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Abstract

This paper analyzes the farsighted behavior of firms that form a dominant price
leadership cartel. We consider stability concepts such as the farsighted core, the
farsighted stable sets, and the largest consistent set.
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1 Introduction

Stability of collusive behavior has been one of the staple concerns in oligopoly theories.
As reported by Markham (1951) about the American industry in the first half of the
twentieth century, collusion is often realized in the way that firms in a leader position
announce some price and other firms follow it. Since the followers free ride on the
profit-enhancing effort of the leaders and enjoy higher profits than the leaders, it is
traditionally considered to be difficult for the firms to achieve and sustain collusion.
Therefore the purpose of this paper is to revisit this problem from a recent development
of game theoretic notions on farsighted coalitional stability.

D’Aspremont, Jacquemin, Gabszewicz, and Weymark (1983) present a model of a
dominant cartel that faces a competitive fringe, where the cartel acts as a Stackerberg
leader with respect to price-taking fringe firms, and they examine through stability con-
sideration how collusive pricing prevails in the market. In d’Aspremont et al. (1983), a
certain size of the cartel is “stable” if (i) no firm in the existing cartel finds it profitable
to exit from the cartel and (ii) no firm outside the cartel can become better off by enter-
ing the existing cartel. So, the stability consideration by d’Aspremont et al. (1983) has
a traditional problem of “myopia,” which is well expressed by Fisher (1898, p. 126)
in his comment on the Cournot assumption. Moreover, Diamantoudi (2005) argues

*An earlier version of this paper, Tokyo Institute of Technology Discussion Papers 07-09 (2007) (avail-
able at http://www.soc.titech.ac.jg7 Elibrary/discuss/inder.html), was presented at 2006 Japanese Eco-
nomic Association Autumn Meeting.
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that myopic stability notion of d’Aspremont et al. (1983) is inconsistent with the “far-
sightedness” of firms embedded in price leadership model itself, and reconsiders the
stability of the dominant cartél.

In this paper, we follow Diamantoudi’s argument and consider farsighted coali-
tional stability. Thus, we allow coalitional moves of players, and this is one of the
different points from Diamantoudi (2005). Moreover, we consider three notions of
farsighted coalitional stability because farsightedness of players can be formulated in
several ways. We first examine the farsighted core, which is presented in Jordan (2006)
on pillage games and Page and Wooders (2005) on network formation games. How-
ever, the farsighted core often exhibit the too-excluding-ness property because some
outcome outside the farsighted core can be excluded due to the domination by the
“unstable” outcome. So we need more elaborate notions of farsighted stability. A far-
sighted stable set that is a von Neumann and Morgenstern (1953) solution according
to the indirect dominance relation and the largest consistent set introduced by Chwe
(1994) are such stability concepts. Due to the theory of social situations of Greenberg
(1990), these two notions are different in the expectation of the deviant players to the
responses of other players: optimistic perspective constitutes the farsighted stable set
and the conservative perspective constitutes the (largest) consistent set. We show that
(i) the farsighted core is either an empty set or a singleton set of the grand cartel, (ii)
any Pareto efficient cartel is itself a farsighted stable set, and (iii) the set of cartels in
which fringe firms enjoy higher profits than the firms in the minimal Pareto efficient
cartel is the largest consistent set.

The rest of this paper is organized as follows: In the next section, we present a price
leadership cartel model. In Section 3, we provide a cartel formation game derived from
the price leadership cartel model, and in Section 4 we provide our stability concepts of
the farsighted core, the farsighted stable set, and the largest consistent set, and charac-
terize them of the price leadership model. Section 5 provides the proof of the theorems.
Section 6 is a conclusion.

2 Price Leadership Cartel

We consider an industry composedofn = 2) identical firms, which produce a
homogeneous output. iffirms decide to form a cartel and set a prigéhe remaining
n — k firms constitute a competitive fringe and decide each outpfst) by

p=C(qr(p)),

wherec is firm i’s marginal cost, which satisfie$0) = 0, ¢/ > 0, andc¢” > 0.

Let d(p) be a market demand function satisfyidtp) > 0 andd’ < 0. Members
of a dominant cartel choose the price that maximizes their joint profit, given the supply
decision of a competitive fringe. Since the marginal cost is increasing, the maximiza-
tion of the joint profit is achieved by equal division of their total output. Therefore,
each firm of a cartel behaves as a monopolist with respect to the individual residual
demand function defined agp, k) = w. Thus, the cartel chooses the

1Diamantoudi (2005) uses the notion of farsighted stability and shows that there exists a unique set of
stable cartels. However, she does not reveal the shape and characteristic of stable cartels. This is because her
existence and uniqueness theorem relies on the theorem of von Neumann and Morgenstern (1953). Nakanishi
and Kamijo (2008) prove the same statements using constructive approach and characterize the stable cartels
using some algorithms.



price that maximizes the profit:

Te :r(pv k)p*C(’f‘(p, k)) (1)
According to the price as a solution of the above maximization problem, the profits of
a cartel firm and a fringe firm are obtained for each cartelsize=1,...,n) and are

denoted byr; (k) andr}(k), respectively. If there is no cartel (i.é:,= 0), then it is
assumed that the market structure is competitive. Therefg;(é) is defined by a profit
of a fringe firm for a competitive price®®?, which satisfiesl(p°°™?) = nqs(p™?).
The conditions on the demand and cost functions guararjt@s > 0.

In this setting, the following holds.

Proposition 1 (d’Aspremont et al. 1983)The following properties about the profits of
a cartel firm and a fringe firm hold:

(i) =% (k) is anincreasing function ik. —{the size monotonicity ofr}]

(i) m3(k) > m; (k) foreachk =1,...,n —1.

The first property says that the profit of each cartel firm increases as the cartel size
increases. The second property of Proposition 1 says that the profit of a cartel member
is less than the profit of an associated fringe members.

The next proposition shows that cartel and fringe firms prefer a situation with a
dominant cartel of any size to one without it.

Proposition 2. The followings hold:
() 7% (k) > 73(0) fork =1,...,n. —the cartel desirability for =]
(i) m3(k) > n3(0)fork =1,...,n — 1. —the cartel desirability for m%].

Proof. Suppose that there exists a sizeartel. If the cartel chooses pripe= pc°™?,

then they can gain’;(0), the profit at a competitive equilibrium. Since cartel members
set a price to maximize their profit, their maximized profit must be equal to or greater
than(0). So it suffices to show the strict inequality in the casé ef 1. The first
order condition for maximizing (1) yields

d(p) — (n—1)qs(p) + (p — ¢)(d = (n—1)¢}) = 0.

Whenp = p°®°™?, r(p,1) = ¢¢(p) and sop = ¢/(r(p,1)). Thus, we havel(p®™?) —
(n —1)qp(p™?) = q¢(p™?) = 0. This meansr}(0) = 0; this is contradiction.
The second statement of this proposition follows from (i) and Proposition 1-(ii).
O

In the following sections, we consider only the four properties described in Propo-
sitions 1 and 2, instead of considering hejvandr} are determined. So, a scope of
our discussion is any kind of coalition formation satisfying these conditions. These
conditions are quite general, but are different from Thoron (1998) who analyzes cartel
formation in general setting. The size monotonicityrfand the cartel desirability for
% are more demanding conditions than her requirement of an oligopoly game being
essential. Proposition 1-(ii), the free riding of fringe firms, is almost equivalent to her
condition A,. Her conditionA; that is the size monotonicity of;z is not required in
our model.



3 Cartel formation game

We describe a problem of cartel formation as the following normal form game. Let
N ={1,...,n} be a set of players (firms). Each firnfiaces a binary choice problem
of joining or not joining a cartel in formation of a cartel. Thus, its action is either
x; = 1 (joining a cartel) orz; = 0 (not joining a cartel), where; € X; = {0,1}.
Thus,z = (z;)ien € X = X;enX; is a strategy profile of firms and at the same
time it represents a cartel specified by firms’' decision. We often seeeashan
outcome of the cartel formation game. The set of members in caitetlenoted by
C(z) ={i € N: z; = 1} and its size is denoted Qy| = |C(x)| = >,y x; for
convenience. The set of fringe firms is denotedtfy) = N\ C(x). Givenz,y € X,
x A y denotes a cartel such thatz; = min{xz;,y;} fori = 1,...,n. We can easily
verify thatC'(z A y) = C(z) N C(y).

For eachi € N, the payoff function:; : X — R is defined by

() = { mi(|z])  ifa =1,

mi(lz])  ifx; =0,

Thus, the payoff of a firm depends only on the size of the current cartel and whether it
belongs to the cartel or not.

A cartel formation game is described 6 = (V, (X,)ien, (4i)ien)-

In the rest of this section, we explain additional notations used in this paper. For a
coalitionS C N, we writez >g y if u;(x) > u;(y) holds for anyi € S. Leta® € X
andz’ € X denote(1,...,1) and(0,...,0), respectively. That isy° represents the
grand cartel and:/ represents a competitive situation. Letc X andy € X be
two distinct cartels. We say that a cartelPareto dominateg, and denoter Py if
u;(x) 2 u;(y) holds for alli € N and strict inequality holds for somge N. If
2 is not Pareto dominated by any other cartel, this called aPareto efficientartel.

The set of all the Pareto efficient cartels is denotedXdy C X. Since the grand
cartelz® = (1,...,1) is Pareto efficient by the size monotonicityxdf and the cartel
desirability of 7, X* is not empty. On the other hand, sineePxz/ by the cartel
desirability ofr*, 2 ¢ XT. Next we say that € X is individually rational if for all

i € N, u;(x) 2 v; := min,_, max,, u;(y). In our model, from Propositions 1 and 2,
v; = 7*(1). Thus, the set of individually rational cartel§/!, is X! = X \ {z/}.

4 Farsighted coalitional stability

In this section, we consider which cartels are stable in the cartel formation game defined
in the previous section, taking into account the farsightedness of players (firms). To
analyse the stable outcome, we first define the inducement relations. The inducement
relations{—s}scn specify what firms can do in a formation of a cartel. —s y
means that coalitio® can change a cartel from an initial carieto anothery. Under
the free entry and exit assumption, we have-s y if and only if x; = y; holds for
anyi € N\ S. Note thatz —g y means neither that coalitiofi can enforcey no
matter what any other firm does nor ttfamust movey from = wheneverr is a status
quo.

The situation we assume is described as the one considered Chwe (1994). At any
given time, there is a status quo cartel, sayhich can be changed to another cagtel
if the firms of S decide to change to y andxz — s y, and from this new status qug
other coalitions might move, and so forth. The moves by some coalition are observed



by all the players and they know what the status quo is. If a status quo eagel
reached and no coalition decides to move franthenz is called a “stable” outcome
and the game is over; then the firms receive their payoff from

Next we explain the dominance relations ovér A cartelz is directly dominated
by y via coalitionS if x —g y andy =g z. If there is some5 such thate is directly
dominated by via S, we writey > x. The logic behind the core, the set of cartels that
are not dominated by any other cartel, is that if coalittbonan change a cartel from
toy and all the members ifi prefery to z, thenz is not stable; ifc is not dominated by
any other cartel, it is stable. The stability notion established in the core is based on the
presumption of individuals with myopic perspective when they contemplate to move or
not because they do not anticipate other coalition’s reaction against their move. If they
fully take into account the further deviation of other coalitions subsequent to their own
deviation, they may find that they would become better off in the final outcome that is
realized after reactions of the other coalitions.

A dominance relation that is extended to describe such kinds of anticipation is
indirected dominance relation considered in Chwe (1994) that captures the ability for
each firm to foresee the final outcome which is induced by the firms’ current fnove.

Definition 1. A cartelx is indirectly dominatedby y and we writey > « if there exist
a finite sequence of carteld, z!, ..., =™ with z° = z and2™ = y and a sequence
of coalitionsS?, ..., S™ such that for each (= 1,...,m),

(i) z*~! -4 2%, and

(i) y =a™ =g 7L,

Thus, the indirect dominance relations allow coalitions to look arbitrary many steps
ahead. In contrast, the direct dominance relations, by setting 1 in the above
definition, entails that coalitions look only at the next step.

One remark on the indirect dominance is that the agreements on the deviation by
firms are not binding, and they always consider a further deviation of the other firms.

With indirect dominance relations, the idea of the core is extended to the farsighted
one, which is considered by Jordan (2006) on pillage games and by Page and Wooders
(2005) on network formation games.

Definition 2. A setC C X is called afarsighted coreif x € C is not indirectly
dominated by any other cartgle X.

The farsighted core is the set of cartels that are not indirectly dominated by any
other cartel. So, cartels in the farsighted core are stable in a sense that once a cartel
in the farsighted core is realized, then further deviation cannot occur even though in-
dividuals consider a chain of responses of the other individuals caused by their first
deviation. By its definition, the farsighted core is the subset of the core which is the set
of the cartels that are not directly dominated by any other cartels.

The farsighted core of the price leadership model is characterized as follows.

Theorem 1. If there is no cartelr € X such thatr(|z[) > w7 (n), the farsighted core
is {z¢}. Otherwise, the farsighted core is empty.

2Harsanyi (1974) first consider the indirect domination in order to repair the inconsistency in the defini-
tion of the stable set in a characteristic function form game. However, his definition is slightly different from
one considered by Chwe (1994).



Thus, in some situation, the farsighted core does not give any prediction. This may
support the following argument on the too-excluding-ness of the farsighted core. The
farsighted core can be too excluding because some element outside the farsighted core
could be indirectly dominated by a cartel outside the farsighted core. This means that
some cartel may be considered to be “unstable” because it is indirectly dominated by
another “unstable” cartel. In this meaning, players presumed in the farsighted core do
not take care the “stableness” of their prospective outcome when they decide to move.

A stability concept that reflects such kind of farsightedness of players is a farsighted
stable set, which is a stable set or von Neumann and Morgenstern (1953) solution
according to the indirect dominance relations.

Definition 3. A subsetX of X is called afarsighted stable set (FSS}j the following
conditions hold:

(i) Foranyz € K, there does not exigt € K such thaty > z (internal stability of
K).

(i) Forany z € X\ K, there exista € K such thatr > z (external stability ofK).

The internal stability implies that between any two outcomes in the farsighted stable
set, there is no group of players whose members all prefer one to others and achieve
preferred outcome. External stability implies that for any outcome outside the set, there
is a group of players whose members have a commonly preferred outcome in the set
and can realize it through the chain of deviation starting with their own deviation.

A farsighted stable set presumes the following standard of behaviors of individuals.
Suppose that outcomes in d€tis commonly considered to be “stable” and outcomes
outsideK to be “unstable” by all the individuals. Then, once an outcame K is
reached, any deviation fromnever occurs because there exists no stable outcome that
indirectly dominates, and if in time an outcome outsideK is reached, there exists
stable outcome € K that indirectly dominateg.

The next theorem states that any Pareto efficient cartel constitutes a farsighted sta-
ble set.

Theorem 2. For anyz € X, {z} is an FSS.

Moreover, next theorem shows that there is no farsighted stable set other than the
ones defined in Theorem 2.

Theorem 3. There exists no FSS other than that given in Theorem 2.

From Lemma 1 (see Section 4),c X \ {z°} is Pareto efficient if and only if the
fringe firms inx enjoys more profit than the profit of the cartel firmiifi Thus, from
Theorems 1, 2, and 3, ifz¢} is the farsighted core, it is also the unique farsighted
stable set.

Similar farsighted stability concept is a consistent set. A consistert séfers a
consistent treatment to judging whether some outcome is stable or not and is defined
by the condition on a set of outcomes not the condition on an individual outcome. A
consistent sek is such that for any one step deviation$yrom a “stable” outcome:
in L to anothery, there exists a “stable” outcomen L that deters the deviation &f;

z is equal toy or it indirectly dominateg;, and at least one player i can not better
offin z.

Definition 4. The setl. C X is consistentif x € L if and only if for anyS, y with
x —g y, there existg € L with z = y or z > y such thatz ¥ s x.



Farsighted stable sets can be re-defined by similar consistent story on the stability
of a set of outcomes. A sét is a farsighted stable set:if € K if and only if for any
S,y with z —¢ y, and forany: € K with z =y orz > y, z s z. So, the difference
in the two notions is two polar type of expectations to the other players’ reaction by
the deviant players. In consistent sets, players who are contemplating deviation refrain
from deviant move when they find that they are not better off in “one” of the possible
outcomes after their deviation; in this sense, players have a pessimistic or conservative
perspective. On the other side, in FSSs, players considering deviation refrain from
deviation when they find that they are not better off in “all” of the possible outcomes
after their deviation; in this sense, players have an optimistic perspective. In fact, these
two notions correspond to two polar kinds of stable standard of behavior, an optimistic
stable standard of behavior and a conservative stable standard of behavior, in the theory
of social situations of Greenberg (1990). For a detailed discussion, see Chwe (1994)
and Section 3 of Suzuki and Muto (2005).

As well as farsighted stable sets, a uniqueness problem may arise when we apply
consistent set. However, it has a nice property that the union of all the consistent sets
is also consistent, and thus, ttagest consistent set (LCS)s uniquely determined
(Proposition 1 of Chwe, 1994). Moreover, the nonemptiness of the LCS for the finite
case is guaranteed (Proposition 2 of Chwe, 1994). For other condition of non-emptiness
of the LCS, see Xue (1997). Unfortunately, our price leadership mode does not satisfy
these conditions. However, as in the next theorem, we show that the LCS is non-empty
and is characterized by the set of cartels wherein the fringe firms enjoy more profit than
that of the cartel firm in the minimal Pareto efficient cartel.

Let £* be a minimal size of cartels that are Pareto efficient. Thtiss min{|z| :
re X}

Theorem 4. The LCS for the price leadership model is

L*={ze X :mi(|z]) = 72 (k*)} U {2},

SinceX” = {z € X\ {z°} : 7j(jz]) > 7*(n)} U {z*} from Lemma 1, this
theorem implies thak © C L*. Moreover, by the cartel desirability far, =/ is not
included inL*. Thus,L* C X'. Consequently, we hau&” C L* C X,

The farsighted coalitional stability considered in this paper can be applied for any
any normal form game. Thus, the comparison of our results with other type of games is
useful. Suzuki and Muto (2005) analyse the farsighted coalitional stabilitypierson
prisoners’ dilemma gam@?? = (N, (X;)ien, (ui)ien), WwhereN = {1,...,n}, X; =
{0,1} andu; : X — R is such that;(z) = f(|z|) if x; = 1 andu;(z) = g(|z|) if
x; =0wheref : {1,...,n} - Randg: {0,...,n — 1} — R satisfy the following:

(P g(k
(p2) f(n) > g(0);
(p3) f(k
(p4) g(k) is increasing irk.

—1)> f(k)forallk=1,..,n

) is increasing irk;

In this setting, they show that a Pareto efficient and individual rational outcome is
a farsighted stable set inperson prisoners’ dilemma game and except for degenerate
cases, there does not exist other type of farsighted stable sets. Moreover, they show



that under some conditions, the largest consistent set is the set of all the individually
rational outcomes, which means that the largest consistent set includes the Pareto inef-
ficient outcomes. In this sense, these results are similar to our Theorem 2 and 4. On
the other hand, the largest consistent set in our model can be the strict subset of
This difference between the price leadership modelaparson prisoners’ dilemma
comes from the cartel desirability in our model, which leads to the too large set of indi-
vidually rational outcomes. The farsighed core is always empty in the caspayson
prisoners’ dilemma game, in contrast to our Theorem 1, which implies that only the
grand cartel can be in the farsighed core under some condition. This is because the
condition (pl) in the: person prisoners’ dilemma is weaken to Proposition 1-(ii) in the
price leadership model.

5 Proofs of the theorems

We first present the following lemma that chatecterize the set of the Pareto efficient
cartels.

Lemma 1. The following three statements o/ z¢ are equivalent:
(@ ze XP.

(b) j(|a]) > mi(n).

(€) = > zx°.

Proof. (a) — (b). Suppose that € X, z # z¢ butm(|z[) = 77 (n). Thenaz® Pareto
dominatese by the size monotonicity of and this contradicts € X .

(b) — (a). Suppose that satisfiesr}(|z|) > m;(n) and that there existg € X
such thatyPz. Fori € F(x), y; must be ‘0" sinceu;(z) = 7}(|z]) > 73(n) 2
7*(ly|), where the last inequality follows from the size monotonicityngif Thus,
C(z) 2 C(y). Moreover,C(y) # () because of the cartel desirability faf. So,
there exists € C(y) € C(z). For thisi, the size monotonicity of* impliesu;(y) =
75 (ly|) < 7¥(|z]) = u;(x). This contradicty Pz.

(@) — (c). Suppose: € X7\ {z¢}. Then, by (a)— (b) of this lemmay;(x) >
u; (z¢) for anyi € F(z). Thus,z directly dominates:© via members irF'(x) simulta-
neously exiting the cartel.

(c) — (a). If x > x¢ holds, then there exists the first deviant coalit®from x¢
to the final outcome:. Hencex ~g¢ z° holds. Leti € S. Then,z; = 0 because there
is no cartel better for a cartel firm thari. The fact that;(z) > w;(z¢) implies that
mi(|z]) > 77 (n). Thus,z is Pareto efficient by (b} (a) of this lemma. O

The following lemma gives a sufficient condition on the indirect dominance rela-
tions.

Lemma 2. For any two distinct cartels:, y € X with z # z¢ andy # =/, z > yif
mi(|x]) > 7Z(|yl).

Proof. Take anyz,y € X,z # y,x # 2%y # «/ such thatr}(|z]) > 7} (|y|). We
show thatr > y by constructing a sequence of moves that is starting yvéthd ending
with x, where every acting coalition prefergo the status quo. We separete the three



cases according to the inclusion relation betw€én) andC'(y): (i) C(y)\C(z) = 0,
(i) 0 # C(y) \ Cx) S C(y), and (iii) C(y) \ C(x) = C(y).
(i). C(y) isincluded inC(z). Thus,|z| > |y| holds. Consider the following sequence
of two step move:
Yy —ow) v —ow) o

By the size monotonicity of* and the cartel desirability of’, fori € C(y), u;(y) =
m:(lyl) < 72 (le]) = wi(z), and fori € C(2), ui(a’) = 73(0) < w3 (|2]) = wil2).
Thus,z > y holds through the above dominance path.

(i). WhenC(z) C C(y), a simple one step deviation — ¢ )\ () = constitutes a
dominant path becauses C(y) \ C(x) preferu;(z) = 77 (|z]) tou;(y) = 72 (ly[) by
the presumption of this lemma. WhéKx) ¢ C(y), consider the following sequence
of three step move:

Y —0wN\0@) TAY =y ¥ =0 T

In the first step of deviation, € C(y) \ C(z) prefersz to y becausé is in the fringe
position ofz andr(|z[) > 77 (|y[). In the second step, fare C(z A y), ui(z Ay) =
mi(lx Ayl) < 75(Jx]) = wi(z) holds becausér A y| < |x| andn satisfies size-
monotonicity. The third step follows from the cartel desirabilityn(it

(iii). C(x)andC(y) has an empty intersection. Consider the following two step devi-
ation:y —c(y) xf —c(«) ©- The incentives of the firms in each step are satisfied by

the similar argument to cases (i) and (ii). O

Proof of Theorem 1 We first show that® € X7 indirectly dominates any other
cartely € X \ {z¢} by the following dominance sequencg: —¢(,) =/ —n 2.
The incentive conditions hold because in the first stgfly|) < =*(n) by the size
monotonicity ofr; and in the second step; (0) < 7 (n) by the cartel desirability
for 7. So, the farsighted core is eithgr} or an empty set. Suppose that(|z|) <
7*(n) holds for anyz € X \ {z°}. Then, by Lemma 1, there is no such that
x indirectly dominatesc. Thus, the farsighted core {&°}. On the other hand, if
mi(|z|) > w7 (n) for somez € X, by Lemma 1, this: indirectly dominates:©. Thus,
the farsighted core is empty. O

Proof of Theorem 2 Since{z} consists of one point, we only consider the external
stability. To showr € X \ {z¢} indirectly dominates any other cartel is immediate
consequence from Lemmas 1 and 2. We know from Lemma lathatX ” \ {z¢}
satisfiest?(|z]) > 72(n) = m(|y|) foranyy € X\ {x'}, and from Lemma 2 that
x> y holds if 7% (|x|) > 77 (|y|) holds; thus this: indirectly dominates any # xf.
Wheny = z/, x dominates, by a simple dominance pati —(,) = because all the
firms inz preferz to 2/ by the cartel desirability of*.

Onthe other hand;¢ € X also indirectly dominates any other canget X\ {z¢}
as shown in the proof of Theorem 1. O

Proof of Theorem 3Take any farsighted stable gétthat is different from the set given

in Theorem 2. Thenk does not contain any outcome that belongsXt6 since, as
shown in Theorem 2, such a cartel indirectly dominates all the others and this contra-
dicts the internal stability ofC. So, ifz € K, thenz ¢ X*. Thusk N X* = @ and

this implies that by Lemma 1 there existsm@& K such that: > x°. Sincez® € X

and thuse® ¢ K, the external stability of¢ does not hold. O



Proof of Theorem 4We first cite the following proposition of Chwe (1994).
Proposition 3(Chwe, 1994) If K C X isan FSSK is a subset of the LCS.

Then, Theorem 2 together with Proposition 3 impliE$ C LCS. The proof
proceeds with first showing an elementXn\ L* does not belong t&.CS, and then
showing that the set described in the theorem is actually a consistent set.

Take anyz € X with w7 (|z[) < 77(k*). Consider a deviation from to ¢ by
F(x), thus,z — p(,) x¢. For anyy € LCS satisfyingy > x¢ ory = x¢, thisy must
belong toX” by Lemma 1. Thus, by Lemma 1 and the size monotonicity’of

Ty (lyl) > e (n) = me (k) > (|2]).

This impliesy - g (,y . This means that does not belong taCS.

Next, we show thal* is a consistent set.
[if part] We will show that for allz ¢ L*, there exisy € X andS C N withz —g y
such that for alk € L* with [z = y orz > y] andz =g y. Take anyx ¢ L*. Again,
consider a deviation from to z¢ by F'(x). Then, for anyy that indirectly dominates
x¢, all the firms inF'(z) prefersy to «. Thus, we have the desired result.
[only if part] We will show that for allx € L*, ally € X and allS C N such
thatz —g y, there exists: € L* such thatlz = yorz > y] andz #s y. Take
anyz € L* and anyS,y such thatr —g y. If SN F(x) is not empty, there exists
i € SN F(x). By Theorem 2, any element ix ©" indirectly dominates any other
cartel. Thusz € X C L* with |z| = k* andi € C(z) also indirectly dominates.
By definition of L*, u;(z) = 7} (|z|) = (k) = 72(|2]) = wi(2). S0,z =5 x does
not hold. On the other hand, § N F(x) is empty,C(y) C C(z) and, thus|y| < |z|.
By the size monotonicity of and Proposition 1-(ii), we have

mr(l2]) > 7w (l2l) > 72 (lyl),

and by Lemma 2z > y holds. Howeverg g x does not hold.
Thus,L* is consistent and it is largest because addition of any outcome outside
breaks the consistency af . O

6 Conclusion

In this paper, we analyzed the stability of a dominant cartel of the price leadership
model introduced by d’Aspremont et al. (1983). The stability concepts adopted in this
study are the farsighted core, the farsighted stable set, and the largest consistent set.

We found the complete shapes of farsighted stable sets, the largest consistent set,
and the farisighted core. Our results imply the possibility of cooperation in the dilemma
situation and shed some light on dissolution of the dilemma, which has been widely
studied by non-cooperative approach and equilibrium concept. In addition, our discus-
sions have policy implications on a market structure because our theorems show that
there is the possibility of firms forming a large cartel even if the decision problem of
the firms joining or not joining a cartel is in a dilemma situation. These implications
are in contrast to the results of Selten (1973) and Prokop (1999) who analyze cartel for-
mation in non-cooperative way and show that firms encounter some difficulty to form
a large cartel.
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