 3 if consumers’ utility func-
tions are continuous and not satiated at the initial endowment.

Proposition 1. Suppose that u; is continuous on X; and w; ¢ S; for all
i € I, then Assumption 5 implies Assumption 3. 2

Proof. It suffices to show that for all ¢ € I, if S; N (inty, F;)° # @, then,
S;N(intg, A;)¢ # @. Suppose that S;N(intx, F;)¢ # @ and S;N(intg, A;)° = &
for some i € I. Let s; € S; N (intx, F;)¢. Then, by the supposition, we have
S; € iDtRi A;.

Since s; € intg, A;, there exists a positive real number r; such that

B(Si,T1> N Rl C Az

Moreover, since u; is continuous on X; and wu;(s;) > wu;(w;), there exists a
positive real number r5 such that

B(Si,T2> N Xl C Rz

12Example 1 in 2.2 shows that the converse of the statement is not true.
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Figure 2: Example in which Assumption 5 holds but Assumption 3 does not.

Let 7 = min{ry,ro}. Then, from the above two relations,
B(SZ’,T’) ﬂXl C B(Si,T1> N Rl C Al C E

Therefore, s; € intx, F;, which is a contradiction. O

5. Concluding Remark

As a concluding remark, we compare Assumption 3 with the assumption
introduced by Won and Yannelis (2006).

Won and Yannelis (2006) establish the existence of a competitive equilib-
rium with satiation in more general settings than ours. For example, in their
analysis, consumers’ preferences are allowed to be non-ordered and individu-
ally rational feasible consumption sets do not need to be bounded. Moreover,
their assumption concerning satiation allows each consumer’s satiation area
S; to be a subset of intg, A;, and therefore, does not imply Assumption 3.
These advantages make their results applicable to securities markets with
unlimited short-selling, in which the set A may be unbounded, and to the
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capital asset pricing model (CAPM) without a riskless asset, in which satia-
tion inside intg, A; is likely to occur. '3

Nevertheless, as shown below, our assumption does not imply Won and
Yannelis’s assumption either.

To simplify the arguments, we consider the case in which if S; # @ for
some ¢ € I, it consists of a unique element s; € Xj.

For an allocation x € X, let Iy(z) = {i € [ : z; € S;} and I5(x) =
I\ Iy(xz). For a consumption bundle z; € X;, let Pi(z;) = {y; € X; :
wi(y;) > w;(x;)}. Then, Won and Yannelis’s (2006) assumption reduces to
the following form:

Let x = (x;)ier € A with I(x) # @ and I,s(x) # &. Then, for
each p € R*\ {0} that satisfies p- Pj(z;) > p-z; for all j € I,4(x),
we have p-s; > p-w; for all i € I,(x). 1

Note that since s; is a unique element of 9; if the set is nonempty, we have
x; = s; for i € I(x).
We now provide the following example.

Example 3. Consider an exchange economy £ with two commodities and
three consumers. Let X; = R2 for all ¢ € I = {1,2,3}. Let w; = wy = (2,2)
and ws = (4,4). Consumers’ utility functions are as follows.

ur(z1) = —||(z11, 212) — (8,0)]%,
U (29) = —|| (w1, 222) — (0,8)]?,
uz(r3) = 30 — T31.

Note that s; = (8,0) (# w1) and se = (0,8) (# wq) are the unique satiation
points of consumers 1 and 2, while u3 is never satiated on X3 (see Figure 3).
Note also that u; is continuous on X; for each ¢ € I.

Consider an allocation = (s1, $2,y3) € X, where y3 = (0,0) € X3. It
is clear that x is individually rational feasible. Note that I;(z) = {1,2} and

I, = {3}.

13For satiation in CAPM without a riskless asset, see, for example, Nielsen (1987, 1990)
and Won et al. (2008).
14Won and Yannelis 2006, Assumption S5.
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Figure 3: Example in which Assumption 3 holds but Won and Yannelis’s (2006) assump-
tion does not.

By the definition of uz, we have Ps(y3) = {x3 € X3 : x35 > x31}. There-
fore, for a price p = (—1,1) € R?, we have

p-Ps(ys) >0=p-ys.

However, since p-s; = —8 < 0 = p - w; for consumer 1, Won and Yannelis’s
assumption does not hold.

To prove that Assumption 3 holds, we first observe that Assumption 5
holds. Indeed, we have s; € F} \intx, F} because s; requires the total amount
of the first good in the economy while consumer 1 can consume more of
it. Likewise, we have sy € F} \ inty, F5. Therefore, this economy satisfies
Assumption 5. Then, by Proposition 1, we conclude that Assumption 3
holds.

Appendix
Proof of Claim 2. First, if Y2,c;, (s, — ws) = 0 (that is, €}, = 0 for all

out

v € N), case (b) clearly holds. Thus, in the following, we suppose that
ZhGIbd (Sh - C()h) 7£ 0.

Suppose that the assertion of the lemma is not true. Then, for an arbi-
trarily chosen v € N, there exist v/, " > v such that

s; & RN (Gi — (;)2 > {sn— wh}> (9)

h€lpy
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and
si € RN ( S vaE ,,)2 > {sn —wh}> (10)

Without loss of generality, we may assume that v/ > v/”.
Then, by (10), there exists (z;),2 € H#i R; such that

—ijvLZwk ( 2 Z h—wh (11)

j#i kel he€lpg

Since s; € A; = R; N Gy, there exists (y;);4 € [1;4; R; such that

=Dyt wk. (12)

j#i kel

Then, (V" /V)?x(11)+(1 — (V" /v')?)x(12) yields

ITED IEET D Sl

i kel hElyq
where
Y 2 M 2
2 = <]/> xj+ <1 - (V/> )yj € R; foreach j#i.
Therefore,
sZERﬂ< W )2Z{Sh—Wh}>
he[bd
which contradicts (9). O

Proof of Claim 3. Note first that since s;+¢% € R;\ A; and A; = R1NGy,
we must have s; + &4 ¢ G.

Suppose that the assertion of the claim is not true. Then, there exists
(75);21 € I1;1 R; such that

=D Ty wy— (s —wp) — 2%

7#1 kel hEIbd

Since s; € R1N(Gy —{el,}) (recall that v > 7 > 7,,), there exists (y;);.1 €
[1;..1 R; such that

Zy]—l—Zwk—— Z (sh—wh).

];ﬁl kel helbd

24



Therefore, we have

1
= m ) we— g D (sh—wn) = 21,

J#1 kel h€Tpy

where

1 1
zj = —x; + (1—1/2)%6}%]- for all 7 #1.

2

(13)

Moreover, since s; € A; = Ry N Gy, there exists (t;);41 € [1,.1 R; such

that

—th+2wk.

A kel
Multiplying (14) by (1 — (1/v)?), we have

) R > () L G D

By adding this equation and 0 = —(1/v2) Y jcp.. (whn — wy) to (13),

1
S1+ 1-; S1

7#1 kel helpq
1
_Z<1—2>t]+< )Zwk— Z(wh—wh)
£l v kel V2 T

1

=3 5+ > w - <51+251> - > —sh+f > wh

j#1 kel hEIbd\{l} h€lpg

1 1
S (1—>th— 5 (1—2>th+<1—2>2wk
helput helpa\{1} v V') kel

_Z 2h+ th

helout he[out

g () 2 e (-2

Jj#1 kel h€lout

S [125j+<1—;” wa(l—)Zwk

helg\{1} v kel kel
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Rearranging the equation further, we obtain

2s1+e) == a; +2) wy,

j#1 kel

where for j € I,

1 1
CL]‘:Z]'—I— ;wj—l— 1—; tj

and for j € Iy \ {1},

ERJ'—FR]‘,

1 1
a; = zj + [ﬂsj + (1 — ﬂ)tJ] € Rj +R]

Therefore,
1
s1+¢€] = —Zfajﬁ—Zwk.
A 2 kel
Since (1/2)a; € R; for all j # 1, we have s; + ¢} € Gy, which is a contradic-
tion. O

Proof of Claim 4. Note first that since s, + €%, € R, \ A, and A, =
R,, N G,,, we must have s,, +¢¥ ¢ G,,.
Suppose that there exists (7;);4m € 1., R, such that

m
Sm:_zxj+ZWk_7 D (s —wn) =D 2%l
Jj#Em kel h€lpy q=1
Since s, € Ry, N (G, — {€4,,}), there exists (yj)#m € [1;2m R; such that
Z—Zyj+2wk (sh—wh).
j#Em kel hEIbd
Therefore, we have
1
——sz—i-Zcuk—ﬁZ Sp — wp) 22‘1 (m=1),,2q— Qmsg, (15)
j#m kel h€lyy

where
1 1 .
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Moreover, since s,, € A,, = R, N G, there exists (¢;)zm € jem B

such that
=Y+ w (16)

j#Em kel
Multiplying (16) by (1 — (1/v)?), we have

(-5 2e -2

By adding this equation and 0 = —(1/v2) Y e, (wh — wy) to (15),

1
Sm+ 1—; Sm

- Z Zj + Zwk - 72 Z Sh — u}h Z 2q_(m_1)y2q—2m63

j#m kel helpq g=1
Bl Hpedgee
j#m kel hEIout
1
-5+ Ta- (5 sma)— > =D
j£m kel nefgimy V2 2 hetn
! qg—(m—1), 2¢—2m v 1 1
—22 v Eq—z 1—§th— Z 1_ﬁth
q=1 helous helpg\{m}
1 1
<1—)Zwk— > Swnt 3 > wh
kel helout v V™ helous
1 1
== >+ w - sm+25 — > | Zwnt+ (1= |t
j;ém kel h€lout v v

1 1 m—1
- Z [2Sh + (1 - ﬂ)th] — Z 2‘1_(7”_1)1/2‘1_27”5;

helbd\{m} v =1

bt (1) T

kel kel
:—Zz]+22wk—< sm—i—2€>
jF£Em kel

1 1 1
— Z wh+ 1_72th — Z 7Sh+ l—thh
heTout v heT\ {1 m) LY g
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1 —\m— —m .V 1
B2

he{l,--- ,m—1}
Rearranging the equation further, we obtain

2smten)=—> a;+2> wy, (17)

j#Em kel

where for j € I,
for j € Iy \ {1,--- ,m —1},
and for j € {1,--- ,m — 1},

1 ]_ v 1
aj =z + [VQ (Sj - 2—li=(m=1)]p—=(-m) €j> " <1 - Iﬂ)tj}l

Note that for j € {1,---,m — 1}, since

1

0< == <1

we have
1 e n
i ¥ 5 ml,—G-m & € 14"

Then, by (17),

1
Sm—i‘gl;n:— Z gaj%—Zwk.
j#Em kel
Since (1/2)a; € R; for all j # m, we have s, + ¢/, € G,,, which is a
contradiction. 0J
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