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Abstract

This paper presents axiomatizations of the Shapley and egalitarian values. The
balanced cycle contributions property is the key axiom in this paper. It requires
that, for any order of all the players, the sum of the claims from each player against
his predecessor is balanced with the sum of the claims from each player against
his successor. This property is satisfied not only by the Shapley value but also by
some other values for TU games. Hence, it is a less restrictive requirement than
the balanced contributions property introduced by Myerson (1980; International
Journal of Game Theory 9, 169-182).

JEL classificationC71
Keywords axiomatization; balanced cycle contributions property; Shapley value;
egalitarian value

1 Introduction

An important criterion in allocation problems is fairness. The balanced contributions
property introduced by Myerson (1980) is a widely-used fairness criterion in the co-
operative game theory. This property requires that, for any pairs of players, the claim
from one player against another is balanced with a counter claim from another against
the player. Thus, if a solution satisfies this property, the outcome supported by the so-
lution is fair in that no one has a higher number of claims against another. However, the
property is rather restrictive because, along with efficiency, which is also an important
criterion in allocation problems, the only solution satisfying the property is the Shapley
value.

In this paper, we present a less restrictive property than the balanced contributions
property. Considering a less restrictive and minimal requirement of one described by
the balanced contributions property is relevant for the following two reasons. The first
reason is that the balanced contributions property could be a very demanding property
with regard to considering an application of the spirit of the condition to the real soci-
ety. Since the population of the modern society is very large, balanced clairal for
pairs of two individuals in the society are rarely expected. The other reason is related
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to a solution theory in cooperative game. Except for the Shapley value, there is no effi-
cient solution satisfying the balanced contributions property. Thus, exploring a weaker
condition than the balanced contributions property enriches the solution theory.

In our new less restrictive property, claims between two players cannot be balanced;
however, claims among all players are balanced in a cyclical manner, i.e., for any order
of players, the sum of the claims from each player against his predecessor is balanced
with the sum of the claims from each player against his successor. This weaker bal-
anced contributions property is satisfied by several values for TU games, such as the
Shapley value, the egalitarian value, and the CIS (center of gravity of the imputation
set) value (Driessen and Funaki 1991). Together with other basic axioms, the Shapley
value and the egalitarian value are axiomatized, and these form our main results.

This paper is organized as follows. Section 2 states the notation and definitions are
provided. The less restrictive fairness property is provided in Section 3. Sections 4
and 5 present axiomatizations of the Shapley and egalitarian values, respectively. In
Section 6, our results are generalized to the situations where players are asymmetric.
Section 7 concludes the paper. All the proofs of the propositions and theorems are
relegated in the Appendix.

2 Preliminaries

Let N C N be a finite set oplayers and letv : 2V — R with v()) = 0 be a
characteristic function A pair (N, v) is acooperative game with transferable utility
or simply, agame LetT be a set of all games and IgY| = n, where| - | represents
the cardinality of the set. A non-empty subse€ N is called a coalition, and(.S) is
the worth of the coalition. For simplicity, each singletpt} C N is represented as
when the possibility of confusion does not exist.

A game(N, v) is zero-monotonid, for anyi € N and foranyS C N\i, v(SUi) >
v(S) + v(i). A game(N,v) is superadditivef, for any S, 7 C N with SNT = 0,
v(SUT) > v(S)+v(T). Agame(N,v) is convexf, forany S, T C N,v(SUT) +
v(SNT) > v(S)+ v(T). The sets of all zero-monotonic games, all superadditive
games, and all convex games are denoteBByT'S, andI', respectively. In general,
recrscri,

For any coalitionS, let (N, ug) € I' be theS-unanimity gamelefined by

1 ifsScCT
T) = -
us(T) {0 otherwise

foranyT C N. Itis well known that any(N,v) € T is represented as a linear
combination of unanimity games, i.e.

v = Z A%usg,

SCN;S#0

whereAY = 3", o(—1)18I=1T1y(T) is thedividendof S.

A value onT is a function that associates each gafé&v) € T' with an n-
dimensionalvector: = (z;);cn, which satisfiesy ;. vy z; < v(N). A valuex on
I is efficientif ), #; = v(V). One of the well-known efficient values is t&hap-
ley value¢ = (¢;):cn (Shapley 1953); for anyN,v) € T and for anyi € N, itis

defined as A
¢i(No)= Y 2.

SCN;S>i ‘ |




Let ¢ be a value oi". Thebalanced contributions properijMyerson 1980) is the
following. For any(N,v) € T and for any{s, j} C N,

@i(Na'U) - (pl(N\va) = QOj(N,’U) - ¢j(N\i’U)7

where(N\ j,v) and(N \ 4, v) are restrictions of N, v) on N'\ j and N \ 7, respectively.
Assume that a valug is commonly accepted as a distribution rule in the society, and
that the claim fromi against; is measured by's contribution toj, i.e., c(i,j) =
@;(N,v) — ¢;(N \ 4,v). Then, the balanced contributions property is interpreted as
a condition that claims between any two players are balanced with each other, i.e.,
c(i, j) = (4, 9).

Myerson (1980) showed that the Shapley value is a unique efficient valligaomd
it satisfies the balanced contributions property.

3 Balanced cycle contributions property

Lete(i,j) = c(i,7) — c(4, 1) be theexcess claim fromagainst;. Then, the balanced
contributions property is interpreted as a condition that, for any two individuehsl

j, the excess claim fromagainstj is zero, i.e.g(4, j) = 0. A weaker and minimal re-
guirement for balancedness of claims in a society is that the balancedness of the excess
claims is attained as a whole of the members in a society. One of the possible expres-
sions is that the sum of the excess claims among the society members is zero. That
is, given a coalitionS with |S| = s and an ordefiy, is, .. .,is) on S, the following
condition holds:

S

e(i1,12) + e(ia,i3) + -+ e(is—1,15) + e(is, i1) = Ze(iévié-H) =0, (@)
=1

wherei, ;1 = 41. In fact, this is a weaker requirement than the balancedness of claims
for each pair of individuals because¢ffi, j) = 0 holds for eacH:, j} C N, the above
condition obviously holds. This can be interpreted as the condition that the sum of the
excess claims of all the players is zero, or that the average of the excess claims among
all the players is zero, irrespective of the order of players.

A similarity to the above condition is found in the general equilibrium theory of
standard microeconomics. In this study, the excess demands of the individual eco-
nomic agents are aggregated through the market, and the total excess demand, which
is the sum of the individual demands of the economic agents, becomes zero at market
equilibrium.

An order onS, (i1,12,-..,is), might be determined by some exogenous factors.
Otherwise, both the group and the order might be endogenously determined. This
can be explained by the following example. A playerchooses one of the excess
claims, saye(j1, j2), which maximizes its excess claim. Then, the second player,
also chooses one of its excess claims, &gy, j3), and this process is continued until
some player chooses the claim regarding one of the earlier players. As a result, we
obtain coalitionS = {i1,12,...,4s}, Whose members can be indexed by the above
proceduré. Then, the above condition simply states that after the determination of

1This kind of process that constructs closed cycles among players can be seen as a variation of Gale’s
Top Trading Cycles algorithm that is used in several kinds of allocation problems such as housing markets
(Shapley and Scarf 1974) and school choice problems (Abdull@diemd $nmez 2003).



the coalition and the order, the sum of the excess claims among the members of the
coalition according to the order should be zero.
Sincee(ig,i¢41) = c(ie,ie+1) — c(iet1,%¢), €9.(1) can be reduced to

Z c(ie,ier1) = Z c(iet1,ie)-
=1 =1
Thus, given an ordeftiy, s, . . . , is), the sum of the claims from each player against his

predecessor is balanced with the sum of the claims by each player against his succes-
sor. The left-hand side of the above equation is catlgde contributions with respect
to an order(iy, io, . . ., i5) and the right-hand side is callegicle contributions with re-
spect to the inverse ordeHence, eq.(1) can be observed as the balancedness of cycle
contributions with respect to the order and its inverse order.

Together with the assumption that a claim froagainstj is measured by ; (N, v)—
@, (N \ i,v), we obtain the following axiom:

Group balanced cycle contributions property (GBCC): For any(N,v) € T, any S

with s = |S| > 2, and any ordefi,, iz, . ..,is) ONS,
D (@i (N,0) = @i (N \ig—1,0)) = > (00, (N, 0) = 945, (N \ g1, 0))
=1 =1

whereig = i andis 1 = 4.

The GBCC requires the balancedness of cycle contributions for any group. How-
ever, given the aim to attain only the balancedness of excess claims in a society as a
whole, the balancedness of cycle contributions for only the grand coalition is justified.
Thus, we get the following:

Balanced cycle contributions property (BCC): For any(N,v) € T" and any order
(il,Zé,. .. 72.") onN,

n n

Z (@ie(Nv ’U) - @ie(N \ if—lav)) = Z ((pu(N,U) - @iz(N \ ig+1,’U)) ’

=1 (=1
whereig = i, andi, 11 = 41.

Since the tern}_,_, ¢;, (N, v) is common to both sides, the condition described
in the axiom is reduced to:

D @i (N \ig—1,0) =Y 01, (N \igg1,0),
=1 =1

whereiy = i, andi,.1 = i;. This is a more convenient representation of the BCC.
Hence, we use this representation of BCC hereafter.

Note that, in a two person ganiéi, j},v), the conditions required by the GBCC
and BCC are automatically satisfied because both the left- and right-hand sides of the
equations of the condition ag (i, v) + ¢;(j, v).

It is obvious that the BCC is weaker than the GBCC. The following shows the
equivalence of the two axioms:

Proposition 1. The GBCC and the BCC are equivalent.



It is obvious that any value dn satisfying the balanced contributions property also
satisfies the BCC. Moreover, it is clear that tgalitarian valuey = (¢;);en, which

is defined as, for anyN,v) € T" and anyi € N, ¢;(N,v) = “(N) , also satisfies

the BCC becausE, s, (N \ ie-1,0) = S0 s, (N \ i1, 0) = 35,0y 2250
Since the egalitarian value is efﬂment the BCC is definitely weaker than the balanced
contributions property.

The BCC requires that cycle contributions among all players should be balanced
between any order on the set of all players and its inverse order. Similarly, we can con-
sider the property that cycle contributions among all groups of three (or more) players
should be balanced between any order on the group and its inverse order as follows.

BCC for three players: For any (N,v) € T and for any three player coalition
{i,j,k} S N

Pi(N\E, 0) +9;(N\i,0) +0p(N\j,v) = 0i(N\J,v) +0; (N, 0) +9p (N \é, 0).

Note that in the above property, there is no need to specify the order of the players
1, 7, k because the above condition remains unchanged for any order and its inverse. It
is straightforward that any value dnsatisfying the balanced contributions property
also satisfies the BCC for three players. Thus, the BCC for three players is a weaker
property than the balanced contributions property as well as the BCC is. The relation-
ships between the BCC and the BCC for three players is as follows.

Proposition 2. The BCC and the BCC for three players are equivalent.

Thus, this proposition implies the equivalence of the BCC and the BCC for three
players.

In the above, we consider only groups of three players. In the following, we con-
sider groups of players, where > 4.

BCC for r players: For any(N,v) € T', anyS C N such thaiS| = r and any order
(il,i27. .. ,’ir) ons,

T T

Z (@ie(N’ U) - @ie(N \ Z.Z—lav)) = Z (@U(Nv U) - @’Q(N \ ig+1,1))) )

=1 =1
whereig = i, andi, 1 = i5.

The following proposition indicates that the BCC and the BCC-fplayers, where
r > 4, are almost equivalent.

Proposition 3. Letr > 4. (i) If ¢ satisfies the BCC, it also satisfies the BCC for
players. (i) If ¢ satisfies the BCC for players, it satisfies BCC when there arer
more players.

So, the BCC forr players, where: > 4, is slightly weaker than the BCC. The
difference between Propositions 2 and 3 comes from the fact that while the B&C for
players, where > 4 is silent for a three person game (correctly speaking, a game with
less than or equal to— 1 players), the BCC requires a non-trivial restriction to a game
with three players.



4 Axiomatization of the Shapley value

Along with two other basic axioms, the BCC characterizes the Shapley value. The first
axiom is a very fundamental one.

Efficiency (EF): For any(N,v) € T,
> @i(N,v) = o(N).
1EN

The second property, which was introduced by Derks and Haller (1999), is related
to null players. Anull playerin (N, v) is a playerk € N, satisfyingu(S U k) = v(5)
foranyS C N\ k.

Null player out property (NPO): For any(N,v) € T, if k € N is a null player in
(N,v),thenforanyi € N\ k,

wi(N,v) = p;(N \ k,v).

The NPO requires that a deletion of null players does not affect the payoffs of
other players. Note that, in general, the NPO has no relationship with the gaenkral
player property’ However, along with EF, the NPO implies the null player property.

It is easily verified that the Shapley value satisfies the NPO and EF. We obtain the
following.

Theorem 1. The Shapley value is the unique valuelothat satisfies EF, the BCC,
and NPO.

For the independence of EF, the BCC, and NPO, see Table 1.

Table 1: Independence of the axioms in Theorem 1

Values / Properties EF BCC (forr) NPO
The Banzhaf value (Banzhaf 1965) — + +
The r-value (Tijs 1987 + — +
The egalitarian value + + —

+: satisfies;—: does not satisfy

Since the BCC and BCC for three players are equivalent, we obtain the fact that
the Shapley value is a unique efficient value satisfying the BCC for three players and
NPO as a corollary of Theorem 1. On the other hand, since the BCE fitayers
wherer > 4 is weaker than the BCC, we cannot obtain the axiomatization of the
Shapley value through the BCC foplayers directly from Theorem 1 and Proposition
3. However, the following theorem shows that the Shapley value is axiomatized by EF,
the BCC forr players and NPO.

Theorem 2. Letr > 3. The Shapley value is the unique valuelbthat satisfies EF,
the BCC forr players, and NPO.

2Thenull player propertyrequires that null players obtain nothing.
3Note that ther-value is defined on the class of the quasi-balanced games.



A remark on Theorems 1 and 2 is that it is easy to check that the proofs of Theo-
rems 1 and 2 (see Appendix) are applicable when we consider only restricted classes
of games such as the zero-monotonic games, superadditive games, or convex games.
Thus, Theorems 1 and 2 also hold, even though we reflénehe statement of the
theorems by™™ TS, orI'“, respectively.

5 Axiomatization of the egalitarian value

Replacing NPO with the other property, the egalitarian value is characterized in a sim-
ilar manner.

A proportional playerin (N, v) is a playerk € N, satisfyingv(S U k) — v(S) =
ITIQIU(S) for all non-emptyS C N \ k. Thus, a proportional player is a player whose
marginal contributions to any non-empty coalition is directly proportional to the worth
of the coalition, and it is inversely proportional to the size of the coalition. Similar to
NPO, the following is considered.

Proportional player out property (PPO): For any(N,v) € T, if kK € N is a propor-
tional player in(N, v), then for anyi € N\ k,

0i(N,v) = @;(N \ k,v).

EF and PPO imply that any proportional player obtains an equal division of the
worth of the grand coalition, since if € N is a proportional player iV, v),

pr(N,0) =o(N) = Y @i(N,v) =o(N) = D 9i(N\ k)

iEN\k iEN\K
n—1 v(N)

=vo(N)—v(N\k)=v(N)-—

The egalitarian value satisfies PPO, since if € N is a proportional player in
(N,v),thenforanyi € N\ k,

(N \ k,v) = v(N\F) _ (n — Dv(N) R U(N).

n—1 n n—1 n

Following are the parallel results with Theorems 1 and 2.

Theorem 3. The egalitarian value is the unique value Brthat satisfies EF, the BCC,
and PPO.

For the independence of EF, the BCC, and PPO, see Table 2.

Theorem 4. Letr > 3. The egalitarian value is the unique value Drthat satisfies
EF, the BCC for- players, and PPO.

Unlike the case of the Shapley value, the proofs of Theorem 3 and 4 (see appendix)
are not applicable when we consider only restricted classes of games, such as the zero-
monotonic games, superadditive games, or convex games. These differences come
from the differences between the properties of null players and proportional players.
Given a zero-monotonic, superadditive, or convex game, when we add a player who
is a null player in the null-extended garheéhe extended game is zero-monotonic,

4For the definition of the null-extended game, see the proof of Theorem 1 in the Appendix.



Table 2: Independence of the axioms in Theorem 2

Values / Properties EF BCC (forr) PPO
_{w if IN| = 1 ando(N) > 0

2
1 otherwise

(N.0) {U(N)—U(N\i) ificP

(A= [PPv(N)+3 ;¢ p v(N\J) otherwise * - i

- + +

[N\P|

the Shapley value + + —

P: aset of all proportional players, +: satisfies,does not satisfy

superadditive, or convex, respectively. However, when we add a player who is a pro-
portional player in the proportional-extended gatrtee extended game may not be
zero-monotonic, superadditive, or convex. These are crucial in our proofs.

6 Weighted balanced cycle contributions property

In this section, we consider a hon-symmetric generalization of the analysis in the previ-
ous sections. Leb;(> 0) denote a positive weight for a playgin the set of potential
playerN. Letw = (w;), which is fixed throughout this section. Theweighted
Shapley value™ = (¢});cn forany(N,v) € I and anyi € N is defined by

s = 3
SCN;S3i EJGS wﬂ
Whenw, = w; forall i,j € N, thew-weighted Shapley value coincides with the

Shapley value.
A non-symmetric generalization of the BCC is as follows.

Weighted balanced cycle contributions property (WBCC):For any(N,v) € T and
any order(iy, is, ..., 4 n|) ONN,

|V |V

D wi s, (N \ie—1,0) =Y wi, 04, (N \ gy, 0),
=1 =1

whereig = Z\N\ andi‘N|+1 =1].

Since thew-weighted Shapley value satisfies the weighed balanced contributions
property that requiresy; (¢ (N, v) — 6% (N \ j,v)) = w; (¢ (N, v) — 6% (N \ ,v)),
for each pair of players j € N, it also satisfies the WBCC.

As the following theorem shows, the WBCC with EF and NPO axiomatizes the
w-weighted Shapley value.

Theorem 5. Thew-weighted Shapley value is the unique valud'dhat satisfies EF,
the WBCC, and NPO.

SFor the definition of the proportional-extended game, see the proof of Theorem 3 in the Appendix.



Similar to Theorem 2, tha-weighted Shapley value is also a unique valud'on
satisfying EF, the WBCC for players, and NPO. Moreover, these results also hold for
restricted domains of games suchid$, I'S andI'®.

Thew-weighted egalitarian valug® is defined by

Y —

" (N ,
ZjeN wj )
for eachi € N. Whenw; = w; for all 4,5 € N, thew-weighted egalitarian value
coincides with the egalitarian value.

A w-weighted proportional playein (N, v) is a playerk € N satisfyingv(S U
k)—v(S) = EZ; o v(S) forall S C N\ k with S # (. The following is a weighted
version of PPO.

Weighted proportional player out (WPPO): For any(N,v) € T, if Kk € Nis a
w-weighted proportional player iV, v), then for anyi € N \ k,

@i(N,v) = @i(N \ k,v).
The following theorem holds.

Theorem 6. Thew-weighted egalitarian value is the unique valuelothat satisfies
EF, the WBCC, and WPPO.

7 Concluding remarks

Except the Shapley and egalitarian values, there are several famous values that satisfy
BCC such as the CIS value and the ENSC (egalitarian non-separable contribution)
value (Driessen and Funaki 1991). The CIS value is characterized in a similar manner
as we did in the note, while the ENSC value is not. For the case of the CIS value, we
focus on the playek € N satisfyingv(S U k) — v(S) = ﬁ(v(S) — > iegv(i)) for

all non-empty subset C N \ k. EF, the BCC (or the BCC for players) and the
property that the elimination of the above-mentioned player does not affect the value
of the other players, characterize the CIS value. For the case of the ENSC value, we
can show that there exists no player whose elimination does not affect the value of the
other players.

Between Theorems 1 and 3, the player on which we pay attention is different.
Hence, we cannot generalize our resultstegalitarian Shapley values (Joosten 1996),
which are convex combinations of the egalitarian and Shapley values. If we pay atten-
tion to only null players and focus on the effect of the elimination of a null player in
each value, all values we mention here (including the ENSC value) and all their convex
combinations are characterized.

Acknowledgements: The authors would like to thank Rervan den Brink and Yuk-
ihiko Funaki, who provided us with helpful comments and discussions. The
second author would like to acknowledge the financial support provided by the
Japan Society for the Promotion of Science (JSPS).
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Appendix: Proofs

Proof of Proposition 1.1t is sufficient to show that the BCC implies the GBCC. Sup-
pose thatp satisfies BCC. We will show that satisfies the balancedness of the cycle
contributions for any coalitios’ with the fixed sizes, inductively.

Consider the case for = 3. Whenn = 3, the result is obvious. Hence, we
consider the case where> 4. For any(N,v) € ' withn > 4, let {7, j,k} C N and
a = (ay,as,...,a,) be an order on the séf\ {4, j, k}. Hencei, j, k, a) is an order
onN.

By BCC with respect to an ordét, j, k,a) on N,

@i(N\am, v)+9;(N\i,0)+ 0 (N\Jj, v) +¢a, (N\k,0)+ -+ @q,, (N\am-1,v)
= pi(N\J,v)+¢;(N\Ek,v)+@r(N\a1,v)+@q, (N\az,v)+- - +@q,, (N\1, 11).(2)

By BCC with respect to an ordét, k, j, a),
@i (N \am, v)+or(N\i, 0)+¢;(N\k,v)+pa, (N\J,0)+ -+ @a,,(N\am-1,0)

= @i(N\E, 0)+ k(N \J; 0) +¢;(N\a1,v) +@a, (N\az, ) +- -+ @a,, (N\i, v)-(3)

eq(2) — eq(3) equals
Pi(N\ K, 0) +@(N \ i, 0) + 205N\ J,v) + @a, (N \ £, 0) = @0, (N '\ 5, 0)

=pi(N\J,v) +20;(N\ k,v) + o (N \ i,v) + (N \ a1,v) — goj(N\al,v).(4)

10



Similarly, by BCC with respect to two ordefs, k, i, a) and(j, i, k, a), we obtain

0 (N \4,0) + @i (N \ J,0) + 20i(N \ k, 0) + @a, (N \ 1,0) = @a, (N \ , 0)
= (pj(N\k‘,U)+2<pk(N\i,U)+<pi(N\j,U)—|—(pi(N\CL1,’U) _on(N\alaU)kS)

and by BCC with respect to two orde(k, i, j, a) and(k, 4,4, a), we obtain

or(N\ 4,0) + @i (N \ k,v) + 20;(N \ i,0) + 0o, (N \ 4, 0) = @a, (N \ 3, 0)
= pr(N\i,0) +20;(N \ j,v) + 0 (N \ k,v) + (N \ a1,v) —%(N\alav)-(@

i(ea(4) + eq(5) + eq/(6)) equals
23 (N\E,0)+ @k (N, 0) + @i N\, ) = 5 (N VB, 0) + o (N i, 0) 01 (N ).

Thus, the balancedness of the cycle contributions holds for any coditidth s = 3.
From the above results, we can present the case fow, ..., n — 1, inductively.
Let S = {4,is,...,is}. Adding the two equalities obtained from the GBCC for the
two sets{iy,ia,...,4s—1} and{i1,is_1,is}, and rearranging it results in the equality

of GBCC forS. O

Proof of Proposition 2:Let a valuey satisfy the BCC. Note that both conditions are
trivially satisfied for any game with two players or less. Moreover, for any three players
game, the BCC and the BCC for three players are equivalent. Thus, we consider the
case/N| > 4.

First, we show that the BCC implies the BCC for three players. By Proposition
1, the BCC and the GBCC are equivalent and it is obvious that the GBCC implies the
BCC for three players. Thus, the desired result is obtained.

Next, we show that the BCC for three players implies the BCC. Let a value
satisfy the BCC for three players. For afiy, v) € I" with | V| > 4, consider an order
(i1,42,...,%n)) ONN. By the BCC for three players with respect(tg, iz, i3),

@ir (N \i3,v) + @i, (N \ i1, 0) + 45 (N \ i2,v)
= i, (N \i2,v) + @i, (N \ i3,v) + @i, (N \ i1, v).  (7)

By the BCC for three players with respect(tq, is, i4),

@ir (N \ig,v) + @i (N \ i1, v) + i, (N \ i3, v)
= @il(N\i?nU) +<pi3(N\i4>U) —l—(pu(N\’h,U). (8)

eq(7) + eq(8) equals

@iy (N \ig,0) + @iy (N \ i1, 0) + iy (N \ i2,v) + @i, (N \ i3, 0)
= @i, (N \ i, v) + @i, (N \ d3,0) + @iy (N \ g, v) + 01, (N \ i1, v). (9)

Next, by the BCC for three players with respecttg, i4, i5),

@i (IV \i5,v) + @iy (N \ i1, 0) + @ig (N \ ia,v)
= (Pil(N\i‘lvv) +<pi4(N\i57v)+§0i5(N\i17v)' (10)
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eq(9) + eq(10) equals

@iy (N \ i5,0) 4+ i, (N \ i1,0) + ig (N \ i2,v) + @i, (N \ i3, 0) + @iy (N \ i4,0)
= i, (N \i2,v) + @i, (N \ 3, 0) + @ig (N \ i, 0) + @i, (N \ i5,v) + @iy (N \ i1, v).

Repeating a similar argument with respectig is, i), . - - , (i1, i|n|—1, i|n| ), WE Ob-
tain

Z @ZT(N \ iT‘—la U) = Z Pi,. (N \ iT+1a U)'
r=1 r=1
O

Proof of Proposition 3:First, we show (i). By (i) of Proposition 2, i satisfies the
BCC, it also satisfies the BCC for three players. By the proof of (ii) of Proposition 2, it
is clear that “ifp satisfies the BCC for three players, it satisfies the BCG: folayers
with respect ta- > 4 when there are or more players.” If there are less thaplayers,
it is trivial that  satisfies the BCC for players. Hence, (i) is obtained.

Next, we show (ii). Letr > 4. If ¢ satisfies the BCC for players, and there
are more tham players in a game, let j,k C N anda = (a1, as,...,a,—3) be an
order onS C N\{i,j, k} satisfying|S| = r — 3. Applying BCC forr players with
respect to order§, j, k, a), (i, k, j,a), (4, k,i,a), (4,4, k, a), (k,4,j,a), (k,j,4,a) On
SU{i, j, k}, we have thap satisfies the BCC for three playeis; andk, as shown in
the proof of (i) of Proposition 2. Thus, by (ii) of Proposition 2, it satisfies the BCQ.

Since Proposition 2 means the equivalence of the BCC and the BCC for three play-
ers, Theorem 1 is obtained as a corollary of Theorem 2. However, here we prove both
theorems independently because it enables us to understand how the BCC and the BCC
for r players prove the uniqueness of values.

Proof of Theorem 1We have already shown that the Shapley value satisfies EF, the
BCC and NPO. Hence, it is sufficient to show the uniqueness.

Let ¢ be a value ol satisfying the three properties. We show the uniqueness of
the value by the induction with respect to the number of players.

When|N| =1, by EF,¢;(N,v) = v(i) fori € N.

Assume thatyp is uniquely determined, for any game with less thaplayers. We
show thatp( NV, v) is uniquely determined wheN = {1,2,... n}.

Take any integek € N\ N. Then, the null-extended gant&/’, w) of a game
(N, v) with respect td: is defined as follows:

N =NUF,

and for anyS C N’,
w(S) =v(S\ k).

Clearly, k is a null player in(N’,w) and (N’ \ j,w) for anyj € N. In addition,
(N'\ k,w) = (N,v)and(N'\ {j, k},w) = (N \ j,v) foranyj € N.
Consider an ordefl, k£, 2,...,n) on N'. By the BCC,

1 (N'\ n,w) + (N \ Lw) + - 4+ (N \ (n - 1),w)
=1 (N'\ k,w) + op(N'\ 2,w) + -+ o, (N \ 1,w). (11)
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By EF and NPOyp, (N’ \ 1,w) = ¢i(N'\ 2,w) = 0. By NPO,p;(N'\ j,w) =
wi(N\ j,v) forany{i,j} € N. Therefore, (11) is equal to the following:

Y1(N\n,v) + pa(N,v) + -+ (N \ (n —1),v)
= p1(N,v) + p2(N \ 3,0) + -+ pu (N \ 1,v),

or,

SOI(NaU)_<P2(va) = —(pg(N\?),U)—"-—(pn(N\l,U)
T 1 (N \n,v) +03(N\2,0) + -+ on(N\ (n—1),0).

Let b; be the right-hand side of the above equation. By the induction hypotlhesss,
uniquely determined.

Applying the similar argument to the ordéis 2, &, 3, ..., ,n), (1,2,3,k,4,...,n),
...,and(1,2,...,n — 1,k n), we obtain the followingn — 1) equations:

©1(N,v) = p2(N,v) = b,
p2(N,v) — p3(N,v) = ba,

(Pnfl(N; 'U) - QOn(N,U) = bnflv

By EF,
901(N7U)+802(N,11)+"‘+90n(N71)) :U(N)

Since these equations are linear independeptN, v) is uniquely determined. [

Proof of Theorem 2Let (N,v) € T. Since we know that the Shapley value satisfies
EF, NPO and the BCC for players, we show that the valye satisfying the three
axioms is uniquely determined. In ca9é| = 1, EF impliesv(i) = ;(i,v). Consider
|IN| > 2. In what follows, we show that “if N| > 2 and ¢ satisfies EF, NPO and
BCC forr players, then it must satisfy the balanced contributions property introduced
by Myerson (1980).”

Take any integeks, ks, ..., k—o € N\ N, and letK = {ky,ka,...,kr—2}.
Then, the null-extended ganié’’, w) of a game(V, v) with respect toK is defined
as follows:

N =NUK,

and for anyS C N/,
w(S) =v(S\ K).

Clearly, |[N’| > r and eachk € K is a null player in(N’, w) and its any restriction
(N",w) whereN” C N’ such that: € N’. In addition,(N" \ K, w) = (N,v).
Take anyi, j € N C N’ and consider an ord€f, j, k1, k2, . .., k.—2). By the BCC
for r players,
Pi(N'\ br—a,w) + @5 (N'\ i, w) + @k, (N \ jyw) + -+ + @, (N \ birs, w)

=oi(N'\ j,w) + @;(N"\ k1, w) + @, (N \ k2, w) + - - - + p, _, (N \ i, w).
(12)

By EF ad NPO, eq.(12) equals

(pi(NvU) +Sﬂj(N\i7U) = Soi(N\j7U) +50j(N=U)
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— @Z(va) - sz(N\jvv) = @j(N7v) - SDJ(N\Za'U)
O
Proof of Theorem 3The proof is similar to that of Theorem 1. The difference between

the two proofs is that in the proof of Theorem 3, we consider the proportional-extended
game(N’, w) of a game(V, v) with respect td: € N\ N defined as follows:

N' =NUFE,
and for anyS C N’,
0 if S = {k}
S =
v {|5|—|Sslnk|’0(5\k) otherwise.

Clearly,k is a proportional player iGN/, w) and(N'\ j, w) foranyj € N. In addition,
(N'\ k,w) = (N,v)and(N'\ {j, k},w) = (N \ j,v) foranyj € N.

Assume thap is the egalitarian value, if there are less than or equaHa players.
Consider an ordefl, k,2,...,n) on N'. By BCC, EF, PPO, the induction hypothesis
and the definition of the proportional-extended game, we have

1(N,v) — p2(N,v) = 0.

Applying a similar argument to the orddrs 2, &k, 3,...,n),...,(1,2,...,n—1,k,n),
we havep; (N, v) = pa(N,v) = -+ = ¢,(N,v). By EF, we concludey;(N,v) =
v(N)/nforallie N. O

Proof of Theorem 4We show the uniqueness of the value by the induction with respect
to the number of players.

When|N| =1, by EF,p;(N,v) = v(i) fori € N. Let(N,v) € ', where|N| = n.
Assume that, for any game with less thaplayers,y is the egalitarian value.

Take any integeky, ko, ..., k.—o € N\ N,and letK = {ky,ks,...,k._2}. Then,
the proportional-extended gami&’, w) of a game N, v) with respect td¥ is defined
as follows:

N =NUK,

and for anyS C N’,

5 {0 it 5 C K
W)= M_H%U(S\K) otherwise.

Then, eactk € K is a proportional player iiN’, w) since for anyk € K and any
S C N'\ k,if S C K, thenw(SUk) =w(S) =0, and otherwise,

S|+ 1 5]

w(SUk)—w(S) = SxD)-[(SuRN K|U((5Uk)\K)—7|S| — |SﬁK|U(S\K)
1 1

Similarly, eachk € K is a proportional player in any restricted gafié”, w), where
N C N"andk € N”. In addition,(N' \ K,w) = (N, v).
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Take anyi,j € N C N’, and consider an ordet, j, k1, ks, ..., kr-—2). By the
BCC forr players,

@i(N'\ kr—2,w0) + @i (N \ i, 0) + @r, (N'\ j,w) + -+ pp, (N \ k3, w)

= @i(N'\j,w) + 0 (N \ k1, w) + py (N \ bz w) + -+ + o, (N \ i, w).
Repeatedly applying PP@; (N’ \ k,_2,w) = @;(N,v), p;(N'\ k1,w) = ¢;(N,v),
©i(N"\ j,w) = @i(N \ j,v), andp;(N’ \ i,w) = ¢;(N \ i,v). By EF and
PPO,pi, (N \ j,w) = Ww(N’ \ {4,k1}). Moreover, by repeatedly applying
the definition of proportional player N,l‘_Qw(N' \ {4, k1}) = % Similarly,
Ok, (N"\ kp_1,w) = @ foreachp =2,...,r —2,andpy, (N’ \ kpy1,w) = @

foreachp=1,...,r — 3.
Thus, the above equation can be reduced to

N\j N
AN 0) + o (Vi) WA gy YT
) v(N \ i v(N
=pi(N\j,v) + ¢;(N,v) + (7\) +(r—3) (V)
n—1 n
Moreover, by the induction hypothesis, the above equation is
(Pi(va) = (,Oj(N,U)~
Together with EF, we have the desired result. O

Proofs of Theorems 5 and @he proofs of Theorems 5 and 6 are almost similar to the
proofs of Theorems 1 and 3. O
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