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Yoshio Kamijo† and Shigeo Muto‡
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Abstract

This paper analyzes the farsighted behavior of firms that form a dominant price
leadership cartel. We consider stability concepts such as the farsighted core, the
farsighted stable sets, and the largest consistent set.
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1 Introduction

Stability of collusive behavior has been one of the staple concerns in oligopoly theories.
As reported by Markham (1951) about the American industry in the first half of the
twentieth century, collusion is often realized in the way that firms in a leader position
announce some price and other firms follow it. Since the followers free ride on the
profit-enhancing effort of the leaders and enjoy higher profits than the leaders, it is
traditionally considered to be difficult for the firms to achieve and sustain collusion.
Therefore the purpose of this paper is to revisit this problem from a recent development
of game theoretic notions on farsighted coalitional stability.

D’Aspremont, Jacquemin, Gabszewicz, and Weymark (1983) present a model of a
dominant cartel that faces a competitive fringe, where the cartel acts as a Stackerberg
leader with respect to price-taking fringe firms, and they examine through stability con-
sideration how collusive pricing prevails in the market. In d’Aspremont et al. (1983), a
certain size of the cartel is “stable” if (i) no firm in the existing cartel finds it profitable
to exit from the cartel and (ii) no firm outside the cartel can become better off by enter-
ing the existing cartel. So, the stability consideration by d’Aspremont et al. (1983) has
a traditional problem of “myopia,” which is well expressed by Fisher (1898, p. 126)
in his comment on the Cournot assumption. Moreover, Diamantoudi (2005) argues
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able at http://www.soc.titech.ac.jp/%7Elibrary/discuss/indexe.html), was presented at 2006 Japanese Eco-
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that myopic stability notion of d’Aspremont et al. (1983) is inconsistent with the “far-
sightedness” of firms embedded in price leadership model itself, and reconsiders the
stability of the dominant cartel.1

In this paper, we follow Diamantoudi’s argument and consider farsighted coali-
tional stability. Thus, we allow coalitional moves of players, and this is one of the
different points from Diamantoudi (2005). Moreover, we consider three notions of
farsighted coalitional stability because farsightedness of players can be formulated in
several ways. We first examine the farsighted core, which is presented in Jordan (2006)
on pillage games and Page and Wooders (2005) on network formation games. How-
ever, the farsighted core often exhibit the too-excluding-ness property because some
outcome outside the farsighted core can be excluded due to the domination by the
“unstable” outcome. So we need more elaborate notions of farsighted stability. A far-
sighted stable set that is a von Neumann and Morgenstern (1953) solution according
to the indirect dominance relation and the largest consistent set introduced by Chwe
(1994) are such stability concepts. Due to the theory of social situations of Greenberg
(1990), these two notions are different in the expectation of the deviant players to the
responses of other players: optimistic perspective constitutes the farsighted stable set
and the conservative perspective constitutes the (largest) consistent set. We show that
(i) the farsighted core is either an empty set or a singleton set of the grand cartel, (ii)
any Pareto efficient cartel is itself a farsighted stable set, and (iii) the set of cartels in
which fringe firms enjoy higher profits than the firms in the minimal Pareto efficient
cartel is the largest consistent set.

The rest of this paper is organized as follows: In the next section, we present a price
leadership cartel model. In Section 3, we provide a cartel formation game derived from
the price leadership cartel model, and in Section 4 we provide our stability concepts of
the farsighted core, the farsighted stable set, and the largest consistent set, and charac-
terize them of the price leadership model. Section 5 provides the proof of the theorems.
Section 6 is a conclusion.

2 Price Leadership Cartel

We consider an industry composed ofn (n = 2) identical firms, which produce a
homogeneous output. Ifk firms decide to form a cartel and set a pricep, the remaining
n− k firms constitute a competitive fringe and decide each outputqf (p) by

p = c′(qf (p)),

wherec′ is firm i’s marginal cost, which satisfiesc(0) = 0, c′ > 0, andc′′ > 0.
Let d(p) be a market demand function satisfyingd(p) > 0 andd′ < 0. Members

of a dominant cartel choose the price that maximizes their joint profit, given the supply
decision of a competitive fringe. Since the marginal cost is increasing, the maximiza-
tion of the joint profit is achieved by equal division of their total output. Therefore,
each firm of a cartel behaves as a monopolist with respect to the individual residual
demand function defined asr(p, k) = d(p)−(n−k)qf (p)

k . Thus, the cartel chooses the

1Diamantoudi (2005) uses the notion of farsighted stability and shows that there exists a unique set of
stable cartels. However, she does not reveal the shape and characteristic of stable cartels. This is because her
existence and uniqueness theorem relies on the theorem of von Neumann and Morgenstern (1953). Nakanishi
and Kamijo (2008) prove the same statements using constructive approach and characterize the stable cartels
using some algorithms.
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price that maximizes the profit:

πc = r(p, k) p− c (r(p, k)) . (1)

According to the price as a solution of the above maximization problem, the profits of
a cartel firm and a fringe firm are obtained for each cartel sizek (k = 1, . . . , n) and are
denoted byπ∗c (k) andπ∗f (k), respectively. If there is no cartel (i.e.,k = 0), then it is
assumed that the market structure is competitive. Therefore,π∗f (0) is defined by a profit
of a fringe firm for a competitive pricepcomp, which satisfiesd(pcomp) = nqf (pcomp).
The conditions on the demand and cost functions guaranteeπ∗f (0) > 0.

In this setting, the following holds.

Proposition 1 (d’Aspremont et al. 1983). The following properties about the profits of
a cartel firm and a fringe firm hold:

(i) π∗c (k) is an increasing function ink. —[the size monotonicity ofπ∗
c ]

(ii) π∗f (k) > π∗c (k) for eachk = 1, . . . , n− 1.

The first property says that the profit of each cartel firm increases as the cartel size
increases. The second property of Proposition 1 says that the profit of a cartel member
is less than the profit of an associated fringe members.

The next proposition shows that cartel and fringe firms prefer a situation with a
dominant cartel of any size to one without it.

Proposition 2. The followings hold:

(i) π∗c (k) > π∗f (0) for k = 1, . . . , n. —[the cartel desirability for π∗
c ]

(ii) π∗f (k) > π∗f (0) for k = 1, . . . , n− 1. —[the cartel desirability for π∗
f ].

Proof. Suppose that there exists a sizek cartel. If the cartel chooses pricep = pcomp,
then they can gainπ∗f (0), the profit at a competitive equilibrium. Since cartel members
set a price to maximize their profit, their maximized profit must be equal to or greater
thanπ∗f (0). So it suffices to show the strict inequality in the case ofk = 1. The first
order condition for maximizing (1) yields

d(p)− (n− 1)qf (p) + (p− c′)(d′ − (n− 1)q′f ) = 0.

Whenp = pcomp, r(p, 1) = qf (p) and sop = c′(r(p, 1)). Thus, we haved(pcomp) −
(n− 1)qf (pcomp) = qf (pcomp) = 0. This meansπ∗f (0) = 0; this is contradiction.

The second statement of this proposition follows from (i) and Proposition 1-(ii).

In the following sections, we consider only the four properties described in Propo-
sitions 1 and 2, instead of considering howπ∗c andπ∗f are determined. So, a scope of
our discussion is any kind of coalition formation satisfying these conditions. These
conditions are quite general, but are different from Thoron (1998) who analyzes cartel
formation in general setting. The size monotonicity ofπ∗c and the cartel desirability for
π∗c are more demanding conditions than her requirement of an oligopoly game being
essential. Proposition 1-(ii), the free riding of fringe firms, is almost equivalent to her
conditionA2. Her conditionA1 that is the size monotonicity ofπ∗f is not required in
our model.
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3 Cartel formation game

We describe a problem of cartel formation as the following normal form game. Let
N = {1, . . . , n} be a set of players (firms). Each firmi faces a binary choice problem
of joining or not joining a cartel in formation of a cartel. Thus, its action is either
xi = 1 (joining a cartel) orxi = 0 (not joining a cartel), wherexi ∈ Xi = {0, 1}.
Thus,x = (xi)i∈N ∈ X = ×i∈NXi is a strategy profile of firms and at the same
time it represents a cartel specified by firms’ decision. We often see eachx as an
outcome of the cartel formation game. The set of members in cartelx is denoted by
C(x) = {i ∈ N : xi = 1} and its size is denoted by|x| = |C(x)| =

∑
i∈N xi for

convenience. The set of fringe firms is denoted byF (x) = N \C(x). Givenx, y ∈ X,
x ∧ y denotes a cartelz such thatzi = min{xi, yi} for i = 1, . . . , n. We can easily
verify thatC(x ∧ y) = C(x) ∩ C(y).

For eachi ∈ N , the payoff functionui : X → R is defined by

ui(x) =
{

π∗c (|x|) if xi = 1,
π∗f (|x|) if xi = 0.

Thus, the payoff of a firm depends only on the size of the current cartel and whether it
belongs to the cartel or not.

A cartel formation game is described byGcf = (N, (Xi)i∈N , (ui)i∈N ).
In the rest of this section, we explain additional notations used in this paper. For a

coalitionS ⊆ N , we writex ÂS y if ui(x) > ui(y) holds for anyi ∈ S. Let xc ∈ X
andxf ∈ X denote(1, . . . , 1) and(0, . . . , 0), respectively. That is,xc represents the
grand cartel andxf represents a competitive situation. Letx ∈ X andy ∈ X be
two distinct cartels. We say that a cartelx Pareto dominatesy, and denotexPy if
ui(x) = ui(y) holds for all i ∈ N and strict inequality holds for somej ∈ N . If
x is not Pareto dominated by any other cartel, thex is called aPareto efficientcartel.
The set of all the Pareto efficient cartels is denoted byXP ⊆ X. Since the grand
cartelxc = (1, . . . , 1) is Pareto efficient by the size monotonicity ofπ∗c and the cartel
desirability ofπ∗c , XP is not empty. On the other hand, sincexcPxf by the cartel
desirability ofπ∗c , xf /∈ XP . Next we say thatx ∈ X is individually rational if for all
i ∈ N , ui(x) = vi := miny−i maxyi ui(y). In our model, from Propositions 1 and 2,
vi = π∗c (1). Thus, the set of individually rational cartels,XI , is XI = X \ {xf}.

4 Farsighted coalitional stability

In this section, we consider which cartels are stable in the cartel formation game defined
in the previous section, taking into account the farsightedness of players (firms). To
analyse the stable outcome, we first define the inducement relations. The inducement
relations{→S}S⊆N specify what firms can do in a formation of a cartel.x →S y
means that coalitionS can change a cartel from an initial cartelx to anothery. Under
the free entry and exit assumption, we havex →S y if and only if xi = yi holds for
any i ∈ N \ S. Note thatx →S y means neither that coalitionS can enforcey no
matter what any other firm does nor thatS must movey from x wheneverx is a status
quo.

The situation we assume is described as the one considered Chwe (1994). At any
given time, there is a status quo cartel, sayx, which can be changed to another cartely
if the firms ofS decide to changex to y andx →S y, and from this new status quoy,
other coalitions might move, and so forth. The moves by some coalition are observed
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by all the players and they know what the status quo is. If a status quo cartelz is
reached and no coalition decides to move fromz, thenz is called a “stable” outcome
and the game is over; then the firms receive their payoff fromz.

Next we explain the dominance relations overX. A cartelx is directly dominated
by y via coalitionS if x →S y andy ÂS x. If there is someS such thatx is directly
dominated byy via S, we writey > x. The logic behind the core, the set of cartels that
are not dominated by any other cartel, is that if coalitionS can change a cartel fromx
to y and all the members inS prefery to x, thenx is not stable; ifx is not dominated by
any other cartel, it is stable. The stability notion established in the core is based on the
presumption of individuals with myopic perspective when they contemplate to move or
not because they do not anticipate other coalition’s reaction against their move. If they
fully take into account the further deviation of other coalitions subsequent to their own
deviation, they may find that they would become better off in the final outcome that is
realized after reactions of the other coalitions.

A dominance relation that is extended to describe such kinds of anticipation is
indirected dominance relation considered in Chwe (1994) that captures the ability for
each firm to foresee the final outcome which is induced by the firms’ current move.2

Definition 1. A cartelx is indirectly dominatedbyy and we writey À x if there exist
a finite sequence of cartelsx0, x1, . . . , xm with x0 = x andxm = y and a sequence
of coalitionsS1, . . . , Sm such that for eachi (= 1, . . . , m),

(i) xi−1 →Si xi, and

(ii) y = xm ÂSi xi−1.

Thus, the indirect dominance relations allow coalitions to look arbitrary many steps
ahead. In contrast, the direct dominance relations, by settingm = 1 in the above
definition, entails that coalitions look only at the next step.

One remark on the indirect dominance is that the agreements on the deviation by
firms are not binding, and they always consider a further deviation of the other firms.

With indirect dominance relations, the idea of the core is extended to the farsighted
one, which is considered by Jordan (2006) on pillage games and by Page and Wooders
(2005) on network formation games.

Definition 2. A setC ⊆ X is called a farsighted coreif x ∈ C is not indirectly
dominated by any other cartely ∈ X.

The farsighted core is the set of cartels that are not indirectly dominated by any
other cartel. So, cartels in the farsighted core are stable in a sense that once a cartel
in the farsighted core is realized, then further deviation cannot occur even though in-
dividuals consider a chain of responses of the other individuals caused by their first
deviation. By its definition, the farsighted core is the subset of the core which is the set
of the cartels that are not directly dominated by any other cartels.

The farsighted core of the price leadership model is characterized as follows.

Theorem 1. If there is no cartelx ∈ X such thatπ∗f (|x|) > π∗c (n), the farsighted core
is {xc}. Otherwise, the farsighted core is empty.

2Harsanyi (1974) first consider the indirect domination in order to repair the inconsistency in the defini-
tion of the stable set in a characteristic function form game. However, his definition is slightly different from
one considered by Chwe (1994).
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Thus, in some situation, the farsighted core does not give any prediction. This may
support the following argument on the too-excluding-ness of the farsighted core. The
farsighted core can be too excluding because some element outside the farsighted core
could be indirectly dominated by a cartel outside the farsighted core. This means that
some cartel may be considered to be “unstable” because it is indirectly dominated by
another “unstable” cartel. In this meaning, players presumed in the farsighted core do
not take care the “stableness” of their prospective outcome when they decide to move.

A stability concept that reflects such kind of farsightedness of players is a farsighted
stable set, which is a stable set or von Neumann and Morgenstern (1953) solution
according to the indirect dominance relations.

Definition 3. A subsetK of X is called afarsighted stable set (FSS)if the following
conditions hold:

(i) For anyx ∈ K, there does not existy ∈ K such thaty À x (internal stability of
K).

(ii) For any z ∈ X \K, there existsx ∈ K such thatx À z (external stability ofK).

The internal stability implies that between any two outcomes in the farsighted stable
set, there is no group of players whose members all prefer one to others and achieve
preferred outcome. External stability implies that for any outcome outside the set, there
is a group of players whose members have a commonly preferred outcome in the set
and can realize it through the chain of deviation starting with their own deviation.

A farsighted stable set presumes the following standard of behaviors of individuals.
Suppose that outcomes in setK is commonly considered to be “stable” and outcomes
outsideK to be “unstable” by all the individuals. Then, once an outcomex in K is
reached, any deviation fromx never occurs because there exists no stable outcome that
indirectly dominatesx, and if in time an outcomey outsideK is reached, there exists
stable outcomex ∈ K that indirectly dominatesy.

The next theorem states that any Pareto efficient cartel constitutes a farsighted sta-
ble set.

Theorem 2. For anyx ∈ XP , {x} is an FSS.

Moreover, next theorem shows that there is no farsighted stable set other than the
ones defined in Theorem 2.

Theorem 3. There exists no FSS other than that given in Theorem 2.

From Lemma 1 (see Section 4),x ∈ X \ {xc} is Pareto efficient if and only if the
fringe firms inx enjoys more profit than the profit of the cartel firm inxc. Thus, from
Theorems 1, 2, and 3, if{xc} is the farsighted core, it is also the unique farsighted
stable set.

Similar farsighted stability concept is a consistent set. A consistent setL offers a
consistent treatment to judging whether some outcome is stable or not and is defined
by the condition on a set of outcomes not the condition on an individual outcome. A
consistent setL is such that for any one step deviation byS from a “stable” outcomex
in L to anothery, there exists a “stable” outcomez in L that deters the deviation ofS;
z is equal toy or it indirectly dominatesy, and at least one player inS can not better
off in z.

Definition 4. The setL ⊆ X is consistentif x ∈ L if and only if for anyS, y with
x →S y, there existsz ∈ L with z = y or z À y such thatz 6ÂS x.
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Farsighted stable sets can be re-defined by similar consistent story on the stability
of a set of outcomes. A setK is a farsighted stable set ifx ∈ K if and only if for any
S, y with x →S y, and for anyz ∈ K with z = y or z À y, z 6ÂS x. So, the difference
in the two notions is two polar type of expectations to the other players’ reaction by
the deviant players. In consistent sets, players who are contemplating deviation refrain
from deviant move when they find that they are not better off in “one” of the possible
outcomes after their deviation; in this sense, players have a pessimistic or conservative
perspective. On the other side, in FSSs, players considering deviation refrain from
deviation when they find that they are not better off in “all” of the possible outcomes
after their deviation; in this sense, players have an optimistic perspective. In fact, these
two notions correspond to two polar kinds of stable standard of behavior, an optimistic
stable standard of behavior and a conservative stable standard of behavior, in the theory
of social situations of Greenberg (1990). For a detailed discussion, see Chwe (1994)
and Section 3 of Suzuki and Muto (2005).

As well as farsighted stable sets, a uniqueness problem may arise when we apply
consistent set. However, it has a nice property that the union of all the consistent sets
is also consistent, and thus, thelargest consistent set (LCS)is uniquely determined
(Proposition 1 of Chwe, 1994). Moreover, the nonemptiness of the LCS for the finite
case is guaranteed (Proposition 2 of Chwe, 1994). For other condition of non-emptiness
of the LCS, see Xue (1997). Unfortunately, our price leadership mode does not satisfy
these conditions. However, as in the next theorem, we show that the LCS is non-empty
and is characterized by the set of cartels wherein the fringe firms enjoy more profit than
that of the cartel firm in the minimal Pareto efficient cartel.

Let k∗ be a minimal size of cartels that are Pareto efficient. Thus,k∗ = min{|x| :
x ∈ XP }.
Theorem 4. The LCS for the price leadership model is

L∗ = {x ∈ X : π∗f (|x|) = π∗c (k∗)} ∪ {xc}.

SinceXP = {x ∈ X \ {xc} : π∗f (|x|) > π∗(n)} ∪ {xc} from Lemma 1, this
theorem implies thatXP ⊆ L∗. Moreover, by the cartel desirability forπ∗c , xf is not
included inL∗. Thus,L∗ ⊆ XI . Consequently, we haveXP ⊆ L∗ ⊆ XI .

The farsighted coalitional stability considered in this paper can be applied for any
any normal form game. Thus, the comparison of our results with other type of games is
useful. Suzuki and Muto (2005) analyse the farsighted coalitional stability inn person
prisoners’ dilemma gameGpd = (N, (Xi)i∈N , (ui)i∈N ), whereN = {1, ..., n}, Xi =
{0, 1} andui : X → R is such thatui(x) = f(|x|) if xi = 1 andui(x) = g(|x|) if
xi = 0 wheref : {1, . . . , n} → R andg : {0, . . . , n− 1} → R satisfy the following:

(p1)g(k − 1) > f(k) for all k = 1, .., n;

(p2)f(n) > g(0);

(p3)f(k) is increasing ink;

(p4)g(k) is increasing ink.

In this setting, they show that a Pareto efficient and individual rational outcome is
a farsighted stable set inn person prisoners’ dilemma game and except for degenerate
cases, there does not exist other type of farsighted stable sets. Moreover, they show
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that under some conditions, the largest consistent set is the set of all the individually
rational outcomes, which means that the largest consistent set includes the Pareto inef-
ficient outcomes. In this sense, these results are similar to our Theorem 2 and 4. On
the other hand, the largest consistent set in our model can be the strict subset ofXI .
This difference between the price leadership model andn person prisoners’ dilemma
comes from the cartel desirability in our model, which leads to the too large set of indi-
vidually rational outcomes. The farsighed core is always empty in the case ofn person
prisoners’ dilemma game, in contrast to our Theorem 1, which implies that only the
grand cartel can be in the farsighed core under some condition. This is because the
condition (p1) in then person prisoners’ dilemma is weaken to Proposition 1-(ii) in the
price leadership model.

5 Proofs of the theorems

We first present the following lemma that chatecterize the set of the Pareto efficient
cartels.

Lemma 1. The following three statements onx 6= xc are equivalent:

(a) x ∈ XP .

(b) π∗f (|x|) > π∗c (n).

(c) x À xc.

Proof. (a)→ (b). Suppose thatx ∈ XP , x 6= xc butπ∗f (|x|) 5 π∗c (n). Thenxc Pareto
dominatesx by the size monotonicity ofπ∗c and this contradictsx ∈ XP .

(b) → (a). Suppose thatx satisfiesπ∗f (|x|) > π∗c (n) and that there existsy ∈ X
such thatyPx. For i ∈ F (x), yi must be ‘0’ sinceui(x) = π∗f (|x|) > π∗c (n) =
π∗c (|y|), where the last inequality follows from the size monotonicity ofπ∗c . Thus,
C(x) ) C(y). Moreover,C(y) 6= ∅ because of the cartel desirability forπ∗c . So,
there existsi ∈ C(y) ( C(x). For thisi, the size monotonicity ofπ∗c impliesui(y) =
π∗c (|y|) < π∗c (|x|) = ui(x). This contradictsyPx.

(a)→ (c). Supposex ∈ XP \ {xc}. Then, by (a)→ (b) of this lemma,ui(x) >
ui(xc) for anyi ∈ F (x). Thus,x directly dominatesxc via members inF (x) simulta-
neously exiting the cartel.

(c)→ (a). If x À xc holds, then there exists the first deviant coalitionS from xc

to the final outcomex. Hence,x ÂS xc holds. Leti ∈ S. Then,xi = 0 because there
is no cartel better for a cartel firm thanxc. The fact thatui(x) > ui(xc) implies that
π∗f (|x|) > π∗c (n). Thus,x is Pareto efficient by (b)→ (a) of this lemma.

The following lemma gives a sufficient condition on the indirect dominance rela-
tions.

Lemma 2. For any two distinct cartelsx, y ∈ X with x 6= xc andy 6= xf , x À y if
π∗f (|x|) > π∗c (|y|).

Proof. Take anyx, y ∈ X,x 6= y, x 6= xc, y 6= xf such thatπ∗f (|x|) > π∗c (|y|). We
show thatx À y by constructing a sequence of moves that is starting withy and ending
with x, where every acting coalition prefersx to the status quo. We separete the three
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cases according to the inclusion relation betweenC(x) andC(y): (i) C(y)\C(x) = ∅,
(ii) ∅ 6= C(y) \ C(x) ( C(y), and (iii) C(y) \ C(x) = C(y).
(i). C(y) is included inC(x). Thus,|x| > |y| holds. Consider the following sequence
of two step move:

y →C(y) xf →C(x) x.

By the size monotonicity ofπ∗c and the cartel desirability ofπ∗c , for i ∈ C(y), ui(y) =
π∗c (|y|) < π∗c (|x|) = ui(x), and fori ∈ C(x), ui(xf ) = π∗f (0) < π∗c (|x|) = ui(x).
Thus,x À y holds through the above dominance path.
(ii). WhenC(x) ⊂ C(y), a simple one step deviationy →C(y)\C(x) x constitutes a
dominant path becausei ∈ C(y) \C(x) preferui(x) = π∗f (|x|) to ui(y) = π∗c (|y|) by
the presumption of this lemma. WhenC(x) 6⊂ C(y), consider the following sequence
of three step move:

y →C(y)\C(x) x ∧ y →C(x∧y) xf →C(x) x.

In the first step of deviation,i ∈ C(y) \ C(x) prefersx to y becausei is in the fringe
position ofx andπ∗f (|x|) > π∗c (|y|). In the second step, fori ∈ C(x∧ y), ui(x∧ y) =
π∗c (|x ∧ y|) < π∗c (|x|) = ui(x) holds because|x ∧ y| < |x| andπ∗c satisfies size-
monotonicity. The third step follows from the cartel desirability ofπ∗c .
(iii). C(x) andC(y) has an empty intersection. Consider the following two step devi-
ation: y →C(y) xf →C(x) x. The incentives of the firms in each step are satisfied by
the similar argument to cases (i) and (ii).

Proof of Theorem 1. We first show thatxc ∈ XP indirectly dominates any other
cartely ∈ X \ {xc} by the following dominance sequence:y →C(y) xf →N xc.
The incentive conditions hold because in the first stepπ∗c (|y|) < π∗c (n) by the size
monotonicity ofπ∗c and in the second stepπ∗f (0) < π∗c (n) by the cartel desirability
for π∗c . So, the farsighted core is either{xc} or an empty set. Suppose thatπ∗f (|x|) ≤
π∗c (n) holds for anyx ∈ X \ {xc}. Then, by Lemma 1, there is nox such that
x indirectly dominatesxc. Thus, the farsighted core is{xc}. On the other hand, if
π∗f (|x|) > π∗c (n) for somex ∈ X, by Lemma 1, thisx indirectly dominatesxc. Thus,
the farsighted core is empty.

Proof of Theorem 2. Since{x} consists of one point, we only consider the external
stability. To showx ∈ XP \ {xc} indirectly dominates any other cartel is immediate
consequence from Lemmas 1 and 2. We know from Lemma 1 thatx ∈ XP \ {xc}
satisfiesπ∗f (|x|) > π∗c (n) = π∗c (|y|) for anyy ∈ X \ {xf}, and from Lemma 2 that
x À y holds if π∗f (|x|) > π∗c (|y|) holds; thus thisx indirectly dominates anyy 6= xf .
Wheny = xf , x dominatesy by a simple dominance pathxf →C(x) x because all the
firms inx preferx to xf by the cartel desirability ofπ∗c .

On the other hand,xc ∈ XP also indirectly dominates any other cartely ∈ X\{xc}
as shown in the proof of Theorem 1.

Proof of Theorem 3. Take any farsighted stable setK that is different from the set given
in Theorem 2. Then,K does not contain any outcome that belongs toXP since, as
shown in Theorem 2, such a cartel indirectly dominates all the others and this contra-
dicts the internal stability ofK. So, if x ∈ K, thenx /∈ XP . ThusK ∩XP = ∅ and
this implies that by Lemma 1 there exists nox ∈ K such thatx À xc. Sincexc ∈ XP

and thusxc /∈ K, the external stability ofK does not hold.
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Proof of Theorem 4. We first cite the following proposition of Chwe (1994).

Proposition 3 (Chwe, 1994). If K ⊆ X is an FSS,K is a subset of the LCS.

Then, Theorem 2 together with Proposition 3 impliesXP ⊆ LCS. The proof
proceeds with first showing an element inX \ L∗ does not belong toLCS, and then
showing that the set described in the theorem is actually a consistent set.

Take anyx ∈ X with π∗f (|x|) < π∗c (k∗). Consider a deviation fromx to xc by
F (x), thus,x →F (x) xc. For anyy ∈ LCS satisfyingy À xc or y = xc, thisy must
belong toXP by Lemma 1. Thus, by Lemma 1 and the size monotonicity ofπ∗c ,

π∗f (|y|) > π∗c (n) ≥ π∗c (k∗) > π∗f (|x|).

This impliesy ÂF (x) x. This means thatx does not belong toLCS.
Next, we show thatL∗ is a consistent set.

[if part] We will show that for allx /∈ L∗, there existy ∈ X andS ⊆ N with x →S y
such that for allz ∈ L∗ with [z = y or z À y] andz ÂS y. Take anyx /∈ L∗. Again,
consider a deviation fromx to xc by F (x). Then, for anyy that indirectly dominates
xc, all the firms inF (x) prefersy to x. Thus, we have the desired result.
[only if part] We will show that for allx ∈ L∗, all y ∈ X and allS ⊆ N such
that x →S y, there existsz ∈ L∗ such that[z = y or z À y] andz 6ÂS y. Take
any x ∈ L∗ and anyS, y such thatx →S y. If S ∩ F (x) is not empty, there exists
i ∈ S ∩ F (x). By Theorem 2, any element inXP indirectly dominates any other
cartel. Thus,z ∈ XP ⊆ L∗ with |z| = k∗ andi ∈ C(z) also indirectly dominatesx.
By definition ofL∗, ui(x) = π∗f (|x|) = π∗c (k∗) = π∗c (|z|) = ui(z). So,z ÂS x does
not hold. On the other hand, ifS ∩ F (x) is empty,C(y) ⊂ C(x) and, thus,|y| < |x|.
By the size monotonicity ofπ∗c and Proposition 1-(ii), we have

π∗f (|x|) > π∗c (|x|) > π∗c (|y|),

and by Lemma 2,x À y holds. However,x ÂS x does not hold.
Thus,L∗ is consistent and it is largest because addition of any outcome outsideL∗

breaks the consistency ofL∗.

6 Conclusion

In this paper, we analyzed the stability of a dominant cartel of the price leadership
model introduced by d’Aspremont et al. (1983). The stability concepts adopted in this
study are the farsighted core, the farsighted stable set, and the largest consistent set.

We found the complete shapes of farsighted stable sets, the largest consistent set,
and the farisighted core. Our results imply the possibility of cooperation in the dilemma
situation and shed some light on dissolution of the dilemma, which has been widely
studied by non-cooperative approach and equilibrium concept. In addition, our discus-
sions have policy implications on a market structure because our theorems show that
there is the possibility of firms forming a large cartel even if the decision problem of
the firms joining or not joining a cartel is in a dilemma situation. These implications
are in contrast to the results of Selten (1973) and Prokop (1999) who analyze cartel for-
mation in non-cooperative way and show that firms encounter some difficulty to form
a large cartel.

10



Acknowledgments

The authors thank Noritsugu Nakanishi for his helpful comments and suggestions at
2006 Japanese Economic Association Autumn Meeting. Thanks are continued to Yuk-
ihiko Funaki, Kazuharu Kiyono, and Koichi Suga for their helpful suggestions.

References

Chwe, M. S.-Y. (1994) “Farsighted coalitional stability”,Journal of Economic Theory,
Vol. 63, pp. 299–325.

d’Aspremont, C., A. Jacquemin, J. J. Gabszewicz, and J. A. Weymark (1983) “On the
stability of collusive price leadership”,Canadian Journal of Economics, Vol. 16,
pp. 17–25.

Diamantoudi, E. (2005) “Stable cartels revisited”,Economic Theory, Vol. 26, pp. 907–
921.

Fisher, I. (1898) “Cournot and mathematical economics”,Quarterly Journal of Eco-
nomics, Vol. 12, pp. 119–138.

Greenberg, J. (1990)The theory of social situations: An alternative game-theoretic
approach, Cambridge University Press.

Harsanyi, J. C. (1974) “Interpretation of stable sets and a proposed alternative defini-
tion”, Management Science, Vol. 20, pp. 1472–1495.

Jordan, J. (2006) “Pillage and property”,Journal of Economic Theory, Vol. 131,
pp. 26–44.

Markham, J. W. (1951) “The nature and significance of price leadership”,American
Economic Review, Vol. 41, pp. 891–905.

Nakanishi, N., and Y. Kamijo (2008) “A constructive proof of existence and a char-
acterization of the farsighted stable set in a price-leadership cartel model under the
optimal pricing”, Discussion Paper 0722 Kobe University.

Page, F. H., and M. H. Wooders (2005) “Strategic basins of attraction, the farsighted
core, and network formation games”, Discussion paper Department of Economics,
Vanderbilt University.

Prokop, J. (1999) “Process of dominant-cartel formation”,International Journal of
Industrial Organization, Vol. 17, pp. 241–257.

Selten, R. (1973) “A simple model of imperfect competition, where 4 are few and 6 are
many”, International Journal of Game Theory, Vol. 2, pp. 141–201.

Suzuki, A., and S. Muto (2005) “Farsighted stability in an n-person prisoner’s
dilemma”,International Journal of Game Theory, Vol. 33, pp. 441–445.

Thoron, S. (1998) “Formation of a coalition-proof stable cartel”,Canadian Journal of
Economics, Vol. 31, pp. 63–76.

von Neumann, J., and O. Morgenstern (1953)Theory of games and economic behavior,
Princeton University Press third edn.

11



Xue, L. (1997) “Nonemptiness of the largest consistent set”,Journal of Economic The-
ory, Vol. 73, pp. 453–459.

12


	GCOE_WP
	jer03.pdf

