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(Maximization Step)J 00000000000 (j=1,2,...) 00000
O0. 0000000 0000000000 ©U-Y[0,0000000
eV goo0oD. 000, E-000D00M-000000000D0O0000
00,000000000000000.

000,000000000000000000000000000
goooo,eV-Yx~eW ooooooo, 000D e 00onod
©=0eY) goooooo.

00,0000000 j+10000,E-00000 M-00000000O0

goboogo.

341 EBEOOOO

(748) 000000000000 log f(%r,%r; OUIDYOoDOODODO
oo0D0 evUth gooo,0D00000oooonD oY oooooood
000,000 £ 000000,000000000000000. 00

(3.17)
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0,0QO00000D0O00:

QOU:0Y),%r) = 5" |10g f(%r, %1 s ©UFY) | %1
oo00,QoO00000000O0O0O00000O:

T K
QO 00, 7r) = 373" B [L(k)|%r] log f(Ri[Yi = ex; ©0+1)
t=1 k=1

+ZE®(” 1 (k)| %] log Pr(Y: = ey ’JO U+D)

k=1
T K K W
+ 33N EOV L1 (DI, (k)| %] log Pr(Y; = e4[Yiy = e; 06+
t=2 k=1 =1
T K ‘
= Z Z Pr(Y; = ex|Z%r ('-)(J)) log f (Rt = ey 6(”1))
t=1 k=1

t=2 k=1 1l=1
T K
= Z Zfl(cjng log f (Rt ‘Yt = ek; @(]H))
t=1 k=1
K
1
t Zglgzji\T log P(H )
k=1
T K K ‘ ‘
+ Z Z ZPT(Yt—l =e, Y = ex|%r; G)(])) logpl(flﬂ) . (3.18)
t=2 k=1 =1
ooo,
PV EP(Y) = e | F0; 007D ) (3.19)
(Hl) =Pr(Y; = ex|Yie1 = ¢;0UTY) | (3.20)
fff,;T EPr(Y; = | %7 0)) | (3.21)
NN ,
€;§J&|T =Pr(Yy = ex|%r; ©Y)) (3.22)

gogoo.
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00000000 QOO
0000D0000000000,0000000000000. 000,
R/|Y; ~ N (un(¥;),%(Y;)) 000.0000,000000000000,

f (Rt ‘Yt = ez;@)(j“))
1

- (2%)% ‘E(k;)(j—l-l)‘% exp {_; (Rt - N(k)(j+1))/ (Z(k)(jﬂ))*l (Rt B H(k)(j“))} |

00D0,000000000000000,
log f (Re [Yi = er;00+1))
- —g log 21 — %log )2(@(]’“)‘ - % (Rt - ,u(k)(j“))/ (z(k)UH))*l (Rt - u(k)(f“))
— _% [nloggﬂ +log ’2(k;)(j+1)) n (Rt _ H(k)(jJrl))/ <E(k)(j+1))_l (Rt _ u(k)(j+1)):| '
0Dooo,(3.18)000000,Q0000000,

Q(@(jﬂ);@(j),e@ﬂ

-3 HITE [" tog 27+ log [B(0)0 0|+ (Be — u(t) ) (20+0) " (Re - u(k)(j+1)>]

t=1 k=1
K ) ) T K K )
+3 067 log o+ 3 NS Pr(Yies = e, Yy = el % ©9) logp (3.23)
k=1 t=2 k=1 1=1

0000000000000000 QUO

ooooooboooooooooooo,booooog,
Ry Yy = B (Yy)xi—1 + o (Ya)er (3.24)
00,z €cR™'0,0000000 1000,00000000000

ogno mDDDDDDDDDD.DI:I,atIINDN(O,l)EIDDDDDD.D

ooo,

R Y; = B'(Yo)@, 1 +0(Y)N(0,1) = N (B'(Yi)zs—1,0%(Yy)) -
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0Doo,0000000,

log f (R, |V = ex; ©6+D)

1 . ( ,6,(]+1) wt 1
—a o exp|—
(2m) 20+ (k) P 9 (0-(]+1)

B’U“)( J@i1)’
(U+D (k)
O000.0000,(3.18)000000,Quoonoond,

= log

1 ‘
=3 [log o1 + 2log UV (k) + (7

Q(@(ﬁl); @(j)’,@T)

T E _ g+ 2

1 ) +1) (R —p (k)xi1)

=—- g E &’ log 27 + 2log oV (k) + :
2 5= wr 2 (O'(]+1)(k))2

K

T K K
3G logpl T 30D TN Pr(Yiet = e, Yy = €| % 1) log pif35)
k=1

t=2 k=1 1=1

342 M-OOOO

D000000 j+10M-O00000O0,E00000000000 Q
00 QOUM. el ) 0,0000,000000000000000
Doooo,evtY ooooonoood. (3.18) 000000 QUOO0
D00000,00000000000:

maximize Q(O®UTD:@U) %)
®G+1)

pU+) subject to Zp(]H) 1 (I=1,....K),
K
i+1
>l =1
k=1

00 PUTY 0000 Lagrangian O,

K
2Oy ) =QOUTY. eV z;) + Z < Zp(J+1)> < ZP(J+ >
=1

O0,veREX, y € RO Lagrange OO OO 0.

(3.26)




30

030 O00OO00OO0bOOobooooooooogn

ooboooobogoon

000000 pY™ 0000 KKT 0000 Lagrangian 00000

ggo

0L

1

8p(J+1)

0L

= 1

61/[

(+1)
kl

0020000

G+
ki

t=2

kl
1

K .
puth =0 (l=1,..
k=

T
ZPT(Y;‘,—l =e,Y, = ex|%r;O9) —y =0 (k1=

LK)

1) ZZ"ZQ Pr(n—l - el) YTb - ek‘%T7 @(])>

S, Pr(Yioy = ¢)|%r; ©0)

Doooooooooooo P 0000 KKToooo

0ZL

£

()
k1T

ap(J-H)

oo 20000

(j+1) N
k

K
1=y =0
k=1

)
Gen _ Sk

K
El:l

)
§l,jl|T

oO00O0O000O00DbOOoObOoOoOoD KKTOOooo

'u,(]+1)

fo:; U (k)7 Ry — nO* (k) = 0
()
p (k) = —(J) :
Et:lfk,ﬂT

O000000oooooo0o0ooo KKToooOd

0%

aE(JH)

Xk

(9
kt|T

Fae

log [ZVFY) (k)|

(3.30)

(3.31)

(3.32)

(3.33)

(3.34)

(3.35)

1,...(328)

(3.29)
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0

—l—mtr {2(7+1)(k)—1(Rt ~ pIHY () (R, — u““)(k))'}]

=3 Zﬁffﬁ P [BOI) T = B () 7 (R — U (k) (R — U (k) 20 (k)7
=0 4
S &0 (R — pU D (k) (R — b+ D (k) )

(G+1) _
S Yot §zE;jt)|T

D00000000000000000
Doo00o0 pY™ 0000 KKTODDOOO

T
ZPr (Yt_1 = e, Y = ex|%r; @(j))
(G+1) _ t=2

P T (3.36)
ZPT (Ythl = e)|%r; @(j)>
t=2
0000000000 Y™ 0000 KKTOooOoO
) g(ﬂ)
R — 2 L. (3.37)

S
BUTN(K)DDDD KKTOOOOO
IR
BU+D (k) (Z & 1azt> (Z fgleRta:t> (3.38)
t=1

0000000 ¢Ut)(k) D000 KKTOOODOO

<7 () Zfz(fzw (Rt - /3<j+1)(k)5'3t>2 (3.39)

2
Ut (k)
( ) Zt 1§kt\T t=1

ggodo,0goooooboboboboboboood p (]+1) ,0ooooogd

Doooo BUtY(k), 0000000 «VUt)(k)DD0O00.
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gjodod,0jjjdoo, oo oooboobo
gogooobbobobboooooooguoooooobbobbooooogog
g,0gggoooboooooooooooobooboooooooooboobo. g
00000000000 200000000,100 MarkovOOOGOOOO
gooboboooobobboooobbboooobobobooooobo,obog
gogboogobooboboobbooboooboobboobbooobo
0,00,00000000 MarkovOOQOOOOOOOODOOOOODODO
gogooob. bbboooooobobboooo,ogogooooboobog
goboooboooboobboobooobooobooboboooo
ggoooobo. bogoooooboobboo,booooooooobog
gogoboobooooboobooooboboooobbooo,ooobooboa
gobooobdooboboobbooboooboooboobobooobo

ggoogo.
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42 0O0OOOOOODOO

0D0000,000000000,000000000,000,0000
00000000000000000,0000000,000000000
00,000000000000000000000000000000C
000000,0000000000000000000.00,00000
0000000000000, 00000000000000000000
00,0000000000000000000000000000

0D0000,0000000000000000000000,00, 0
000000000000000000. 000000000000000
00000000,00000000000000, Markov0OOOOOO
000000. Markov 0000000000000 0000000000O
Hamilton (1989) 0, 00000 100 Markov 00000000, 000
00000000000000O000. 0000,00000000,00
000000000,000000000000 (00000000)000
0000000000,00000000000000000000000
0000000000000000000. 00, Markov 0000000
0000,00000000000000000. Timmermann (2000) O,
0000000000,00,000000000000000000 10
000000000000,000000000000000000000
00000000000, 00, Hamilton 000000000000000O
0,000000000000000000000. 000, Duan, Popova,
and Ritchken (2002) 0, 00000000000000000000000
0D00000000000000000. 000000000,00000
0000000000000000000000000000000000
000000000000000000,SVO00000000 GARCHO
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ggooobooboboooogooooboobob. bobooo,ogogooooboobog
gog,boooooooobobobobobobobbo,bboobobobbbboog
ggbogobuoobobuoobboob.
googg,booogoobobobobobobobobobbbbobooooo,on
ggoboboooobooboooobboo,0oooboboooobobog
gobobooooboooboboooobbo. obboobobooooboobg
g,ggoobbodg,ggoobooboooooobobooooooboboon.
go,bogboboobooobog,booooobuoobooobo.oog
oo, oobobbobobobbooooggg,og
goooobobooo. og,0ggoobobobbooooooooobog
go,bogbobgoobooob.bogbbodobo,0ooob0obooobg
oobobobOobobobobooogoooog,30o04d:

l. ooooooooooooooo,bobooobooooo,obooo
00000000000000 (000, Luenberger(1993) 00O OO
Doo).

2. 0000000000, D0DO0ODOOODOOOODODOO,DODO
gobooooboooobboooboooooboooooboobo. oo, O
gooboobboo,ogbobboooobbboooobbobooo
gd. gooog,bbbbboooououououoooo,ooogoo
gobobooobboooobooob,bbouobboooobboo
goooobobobbooooooobobob. bboboog,00goo
goo0oOo0o0ooO,0b0000,20000000D00000DO
go.

. 00b0boboboobooboooooooobooooooogoogon
gobooo,boo-0booo0boobboobboobooobobo

gobooboo0ooogoobbo,00b0bbooooooboboboooo.
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go,bobobooooddddooooooo,oooooo

goboooooo.

ooobO,0b0obob0obobo:-b0 2000,000000000,00
gooboboooooobooo,ggbobbboooobobooooboboog
oooooooboOobo. b 30b0o0bOo,obo0oboOoboooDoOoboo
goo0ooOooO,0o00obDdbOoboo0ooUOb0. 0 400,0000000O

g, joboobooobooboboobbooo,booobooboobg.

43 00O

n000000000000000000. 00000,0000¢ (&=
0,1,...,7)00000000000.00,0000 (¢(—1,¢)000¢00
0.00t¢t-10¢00000000 S,.,0 S, 00000000,00t
000000 R, = (Ry,...,Ri,...,Ry) 000000000000:

S.
Ritélog< “ >—,Uit+0'it€t (i=1,...,n),

Sit—l
DDDD,Rt:Mt-f-EtEt, (4.1)
00, pu, = (pre..-pae---pe) 0O0D0D0D00O0DDOOO, B =
(0iji)i<ijen = (0.0} ...00,) 0, 00000000000

000000,e,; 0000:0000000000000. & ~ N, (0,1)
0,00000000000,00000’000000.

0000000, KO00000000000,0000000000 g,
0,00000000000000 %,0,0000¢(@¢=1,...,7)00
0D00000O0000. 00000 10 MarkovDOOOO KOOOOO
000 Y,000,000000 {er,...,¢k...,ex}000.00,¢0 K
0000000000,k 0000001000,0000000 0000
000. 00,7 26(Y,;u=1,...,)000.000,0000000
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0000000000 p={p,;t=1,....,7}0,0000000000
oooo£={%;t=1,...,7}0,00000000 KOOOOOO
0000000,000000000000000:

1 (Vy=e,000)

0 (0DOoDOoDOoD), (4.2)

(k)2 (Vi ep) = {

00,00 (,)000000. O0000,00000000000000
000000000, 00000000,0000 KOOOOOOOO,
{p),...,n(K)} O, {£1),....,.%(K)} 0000000000. OO,
(k)= (o)(k)...olk)...0/ (k) (k=1,...,K)000. 000000,

(2 n

K

po= S L(k)ulk) E p(Yy) (4.3)
k=1
K

2 =Y LSk E3(Y) (4.4)
k=1

gooooobooo. oo,

A(k)
A(k)

Z(k)2(k)
(o1(k)o1(k) ...oik)oik) ...on(k)o,(k))

e e

ggo,bogobuogpboobooon.

K
A =33 =3 LRS(R)E(h) SAY) ,
k=1

K
A= (ool ...ouo), ... o'nto'/m)/ = Z Li(k)X(k)
k=1

A(Yy)

00000000, 00000 (41)0,0000000000000000

gogoogon:
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0000,00¢+00000000000000000000000, 00
000000000000 by = (by...by...by) 000. 0000, by
0,00¢0000000000000000000,004000000
00000,00000000¢0000000000000. 00,000

oo0ooOoooO,000bo0o  boogooooooog:

DE{becR"b1=1,b>0, Ab<c} (4.6)

O0,AeR™" ccR™0O00,1000000 10000000000
.00, 0boobobo,ob0boobbooboboobooo.
00000000, 0000dooooooooo,000oon “Doo

O0oodoooooooooooooo’ooooo:

e )
goboobogoboooboboobboon

0000000000000000000 (sLMV)ODOOO,000
0000000000000 DO00O0DO0D0O0D0O0O (DDOO0)0DOo

goobog,gobobbooobobooobboooob,booob,

0000000000000 (O00O0)0D0o0Doooooooo.
o j

Luenberger (1993) 0, 0000000000000 0OOOODOOOO,

goobooooobbbobooooobobbooooobbboobooo. ™
g,gggbbuooobbbuogoobbbuoooobobooooboodg
00, Konno, Pliska, and Suzuki (1993) DO OOO0O. O0,00000
goo,jgogobbobooooooooobobooboobobo,0b0,0ogogg
0000000000000, 00000000000000 Merton 00O
0, Ishijima and Uchida (2002) DOO0OO0O0O0O0O. OO0 ¢0000O,0
gogoooobbobbooooooooooboboon RfD,DDDDDD
(Campbell and Viceira (2002)) O O,

A Vi
RF|Y; = log (Vt

t—1

1 1
) ’ Yi = BiRJY, + SBA(YL) — SHAY)b: (4.7)



43 000 39

= pp(be; Y1) + b2 (Yy)er (4.8)

oQ,
AN / 1 / 1 /
pplbe s Y Su(Y) = SHAYb + SBAY) . (49)

o00. 47 000,0000000000000. ODO0OOO,000
oooobooooboob,oobo0boooooboobobooboon
0000000000000 o00ooooOo. o0, upeby; Y3)O,00 ¢
o000, “0000000oDooooooooooo”o0O0,o00on, o
goboooobooobooboog.
Vw=1000000O,0000000 T0O000,000000000O
goboogooobooboo,goboboobooon:

T

1% 1%

log Vp| FY. = log (V; : VTTl)‘f:}V =Y "RllY,  (4.10)
- t

p(be; V) + 0,2(Yy)e} . (4.11)

IIMH

ggbo,ggbooobuogoboobboobbooobooooboon,

T
E [logVr|Fr | =Y up(br; V), (4.12)
t=1
T
V [log V|71 ] =DV [up(b ; Vi) + b S(Vi)eu FY ] (4.13)
t=1
T
= op(b; V7). (4.14)
t=1
og,
o3 (b Vi) SBA(Y)b, . (4.15)

0O00. 000, (413)00,00000000, 0000000000
0,00, (414) 00, AY;) =2(Y)2(Y,) 0000000000000,
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o%(b,; ¥;) 0,00 t0000,“0000000000000000007
000,0000000000000000000. 0000000000
000000000 wp(b; ¥V,)0,00000000000 o3(by ; Yy)
0,0000,

(,up(bt; €1)...lup(bt; ek)---,UP(bt§ €K)) y (416)
op(by) = (0p(by; e1)...0p(be; ex)...op(be; ex)) ., (4.17)

T

v

3
I

pp(be s Yi) = pp(by)Yy (4.18)
op (b ; Vy) = ob(by)Y: (4.19)

ggooboooboo. dggg,ggooboobbooooooboobodg

gooooobO,000b0 vyooooooooooooooo,gooooo

goooOoo:
T
Eo[logVr ] = Eo [ E[logVp|Fy ] ] = pp(bi)Eo[ B[ Y:|Yi-(2D)
. t=1
=" pp(b)Y; (4.21)
T
VollogVr ] =Eo [V [logVr|Fy | ] =3 ob(b)Eo[ B[ Vi|Y,(412D)
. ) t=1
= oh(b)Y: . (4.23)
t=1
oo,
Y = Z &k tjt—1€k 5 (4.24)
k=1
&k, tt—1 SPr (Ve = ex|Yio1) , (4.25)

000, &1 0,00 ¢t-10000000000,00 ¢t0000 ¢

o0o0oo00ooo”000. 000000000, 0000000000O0
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goooooboooooon,

o[log Vr | ZZ&W p(by s ex) (4.26)

t=1 k=1

Vo [log Vr | Zka He—10p(by ; ex) - (4.27)

t=1 k=1

(4.26)00,0000000000000000,000 ¢0000,000
0 “” 000000000000000 up(bs; e) 0,0000 “k” 0
000 &4, 00000000000,000,00¢t00000000
00O0000.000,(4.27)00,000 +0000,0000 “’ 000
00000000000 op(b; ) 0,0000 “6”" 0000 &1 O
0000000000,000,00 +00000000000000
00000000, 000000000000000000000000
0,00000000000000000000000.000000,00
0D0000000000000000000000, 0000, ‘0000
00000000070 62000. 0000, 4600000000 DO
0000000000000 b={b,;t=1,...,T} 0, (4.26), (4.27) 0
000,00000 POODOOOOOOOO:

max%)mize Eo[logVr ] Zka tle—11p (bt ; ex)
t=1 k=1
P (4.28)
subject to Vo[ log V| Zka tlt— 1Up (be 5 ex),
t=1 k=1
beD.

00,00 PODODOODO,0D000DOODO,000 200000
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P, (t=1,...,7)00000000000:

K
maximize ka,ﬂt—lﬂP(bt i ex)
b, k=1
P, _ K (4.29)
subject to Zﬁk,ﬂt—la%(bt ;ek)
k=1
b,eD.

00 P,00000000000000000000OO0OOOOOOOO,O
0000000000000,00000000000000000000
00000000000000000000 (000, Ishijima and Uchida
(2002) 000000). 00000000000, Markowitz0OOOOO
000000000000000,00000,000000000000
000000000000000000000000,000000000
oo.
00,000000000000000000000000000000
0000200000,00000000000000 (0000000 K)
0,00000000000000 (0000000 M)O000,0000
00000 K, ((=1,...,7) 000 M, (¢(=1,...,7) 00000000
0oo0o00:

K
maximize ka,ﬂt_uw(bt; ex)

K, i 2 (4.30)
subject to b, € D,
K
. 2
— b ;
M, mlmrtmze ;ék,tlt 10p(be 5 ex) (4.31)

subject to b, € D .
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44 JU0U00000dUdUdUUUUUUuUUuoouog
Ood

441 0O0OO0OO

oo0ooo,100 Markov OOO0OO0OOOODOODOO,0000Y0O
gogoboboooobb. gogb,bb«0Dbb000ubbe 00,00

t+1000000 gOO0O00O00oooooon,

A
pr=Pr(Yipi=elY;=ce) , (4.32)

Doooo. 7Y 24(V;,...,Y,)00000,000000000000,

E[Yinl|F | =E[ YV, FL ] = E[ Y |V ]
=PY; .

000, My 2Y, —PY,00000. 0000,

E My |F ] =E[Yiy1 —PY: Y] =0,
DOoOoO0O0.000,Y0,7/-0000000000.0000,0000
0,0000000000000000000000:

Yiir = PY; + My . (4.33)

442 0000

00, Markov OOOQOOOOODOQOOQOOOUOUOOOOOOO. % =
{Rla"'aRt}a@t:{yla"'7Y;‘/}ayt:{%ty%}mmm- DD7“DDDD
ooooooora,

A
nk,t:f(RtD/;ﬁ:ekayt—l;@) (k:]-’?K) ) (434)



44 040 0O0000OO0ODOOOOOOOOOOOOOd

ooOo,“c0oooooo”d

A
gk,t|t71 =Pr (Y} = €k\fft—1§@) (k=1,.. -7K) ) (4-35)

goboo.goboooboobo,boooobg,

T K
f(Rt|yt—l§ @) = HZPT (Yt = ek,RtLgt—l;@)

t=1 k=1

[(%r|Fr;0©)

I
=

4~
I
—

I
=

F(RY: = ex, F11;©) - Pr(Y; = ex|F1_1; ©)

I
=
[ T

M ibkai—1 = | [ mh&ee—1
t=1

4~
I
—
>
I
i

I
=

"e © &tje—1) - (4.36)

~~
Il
—

O0,EMO00000000,MarkevOOOQOOOOOODODODOODOO
gooooooooaa.
Expectation-Step (00000 0O0O) :

Sk = Pr(Yy = ex|F;0) 0 &y = Pr(Yipr = e 7;,0) (b =
1,...,K)000000000OO0OOOO. 1200,0000000000

googgd:
&e = ; UACLTTE ; (4.37)
1 (m ©) £t|t71>
Eip1)e = P&yt - (4.38)

DDDDD,EWD “O0ooooor’ooo.
Maximization-Step :

00000000, 00000 f(#r; ©®) 0000, 0000000
f(%r,% ; ® 0000, 00000000000000. Hamilton
(1990) 0000000000, 0000000000O00DOOOO, 000

gooooooooobobobbobobo,bb,0ooopoobobobobboboo
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gobooo.obooobog,0boobboobog

T T

f( %, %0;0) = [ f(R:, Vi |#1-1;0©) = f(R1, Y1 | F0;©) [ | F(R:, Y2 [F1-15©)

t=1 t=2
T
= Pr(Y1 [ %0;©) f(Ry [Y1;0) [ [ Pr(Yi [Vi1;©) f (R |V; ©)

t=2

K
Z 1 =€ |70:0)f(R1|Y1 =€;0)

xﬁfz

t=21=1k

tjw

I
-

ooboooboobooo

Y

T K K

L) Pr(Ye=e[Yio1 = en; ©)f(R Y = e;0) .

log f(%r,%r;©) =Y > L(l)log f(R:|Ys = e;0) + > _I1(I)log Pr(Y1 = ¢;|.F; ©)

t=11=1 =1
T K K

+ZZZI’5 1 (D) logPr(Y; = e |Y; 1 = €4;©) .

t=2 =1 k=1
000,000000000 log f(%r,%; ®UT)Y 0000000000
eUt)gpopo,D000000 eY ooooooooooonooooo

gopboooooo:

oW

QU 00, 24) 2 B9 llog f(%r, %7 ; ©UH)] .

oooo,

Q(OUTY; el &)

T K
1 ; ) ) .
= —5 ZZ&I(?‘T [nlog 2 + log ‘Z(J+1)(l)| + (Rt _ M(J+1)(Z))/2(J+1)(l)fl(Rt —

t=1 [=1

K T K K
+ Zgl(,]l)\:r Ing(JH) + Z Z ZPT(YLl =ex, Y; = e)|%r; ©)) logpgjl“) )
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5.1 abstract

In this paper we develop a portfolio selection theory under regime
switching means and volatilities. We use log mean-variance as the port-
folio selection criteria and, as a result, the theory is made substantially
easier to implement than other existing theories. Moreover, the esti-
mated regimes are easy to interpret as one of the regimes corresponds to
the business cycle turning points. Finally, we conduct an asset alloca-
tion simulation and obtain reasonable results by introducing an idea of

switching volatility targets.

JEL Classification: C12, C32, G11
Key Words: Markov regime switching model, dynamic portfolio se-
lection, log mean-variance criteria, quadratic programming, (quasi) log-

likelihood estimation
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5.2 Introduction

The theory and application of portfolio selection have been a cen-
tral topic of research in finance; especially recent developments in an
intertemporal setting, or ’strategic asset allocation’, are striking (e.g.,
Campbell and Viceira, 2002). However, one of the strict assumptions
made in most of the literature is that the security returns are inde-
pendently and identically distributed. The most common assumption
is that the security returns follow an identical normal distribution, al-
though many researchers have shown that this does not match the actual
data and numerous kinds of models have been proposed.

One way of departing from the simple normality assumption is to con-
sider a mixture of normal distributions. Hamilton (1989) proposed a
model called Markov switching model, where the mean and the variance
of a stochastic process depend on an unobservable, Markov state vari-
able. While Elliott and van der Hoek (1997) study a one-period portfolio
selection problem, we model the security returns using this model and
consider an intertemporal portfolio selection problem under the regime
switching returns and volatilities. With the same motivation, Ang and
Bekaert (2002) numerically treat the problem in a discrete-time setting.
In contrast to their approach, we first develop a general, continuous-time
portfolio selection model under continuous-time regime switching. We
employ the familiar method using the Hamilton-Jacobi-Bellman, (HJB),
equation to solve the continuous-time portfolio selection problem. This
can be considered a version of Merton’s problem (Merton 1969, 1971)

and enables us to show the optimal portfolio under regime switching.
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The development up to this point may be enough from a theoretical
aspect. We proceed further, however, and consider continuous-time log
mean-variance portfolio selection under discrete-time regime switching.
Our prime motivation in this paper is the practical modeling of portfolio
selection under regime switching; this scheme is one that matches our
purpose.

There is a reason for adopting the log mean-variance model as a
continuous-time portfolio selection scheme. The log mean-variance
model is equivalent to maximizing the mean growth-rate of the portfolio
value, or wealth, with its variance held low. Its fascinating properties
have been advocated since Kelly (1956), Breiman (1961), Thorp (1971),
and many others (e.g., Cover and Thomas, 1991). Of course, the log
mean maximization, or the expected log-utility maximization, will
not maximize the other types of utility functions. However recently,
Luenberger (1993) has shown that the log mean-variance model has
a valid long-run motivation, in the sense of tail preference. Moreover,
Konno, Pliska and Suzuki (1993) have developed a fast algorithm for
calculating the efficient frontier with respect to the log mean-variance
tradeoff. This algorithm can be easily implemented, even when we
incorporate constraints which would be incurred in practice.

The reason for assuming the regime switching to occur at deterministic
and discrete-time intervals is that there are established theoretical and
empirical results on regime switching models in the time series literature.
For example, Krolzig (1997) has successfully implemented this model to
detect the switches between recessions and booms in the business cycle
of several countries. Schaller and van Norden (1997), and Maheu and

McCurdy (2000), also used this model to identify bull and bear markets.
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An empirical analysis is conducted using the theory described above.
First we estimate the model parameters using the bond and stock re-
turn data. The estimation yields interesting information which is easy
to interpret and consistent with former findings. Next, an asset allo-
cation simulation is conducted. We consider an optimal mix of bonds
and stocks and, using an idea of ’switching volatility targets,” we achieve
better performance than stocks alone. Although the performance of our
portfolio is not as high as we expected, it is good enough to outperform
the stock index.

To summarize, this paper’s contribution is both theoretical and em-
pirical: Firstly, we provide a practical theory of portfolio selection under
regime switching returns and volatilities. Secondly, the estimation result
of the Markov switching model gives new insights regarding the security
market. Thirdly, an introduction of switching volatility targets signifi-
cantly increased the performance of the portfolio.

This paper is organized as follows. Section two develops the theory
based on log-mean variance criteria, under the continuous- and discrete-
time regime switching means and volatility. Section three introduces the
Markov switching model and the estimation procedures are discussed in
detail. Section four gives the estimation result and the interpretation
of the estimated states. Several interesting interpretation of the results
are presented. Section five conducts an asset allocation simulation and,

finally, section six concludes the paper.
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5.3 Theory of Regime Switcing Portfolios

5.3.1 Portfolio selection under continuous-time regime switch-
ing

We consider a market in which n risky assets are traded. The in-
vestment horizon is [0,7]. We assume that the price process of assets

follow the stochastic differential equation (s.d.e.):

(diagS;) " dS; = p,dt + S dW | (5.1)

where diagS; is a diagonal matrix whose elements are S;. Here W =
(W= Wi,..., W)

; t >0} denotes an n-dimensional standard Brownian motion de-
fined on a probability space (,F,P), the superscript / denotes a
transpose, and F}V éa(Wu ; 0<u<t).

It is assumed that there exists K economic regimes which continuously
switch the drift parameter p, and the diffusion parameter 3;. The eco-
nomic regime at time ¢ is denoted by a K-dimensional column vector Y%,
which has a realization in {eq, ..., eg,...,ex }, where ey, is a vector whose
k-th element is 1 and otherwise 0. Here we suppose that the drift pa-
rameter g = {p, ; t > 0} and the diffusion parameter ¥ = {3; ; t > 0}
take K realizations depending on the economic regime Y. To be more
precise, first define an indicator function

1 (if )/;5 :ek)

5.2
0 (otherwise) , (5:2)

L(k) 2 (Y, e) = {

where the operator (, ) denotes an inner product. We assume there are

K different vectors {p(1),...,u(K)} and matrices {X(1),...,5(K)},
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such that
K
peo= > L(k)u(k) & p(yy) (5.3)
k=1
0= Y Lk)S(k) 2 B(Y) . (5.4)
k=1

Writing A (k) 2 S(k)E(k)', we abbreviate X, to be

K
Ar=53 = Y L(O)S(k)S(R) S AY) . (5.5)
k=1

We describe the economic regime Y; as a continuous-time Markov
switching process, whose characteristics are the following. Y =
{Y;; t >0} is also defined on the probability space (2, F,P), pre-
sumed to be independent of the Brownian motion W, and we write
FY éa(Yu ; 0 <wu <t). Define &, 2E [Y:]. Then we have the forward

Kolmogorov equation for &, :

g,
S _q, (56)

where Q = (qri);<j ;< is defined as a Q-matrix :

| timy g PQem=alize) o (p g2 )
qrkl = { limp_.q 1—P(Yt+h;el|Yt:el) (if L — l) (5'7)
Hence ¢; = — Zle’ el Dl By the result shown by the appendix B of
Elliott et al. (1995), the regime Y; has the dynamics
dY; = QYidt 4 dM; , (5.8)

where M = {M, ; t > 0} is a martingale with respect to FY .

We suppose the investor’s utility is given by a twice differentiable,
strictly concave function u(x), (z > 0). The investor continuously se-

lects portfolios so as to maximize the expected utility from the terminal



5.3 Theory of Regime Switcing Portfolios 67

wealth. The portfolio is characterized by a weight b, € R™ whose i-th
element b; ¢ (1 =1,...,n) is the ratio of wealth invested in the i-th asset
to the entire wealth. In this subsection, it is assumed that a risk-free

asset is also traded in the market with a price process given by

dry = porydt . (5.9)

Here po is constant. By the budget constraint, the ratio invested in
the risk-free asset is 1 — b1, where 1 is a vector of ones. Then the
instantaneous return of the portfolio value (wealth) process is given by

d _ d
Wh _ ! (diagS,) " dS, + (1 - 1) It
Vi Tt

= {b} (s — pol) + po } dt + b, dW, . (5.10)

In the above expression, the portfolio selection is made without con-
. . A
straints. Then, with .ﬂW’Y:a(Wu, Yu; 0 < u <t), we state the

investor’s objective as the following problem:

max E[u(Vr(b,))]
P,| b. (5.11)
subject to by is ftW Y _ predictable .

To solve Problem Py, define the value function at t as:

JViYo)2  max E [u (Vir(ba)) (fthY} . (5.12)
{b. ; t<u<T}
Recall the economic regime Y; € .7-"2/[/ Y has a realization in {e1,...,ex}.
Then with the expression
J Vi, t) = (J (Vi,en,t), ..., J (Vi ex,t)) (5.13)

the value function can be written as

J(Vi, Vi, t) = (J (Vi 1), Vi) (5.14)
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The HJB equation is:

O:H;)ax ot (by, Y?) (5.15)
1
= Jv Vi O (e — Mo Mo t T 5Jvv Ve Oy A0y ts
Jv Vi {b) ( 1) + +Jit 5T V2b Ay + J (Vi, t) QV16)

When V; = e, ,(k =1,...,K), and the expression (5.3) and (5.5), we
write
l“l‘t = l‘l’(k) ’
A = A(k)
¢t(bt) = (¢t(bt7 61)7 ey ¢t(bt7 BK)) .

Then the HIB of (5.16) reduces to K partial differential equations:

0= II;)&X o (by, ex)

t

1
= Jy Vi {b, (u(k) — pol) + po} + Ji + §JVVVth;A(k)bt +J (Vi, 1) Qe

(k=1,...

Using first order conditions, we obtain the optimal portfolios according

to the realization of the economic regime Y; at time t:

by = bi (V) =

Z ) (m(k) — pol) (Y = ex,..(5d38)

JVVVt —
We call by (Y;) the regime switching portfolio. There is no hedging port-
folio since the opportunity set is constant as long as the regime does
not change. Hence the optimal decision of an investor under our regime
switching setting is to prepare K distinct portfolios that are optimal in
each regime and switch among them according to the economic state at
each point of time.

For general utility functions, it is difficult to solve the p.d.e. (5.16)

when by (Y;) is substituted for b;. If, however, we specify the utility to

(5.17)
LK)



5.3 Theory of Regime Switcing Portfolios 69

be the log-type, on which we will construct a portfolio selection model
in the next subsection, we are able to derive the optimal portfolio in

closed-form.

Theorem 5.3.1 (The regime switching log portfolio) Under the
model specified in this subsection which admits the asset price process
to switch its parameters according to the economic regimes, the optimal

portfolio for the log investor is given by

K
b (V) = Y L(k)A™ () (u(k) — pol) - (5.19)
k=1

Proof. Asin Merton (1971) and Cox et al. (1985), the value function
of (5.12) has the form of

J(Vi, Yy, t) = f(t)log Vi + g(Y3, 1) - (5.20)

f(t) and g(Y3,t) are given as solutions to the p.d.e. of (5.16) in which
b; (Y;) of (5.18) is substituted for b; and (5.20) for the value function.
The boundary condition is f(7') = 1 and g(Yr,7) = 0. Then we have

JVJ“//‘/t = —1 in (5.18) to complete the proof. 0

5.3.2 Log mean-variance portfolio selection under discrete-time

regime switching

Again, we consider a market in which n assets are traded and their
price processes follow the s.d.e. (5.1) as before. The investment hori-
zon is again [0,7]. It is assumed that, however, the economic regime
switches occur discretely, namely, at deterministic discrete times: 0 =
tg <t <...<t;<...<ty=T. We call the time interval (¢;_1,%;]

the period t; (i = 1,...,N). Then we describe the economic regime as
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a discrete-time Markov switching model. Again the process of the eco-
nomic regimes is denoted by ye {V;, ; i=1,2,...}, and Y;, has state
space {e1,...,€k,...,ex}. Asin the foregoing continuous-time analysis,
we assume that its transition probability matrix is time-homogeneous

and denoted by

P = (Pkl)1gk7lgf<
=P (Y, =ea|Vi, =e) . (5.21)

That is, the (row [, column k)-element of P, py;, represents the proba-
bility of switching from state k£ to [. Writing .7-?; 24 (Ytj s i=1,... ,i),

our Markov model is describe as :

E Y| Y =] = B[ Vi | Yo = e, B, | = Pey |

i+1 i+1

or E Y., |Y.] =PY,, . (5.22)

i1
Then the economic regime has the dynamics

Y;‘/Hl = PY}@' + Mti+1 ) (5'23)

where M = {M,, ; i =1,2,...} is an FY -martingale increment.

Write F}"Y = 6 (W,,Ys; 0<u<t, s=tg,...,t; <t). Note that
the economic regime Y;, is assumed to be an F} -measurable random
vector. Again we define the .7:2: -measurable indicator function as follows:

1 (lf Y;fl :6k) )

5.24
0 (otherwise) . (5.24)

L,(K) & < Vi, e, >= {

For any time t € (t;—1,t;] in the period t; (i = 1,...,N), it is as-

sumed that there are K different vectors {u(1), ..., u(K)} and matrices
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{¥(1),...,3(K)}, such that

K
=3 I (k)u(k) S p(Yy,) | (5.25)
k;l
=3 LSk EB(Y,) - (5.26)

Writing A (k) 2 S(k)X(k) (k=1,...,K), we abbreviate ;3] as
=53 = th )(k) EAY,) . (5.27)

Then we rewrite the asset price processes (5.1) for the time ¢ € (¢;_1,¢;] in
the period ¢; (i = 1,..., N), conditioned on the .7-",}1_/ -measurable economic
regime Y;,, as:

(diagS;) ™" 84| Ve, = u(Yy,)dt + B(Y;,)dW . (5.28)

The investor constructs his portfolio for the period t; according to
the regime Y;,. We denote by b, the portfolio weights, the ratio of the
amount invested in the i-th asset to the entire portfolio value at time t.
It is supposed that the portfolio selection is made within the following

feasible region*!

DE{becR"b1=1, b>0} . (5.29)

In the foregoing section, we discussed the portfolio selection based on
the expected utility. For reasons given at the head of the section, we

adopt the log mean-variance model for the portfolio selection:

Regime Switching Log Mean-Variance Model

*1 In addition to (5.29), one can impose the inequality Ab < ¢, for the practical
purpose. Here A € R™*" ¢ € R™. For example, the sponsor may claim that
the total weight of specified assets should be less than ¢. Even if we address this

constraint, the discussion in the rest of this subsection is essentially the same.
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In the regime switching log mean-variance model, the investor’s

objective is to maximize the expected logarithm of the terminal portfolio

value, or the expected growth rate of the portfolio value, subject to

the regime switching, (or state-dependent) log-variance over the entire

investment horizon.

We remark that although our model flexibly varies the target log-
variance level conditioned on the economic regime, it does NOT change
the objective of the expected logarithm from the terminal portfolio value.
To state the portfolio choice problem for the log mean-variance model,
we shall derive the expectation and variance of the terminal log portfolio
value in our setting. For the period t;, the instantaneous return of the
portfolio value, conditioned on the economic regime Y;,, is given by:

dV;
T | Yo = bla(Y:,)dt + BB (Y, AW, (5.30)
t

Applying the Ito’s rule, we obtain:

dlogVi | Yi, = pp (b 5 Ya)dt + B[S(Y, )W, . (5.31)
where
Ay 1,
e (b Vi) 2(Y,) — LAY )by (5.32)
Assuming V), = 1, the conditional expectation from the terminal log

portfolio value is:

ElogVr |, Ff | =E

2

t;
/ dlogvtmi}‘fgv,f%]

ti—1

E\E

ti ti
[ et viydes [ v aw,

ti—l ti—l

I
,MZ

}"KI,F%/]

fgv,f%f]

i=1

I
WE

t;
[ e viar. (5.33)
tz 1

1 i~

.
I
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The last equation is obtained since j;tj_l b,X(Yy,)dW is an F}V -
martingale. From above, to maximize the conditional expectation from
the terminal log portfolio value under the constraint D of (5.29), it
is enough to maximize pp (b; ; Y;,) for each period ¢; (i = 1,...,N).
Then the optimal portfolio at any time in period ¢; is constant, condi-
tioned on the economic regime Y;,. Specifically, if the maximization is
implemented without the constraint D as in the previous subsection,

the optimal portfolio b; at any time ¢ in the period t; is obtained as

max pup (b ; Y3,)
thR"

By the first order condition, the optimal portfolio is given as

B (V;,) = bIE* (V) = A(Y:) " (Vi)
K
= L (W)AR) (k) (VEE (b)) - (5.34)
k=1

Again, the optimal log portfolio is the regime switching portfolio of (5.19)
in which the expected return p(k) is substituted for the expected excess
return p(k) — pol. We then obtain the unconditional expectation from

the terminal log portfolio value:

N ti

Ellog Vel 7" = B[ llog Ve |7, AV ]| 78| = Y [ untinas)
i=1"ti—1

where

pp(b) 2 S Bl (0)|Y:,_,Jip(be : ex) | (5.36)
k=1

Evaluating the conditional log variance of the portfolio value over the

whole investment horizon, we have from (5.33) and the Ito isometry,

N ti 2
V{logVr| R, F1 ] =E (Z/ b;Z}(Yti)th> FV,FY
i=1"ti-1
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N ti

=Y [ obei v (5.37)
i=1"Yti-1
Here
A
o3 (b ; Vi) 2BA(Y: )by - (5.39)

To state the problem for the regime switching log mean-variance
model, we constrain the above log variance of the portfolio value
over the entire investment horizon, in addition to the constraint D of
(5.29). Since the log variance of each period may vary according to
the .7-?; -measurable economic regime Y;,, we constrain o%(b; ; Y;,) in
(5.37) to be Zszl I;, (k)52 (k) in each period t; (i = 1,...,N), where
%(k), (k=1,...,K) are the K target log variances set by the investor
a priori. Hence,

N t; N K
V [log Vr| 7V, FY ] —Z/t o2 (by ; Yti)dt—Z{(ti—ti_l)ZIti(k)oz(k)} .

i=1 k=1

Taking a second expectation with respect to Y for both sides to obtain

the unconditional log variance of the portfolio value:

Vilog V| 70" = B |V [1og Ve 7Y, FY] | 77|

N t; N K
:Z/t. op(b)dt =3 > {B[L.(k) [V ] ()t —ti0)}

i=1 k=1

where
A K
U?D(bt):ZE [Itz(k) ‘ni—l] U?’(bt ) ek) : (539)
k=1

Finally we are able to state the portfolio selection problem for the log

mean-variance model for each period #;:

max  pe(by)

t;

Pl subject to oh(br,) = SIS, Bl (0, Jo* (k) , (40
bti eD.
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5.3.3 Regime switching log mean-variance efficient frontier

The regime switching log mean-variance model developed can be seen
from the aspect of risk-return tradeoff as the standard one-period mean-
variance model. Since our original multiperiod model can be reduced to
the single period one by the virtue of log function. Then for each period,
the return is the regime switching log-mean, pup(b; ; Y;,) of (5.32), and
the risk is the regime switching log-variance, 0% (b; ; Y;,) of (5.38). The
regime switching log mean-variance model has the preference of higher
log-means and smaller log-variances. Hence its optimal portfolios are

determined according to the following criterion:

Regime Switching Log Mean-Variance Criterion

At each period,
1. Maximizing the log-mean for a given level of log-variance condi-
tioned on the regime.
2. Simultaneously, minimizing the log-variance for a given level of

log-mean conditioned on the regime.

We call such portfolios the regime switching log mean-variance efficient.
Also on the log mean-variance plane, the trajectory of the regime switch-
ing log mean-variance efficient portfolios is termed as the regime switch-
ing log mean-variance efficient frontier.

For the rest of this subsection, we describe a numerical procedure for
finding the regime switching log mean-variance efficient frontier and its

advantages in implementing the practical portfolio management.
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On the log mean-variance plane, the feasible portfolios which satisfy

the regime switching log mean-variance criterion lie in the domain:
A
&= { (O-%'(bti; Y;ﬁq)’ /‘I’P(bti ] }/;51)) ‘U?D(btz ) Y;f@) = b/tlA(Y;fq)btz’

1
/’LP(bti;Y;‘/i) = b:tlll’(yvtl) - iai(bti;}/ti)7 bti € D} :

Then the log mean-variance efficient portfolios are the subset of £ such
that its element (0% (b ;Y3,), pp(b ;Y;,)) satisfies the regime switching

log mean-variance criterion and is denoted by £*. We also define:

5 A ~
&= {(U%(bti?Yti)aMP(btiS Yiz)) ‘J?D(btwy}/z) = b:SIA(Y;‘/)btm

i

- A 1
/’LP(bti; Yﬂ) :b;l:u/(Yﬂ) = /"LP(btz‘;}/ti) + 50-}2)<bti;}/ti)7 bti € D} :

Employing the method of Konno, Pliska and Suzuki (1993), we first
find the set of standard single-period mean-variance efficient portfolios
£ = {(0%(b;;Y3,), ip(b;;Y:,))} and transform £* into £* to obtain
the set of log mean-variance efficient portfolios.

The first step is to find two extreme points on the log mean-variance
efficient frontier; namely the one is the global maximum log-mean portfo-
lio (or Kelly portfolio) and the other is the global minimum log-variance

portfolio. These two portfolios can be found by solving:

HéaX IUP(bti;Y;‘/i) = b;”(Y;‘/l) - %b;A(nz)btz
K ti
subject to by, € D,
and
minimize 0% (by,; Ys,) = by, A(Yy, )by,
M bfi
subject to by, € D .

Let the optimal solutions to Problem K and Problem M be bg * and bi\f *
and write K (U%(bfj*; Vi), up (b Yti)) and M (a%(bi\f*; Yi,), mp (b2 Yt)>

respectively. Also calculate ﬂp(bfj*; Y:,) and ﬂp(bi\i/[*; Y:.).
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The second step is to find the standard single-period mean-variance
efficient portfolios by solving the following problem:
minimize 0% (by,; Ys,) = by, A(Yy, )by,

g

subject to fip(by,; Vs,) = b, u(Y,) = p ,
b, eD .

MV

where p is the target expected return. Here we note that it is enough
to search the interval ﬂp(bi\i/[*;Yti) <p< ﬂp(bf*;Yti) to obtain the

standard mean-variance efficient portfolios £*. Let the optimal solutions

to Problem MV be b;, and write

MV (36, Vi) fip (b7 3 Yi,) € €
The third step is to transform MV into
*k * ~ * 1 * *
EMV (b0 i) e 0], i) = e(b, i) — Job (b ¥ ) €€

The trajectory of LMV is actually the regime switching log mean-
variance efficient frontier. O

As the concluding remarks for this subsection, the regime switching
log mean-variance efficient portfolios have two advantages for managing
portfolios in practical implementation.

First, once the required input for the model such as {p(Yy,), A(Yy,); Yz, }
is identified, the log mean variance-efficient portfolios can be found
easily. Since the numerical procedure composed from three steps uses
the familiar quadratic programming alone and there are well-developed
methods and application packages which can treat large-sized problem
quite efficiently. Moreover, we have included general (linear) constraints
in D which are frequently incurred in the practical use.

Second, one can grasp graphically the risk-return tradeoff in our

model which is quite familiar in standard single-period mean-variance
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one. Moreover, one can track the tradeoff sequentially for the entire

investment horizon, conditioned on economic regimes or scenarios.

5.4 Markov Switching Model

In the following sections we implement the theory developed above.
This section briefly discusses the basic setup of the empirical model and
its estimation procedure for Markov switching models. Markov switching
models are advantageous since they are flexible enough to describe the
characteristics of actual security returns. Basically, parameter estima-
tion is conducted using the maximum-likelihood method, but due to the
hidden state variables, a special recursive filter proposed by Hamilton
(1989, 1994) is required*?. Also, there are two methods for maximizing
the likelihood function, a numerical procedure and an EM algorithm,
which we actually adopt in the parameter estimation. Both procedures

will be explained.

5.4.1 Basic setup

T
Assuming t; — t; 1 = h, where = N e discretize the s.d.e. (5.28)

as follows:

Ry, |Y:, £ (diag(St, )" (St — 8t,,)| Vi = u(Ye)h + (Y, ) VIEEAL)
or Rti Y;ﬁb ~ N(N(Yh)h, A(Y;‘/L)h) ) (5'42)

where ¢, ~ N(0,I) and we write Ry, 2 (R:,,...,Ry:;). In other words,

we assume that the returns follow a multivariate normal distribution

*2 Elliott (1994) also studies the adaptive filters for hidden Markov chains and

related processes in detail.
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with its means and the variances switching depending on a countable
number of states. The state is assumed to switch according to an unob-
servable Markov process with a transition probability matrix P, whose
ij-th element is the probablity of switching from the state i to j, i.e.
P;; = P(Y;, = j|Y;, , = i). Hamilton (1989, 1994) has proposed a
recursive filter, by which the probability of being at each state can be
obtained. This filter allows us to distinguish among different states and
utilized in our portfolio selection model*3.

The advantage for using this kind of model is its flexibility in realizing
various distributions. Timmermann (2000) has shown that the model is
able to generate distributions with excess kurtosis and negative skewness
that are evident in many security return data. Although a mixture of
independent normal distributions is also able to achieve this, the inde-
pendence assumption is somewhat contrary to intuition. For example,
considering two states representing good and bad states of an economy, it
is not natural to assume the state changes independently. Some kind of
dependence assumption is more realistic, and in fact, Markov switching
model is successfully implemented to determine switches between reces-
sions and booms in the real sector of the economy (Krolzig, 1997), and
bull and bear markets in financial markets, (Schaller and van Norden,
1997 and Maheu and McCurdy, 2000).

Although there are other methods for estimating the state probability,
Markov switching models are advantageous by the following two reasons.

First, Layton and Katsuura (2001) compare MS, probit and logit models,

*3 The model can be extended so that the transition probabilities themselves de-
pend on some exogenous variables. See Diebold et al (1994) and Filardo (1993)

for such extensions.
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which are popular methods for estimating the state probability, and con-
clude that Markov switching model performs the best for diagnosing the
business cycle transitions. Although there is no such study conducted in
financial markets, this result should be highly relevant as the real and the
financial sectors are closely related. Second, while the Markov switching
model can be estimated without arbitrariness, logit and probit models
require a ’true’ state as a dependent variable to estimate the coefficients.

This kind of arbitrariness is precluded in Markov switching models.

5.4.2 Estimation procedures

The estimation of Markov switching model is conducted using
maximum-likelihood, but due to the hidden state variables, it is
more complicated to provide a recursive filter. Before discussing the
estimation procedures we define a few variables.

First, we define a vector of conditional density n:

N, = (f(Ry Yy, = €1;0) ... f(Ry,|Yy, = ex;0) ... f(R, Yy, = ex; 9))/
(5.43)
We assume that the returns are conditionally normally distributed. That

is, for R;, € R™, each conditional density function can be written as:

_n N —1 1 . N — .
ORIV, = e536) = () HAG) ™ exp { = (R~ 0D AG) (R - )}
(5.44)
for j = 1,2,..., K. The parameter vector 8 contains the conditional

means, variances, covariances and transition probability parameters at

each state.
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Next, we define the vector of estimation for the state &, |,

1>

(P(Ys, = e1[Ry,) ... P(Vi, = ex|Ry,) ... P(Yy, = ex|Ry,))
(5.45)

€ti|tj

Since Ry, represents the history of the return R upto the time t;, €ti|tj
contains the state probabilities at time ¢; based on the information up to
time t;. This is called a filterif t; = t;, a forecastif t; > t; and a smoother
if ¢; < t;. With an initial value &g, the filter and the one-step-ahead
forecast can be calculated by the following iteration scheme:
_ €ti|ti,1 O/ '

i ll(ﬁmti_l ong,)’

£t¢+1|ti =P émti, (5-47)

(5.46)

where ® denotes the element-by-element multiplication of vectors. The
initial value £, can be another vector of unknown variables to be esti-
mated by maximum-likelihood. The denominator of (3.5) actually cal-
culates the likelihood**. Therefore, with 7" numbers of data observation,

the log-likelihood function to maximize can be written as:

N
L(0) = log1'(&, 1, , ©my,)- (5.48)

i=1

There are mainly two methods for maximizing this function: a numer-
ical optimization and an EM algorithm. Both procedures have pros and
cons as shown by Mizrach and Watkins (1999). They compare the two
methods and find that while the calculation speed of the former is faster,
the latter is more robust with more ill shaped likelihood functions. Since
we treat a fairly complicated model with two variables and two to four

states, we adopt the EM algorithm.

*4 See Hamilton (1994) for details.
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The general EM algorithm was proposed by Dempster et al. (1977) and
the application to the Markov switching model was studied by Hamilton
(1990). This is fairly easily implemented using the filter and the smoother

described above. According to Kim (1993), the smoother is defined as:

Enir =&, © {Pl [Eti+1\T(+)£ti+1|ti} } ; (5.49)

where (<) denotes the element-by-element division of vectors. The
initial value &pp is given by the last step of the recursive cal-
culation (5.46)(5.47) and then this is solved backward to obtain
s 1=1,...,N.

This algorithm consists of the following two steps:

1. (Expectation Step): Run the filter (5.46)(5.47) and the smoother
(5.49) to obtain
P{Y;, = ex|Xp;60}, fork=1,...,K, i=1,...,N.

2. (Maximization Step): Update the parameters according to the
following rule (Hamilton, 1990 and Diebold et al., 1994):

(b)) _ Liea POVe = ¢/ R1: 0 Ry,
SN P(Y;, = ¢j[Rr; 67))

l“l‘(]) 7f0rj:17"‘7K7

A = iz PO = e Rei 0F) (i, = pi) D) Ry, — pl@) ™D’

S, P(Yy, = ¢j|Rp; W)

forj=1,...,N, (5.51)

N
plkt1) _ S, Py, =en, Vi, , = en|Rr; 0%}
" zf\i2 P{Y;‘/i—l = em‘RT;e(k)}

)

for m,n =1,

where the superscript (k) shows that the corresponding parameter is
obtained in the kth recursive calculation. Setting the initial value 0(0),

the two steps are repeated until a predetermined convergence criterion

. K5.52)
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is achieved. Although the EM algorithm is known to be robust to the
choices of initial values, several different values should be tested in order
to avoid local maxima. This algorithm is implemented by programming

in C++, which significantly speeds up the estimation.

5.5 Application to the Japanese security markets
5.5.1 Data

In the following analysis, we consider two assets: the Japanese bond
and stock. For bond data, we use the Nomura BPI index, which is
constructed using government and corporate bonds issued in Japan with
ratings above A, excluding convertible and mortgage bonds and asset
backed securities. This index was set as 100 at the end of December 1983.
For the stock data, we use TOPIX, which is a value-weighted index of the
first section in the Tokyo Stock Exchange. The index was set at 100 in
January 4, 1968. The data used here is monthly. It starts in April 1972
and ends in July 2001, giving to 352 data points. We make use of the
maximum number of data available since to obtain reliable estimates the

MS model requires far more data than ordinary single state models™.

5.5.2  Full sample estimation

Tables 5.1, 5.2, 5.3, figure 5.1 and 5.2 show the estimation results for
two and three state models using the full sample explained above. We
first analyze the two-state model. From the estimated parameters in ta-

ble 1, we can interpret that the first state corresponds to the 'bad’ market

*5 See Psaradakis and Sola (1998) for details.



84 Os0 0O00000OO0ODOODOODOOobOood

condition and the second state to the 'normal’ one. In the second state,
bonds and stocks are both performing fairly well, with moderate level of
volatility, while both perform poorly with a higher level of volatility in
the first state. The stock market in the first state is remarkably turbu-
lent with negative expected returns and a volatility that is three times
higher than the one in second state.

The transition probabilities in table 5.2 show that the second state is
highly persistent compared to the first. We can calculate the expected
duration for each state as 1/(1 —p;;), where the p;; shows the probability
of staying state i. According to this, the former is expected to last for
about three months, while the latter is expected for more than a year.
This shows that, although the first state corresponds to a bad market
condition, it does not last long as the second one. In other words, the
market stays calm for about a year and then a short turbulent period
occurs. Since the expansions and recessions last for 33.1 and 17.4 months
on average, (see table 5.4), the security market seems to have a shorter
cycle which is closely related to the real sector of the economy.

The estimated parameters for the covariance suggest that that the
covariance is also regime-dependent. For a better understanding, we scale
the covariance to the correlation coefficient. The correlation is 0.106 in
the first state and 0.135 in the second state. The difference is almost
30%, and we consider that an introduction of time-varying covariance
should play a more important role in the portfolio selection theory. This
becomes clear in the three state-model, where the difference is much more
significant.

One interesting result in the figure 5.1 is that many of the ’bad’ market

conditions are triggered by the incidents in the real economic sector.
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This confirms the results of Perez-Quiros and Timmermann (1998) who
observed that the volatility of returns increases at the turning points of
the business cycle. For example, the recessions caused by the two energy
crisis’s in 1973 to 1975 and 1979 to 1983, the high-Yen recession after the
Plaza agreement in September 1985 and the end of the 'bubble’ economy
in the beginning of 1990, seem to have caused the market turbulence.
Notice that this turbulent state also corresponds to an economic trough,
for example, in the beginning of 1974, the end of 1986 and the end of
1993.

Next, we analyze the result from the three-state model. From the
estimated parameters in the table 1 we can interpret that the third state
corresponds to the ’bad’ market condition. This state and the first state
in the previous model can be considered to represent the same states as
the parameters and the filtered and smoothed probabilities are similar.
The first and the second state in this model shows the 'normal’ market
conditions, the former with the higher stock returns and the latter with
higher bond returns. We can conjecture that the second state in the
previous model corresponds to the combination of the first and second
state in this model. In other words, the second state in the previous
model is divided into two parts in this model: One with higher stock
returns and the other with higher bond returns. Combining with the
result for the expected durations, we can interpret the result that the
market stays at the 'normal’ state for the most of the time, though the
turbulent 'bad’ state arrives occasionally.

Another interesting fact is clear from the transition probability matrix.
The transition probability matrix shows that while the probability of

moving from the first state to the second is three times higher than that



86 Os0 0O00000OO0ODOODOODOOobOood

of moving to the third, the probability of moving from the second to the
third is also significantly higher than the probability of moving to the
first. In other words, when the bonds are performing better than stocks,
it is likely that the market is heading to the turbulent state. Therefore,
it may not be a good idea to invest heavily in stocks during the second
state. This observation will be important in section 5, where the asset
allocation simulation is conducted.

Finally, the covariances are worth noting. As in the two state model,
we calculate the correlation coefficient in each state: 0.09 in the first
state, 0.19 in the second state and 0.12 in the third state. The difference
is much more significant than the ones in the two-state model and the
importance of the regime-switching covariance should be clear in the

context of diversification.

5.5.3 Expanding-window estimation

In order to test whether our model is practical, we conduct an
expanding-window estimation to investigate the stability of coefficients.
In estimating MS models, we must pay attention to avoid the problem of
obtaining unreliable coefficients caused by using too few data. Since our
model requires a relatively large data set to be reliable, we conduct the
test for only last 30 months. That is, we use the first 322 data points to
estimate the model parameters, and then repeat the estimation 30-times
by increasing the number of sample one by one. Since we have total of
352 data points, we obtain 30 sets of estimated parameters. Figure 3
shows the results.

All coefficients are stable for the most of the time, excluding the period
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of the year 2000. During this period, the bond return in the second and
the third state goes up and stay constant, while it stays low in the first
state. The change in the stock market is subtler, showing a slight upward
shift in the first and the third states. Changes also occur in volatility
estimates, showing declines during this period. Probably the most ob-
vious change occurs in the bond-stock correlation, where some unusual
upward shift is observed. Although the reason is not clear, the ’'zero
interest rate policy’ by Bank of Japan, which has lasted since February
1999 to August 2000, may have caused this unusual return change. The

reason for these unusual movements may require more research.

5.6 Asset allocation simulation

In this section, we conduct an asset allocation simulation using the
results obtained in the previous chapter. In doing so, we must pay ex-
tra attention not to include future information. That is, the simulated
portfolio at time ¢t must be based only on the information up to time ¢.

The simulation is conducted in two ways. The first one is a naive imple-
mentation, where the problem (5.40) is solved with a constant 5%. How-
ever, the performance of this method is disappointing, since it weights
too much on the stock when the stock market is in bad condition and con-
sequently, the portfolio suffers from a big loss during the bear market.
To avoid this problem, we introduce an idea of what we call ’switch-
ing volatility targets,” where the target volatility % is set according to
the states beliefs at each period. That is, the model weighs more on
stocks when they are in a good state, and vice versa. The portfolio with

this modified method performs much better than the one with constant
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volatility target. However, the result is not surprisingly good, since the
Japanese stock market in the 1990s was far more disappointing compared

to the bond market.

5.6.1 Implementation with a constant volatility target

We calculated the portfolio optimization problem of (5.40) using the
sequential estimation results from the previous section. For the target
volatility, %, we selected 1, 3, 5 and 10. Table 5.5 shows the results.
The second and third columns, 'Bond-Only’ and ’Stock-Only’ show the
mean and variance of the bond and stock indices alone. The fourth to
seventh column show the performance of the regime switching portfolios,
with target volatilities of 1%, 3%, 5% and 10%.

Overall, the performances of the regime switching portfolios are dis-
appointing. Although the means are higher than stock index, the bond
index has much higher mean and lower variance. Moreover, the result
shows that increasing the target volatility, meaning taking more risk,
does not necessarily increase the expected return.

The reason for such low performance is clear when we look at figure 5.4.
This shows the relationship between the bond and stock indices’ returns
and the portfolio weight to stocks. Although the portfolio invests largely
in stocks during the bull market of 1999, the weight in stocks does not
decline much during the bear market of 2000. Obviously this caused the
portfolio to lose value during the bear market. We can conclude that,
although the portfolio weight is moving to right direction depending on
the market condition, it does not move enough to successfully time the

market. Since the constant target volatility is the main reason for this



5.6 Asset allocation simulation 89

poor performance, the next section considers varying it depending on

each state belief.

5.6.2 Implementation with switching volatility targets

The disappointing result from the previous analysis is caused by taking
too much risk during the second and the third regime. Then, it would be
a reasonable idea to take more volatility risk during the first state and
less in the second and the third state. We call this a switching target
volatility and define % = S5 | P{Y, = i}-02. Here o2 shows the target
volatility for the state i. So 6% is the state probability-weighted average
of the target volatilities in each regime.

Table 5.6 shows the asset allocation simulation using this state-
dependent target volatility. Four different target volatilities are tested.
’5-1-0.5" in the table means the target volatility is 5, 1 and 0.5 for
regime one, two and three respectively. In this way, ’5-1-0.5’, ’10-1-0.5’,
’5-0.5-0.1" and ’10-0.5-0.1" are tested. The target volatility is set this way
to take the result from last section regarding the transition probability
matrix into account. Since in the first state, the stocks are expected
to grow with low volatility, the portfolio takes more risk. It does not
take much risk in the second state because the probability of going into
the third state cannot be ignored. In the third state, the portfolio tries
to take little risk as possible. If we select a very low target volatility,
the inequality constraint in 5.40 may not be satisfied. In this case, we
select the portfolio weight that achieves the lowest volatility, which is
equivalent to calculating the minimum variance portfolio.

Overall, the portfolio with the state-dependent target volatility per-
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forms better than the naive portfolio. The target volatility of ’5-0.5-0.1’
shows the best performance among the four. The mean of the portfolio
return is improved by 0.06% ~ 0.07%monthly or 0.72% ~ 0.84% annu-
ally, which is quite high. However, our portfolio does not significantly
outperform the bond index. This is caused by the highly disappointing
performance by the Japanese stock market in 1990s.

Figure 5.5 shows the relationship between security returns and the
portfolio weight to stocks. Note the obvious difference in the weight.
The portfolio weights more on stocks during the bull stock markets and
less during the bear market. Moreover, the weight of stocks during the
bull market is much higher than the one with fixed target volatility. The
opposite is true during the bear market. We can say that the state beliefs

are reliable indicators to time the market.

5.7 Conclusion

In this paper, we have developed and implemented the theory of port-
folio selection under regime switching means and volatilities that are
modeled by using a Markov switching model. Although the intertempo-
ral portfolio selection theory in general is very difficult to solve, we made
it significantly easier by using the log-mean variance criteria.

The estimation of the security return model was more than successful,
yielding several interesting insights. This includes the relationship be-
tween security markets and business cycle, the expected duration of bull
and bear markets, determining the probability of which security market
would perform better, and so on. This kind of rich information cannot

be obtained in a normal, one-state model. Also, the filtered probabilities
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proved to be reliable indicators to time the market.

However the asset allocation simulation was not good as we expected.
Although the performance is improved by introducing an idea of a state-
dependent target volatility, the results were not surprisingly good. This
is caused by the highly disappointing performance by the Japanese stock
market in 1990s. We hope that during a period with occasional bull
and bear markets, our model would perform much better and prove the

importance of a regime switching portfolio.
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Two State Model Three State Model

Bond Return (%) 0.314  (0.248)  0.538  (0.106)
Stock Return (%) -0.461  (1.037)  1.117 (0.267)
State 1 Bond Variance 3.640  (0.567)  0.836 (0.120)
Stock Variance 57.436  (10.230)  6.624 (1.092)
Bond-Stock Covariance  1.553  (1.811)  0.233 (0.230)
Expected Duration 3.300 9.259
Bond Return (%) 0.630  (0.054) 0.718  (0.101)
Stock Return (%) 0.695  (0.294) 0.108  (0.531)
State 2 Bond Variance 0.581  (0.057)  0.457 (0.082)
Stock Variance 18.326  (1.890) 31.189 (3.797)
Bond-Stock Covariance  0.439  (0.236)  0.731 (0.427)
Expected Duration 12.658 7.874
Bond Return (%) 0.281 (0.288)
Stock Return (%) -0.364 (1.209)
State 3 Bond Variance 4.147 (0.678)
Stock Variance 65.096 (12.419)
Bond-Stock Covariance 1.994 (2.328)
Expected Duration 3.534
Log-Likelihood -1561.50 -1541.71

0 5.1 Estimated parameters for the two- and three-state model.
Standard errors are reported in the parenthesis. The expected
durations for each state is calculated as 1/(1—pi;), where the p;;
shows the probability of staying at the state i. All parameters

are monthly.
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From State 1 From State 2

To State 1 0.697 (0.089) 0.079 (0.029)
To State 2 0.303 (0.109) 0.921 (0.051)

O 5.2 Transition probability matrix for the two-state model.

Standard errors are reported in the parenthesis.

From State 1 From State 2 From State 3

To State 1~ 0.892 (0.065) 0.044 (0.065) 0.170 (0.092)
To State 2 0.082 (0.076) 0.873 (0.075) 0.114 (0.105)
To State 3 0.026  (0.029) 0.082 (0.045) 0.717 (0.037)

O 5.3 Transition probability matrix for the three-state model.

Standard errors are reported in the parenthesis.
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Dates Cycle Durations (months)
Cycle Trough  Peak  Trough Expansion Recession Total Cycle
1 Jun-51  Oct-51 4
2 Oct-51  Jan-54  Nov-54 27 10 37
3 Nov-54  Jun-57  Jun-58 31 12 43
4 Jun-58 Dec-61  Oct-62 42 10 52
5 Oct-62  Oct-64  Oct-65 24 12 36
6 Oct-65  Jul-70  Dec-71 57 17 74
7 Dec-71 Nov-73 Mar-75 23 16 39
8 Mar-75  Jan-77  Oct-77 22 9 31
9 Oct-77  Feb-80  Feb-83 28 36 64
10 Feb-83 Jun-85 Nov-86 28 17 45
11 Nov-86 Feb-91  Oct-93 51 32 83
12 Oct-93 Mar-97 Apr-99 43 20 63
13 Apr-99  Oct-00 21
0 5.4 Official business cycle expansion and contraction
datings from the Economic and Social Research Institute.
(http:/ /www.esri.cao.go.jp/index-e.html) The average durations
for the expansions and recessions are 33.1 and 17.4 months re-
spectively.
Target Volatility
Bond-Only  Stock-Only 1 3 5 10
Mean 0.332 0.187 0.307 0.314 0.302 0.303
Variance 0.663 28.015 0.734 3.209 5.743 12.034

O 5.5 The result for the asset allocation simulation under three

regimes. The target volatilities are constant.
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Target Volatility

Bond-Only Stock-Only 5-1-0.5 10-1-0.5 5-0.5-0.1 10-0.5-0.1
Mean 0.332 0.187 0.344 0.324 0.373 0.340
Variance 0.663 28.015 3.230 6.158 3.029 5.928

O 5.6 The result for the asset allocation simulation under three
regimes. The target volatilities are state dependent. For exam-
ple, ’5-1-0.5’ means the target volatilities are 5, 1 and 0.5 for

regime one, two and three respectively.
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5.7  Conclusion 97

Return

0.5 1

aNRRININ

Probability in State 3  Probability in State 2  Probability in State 1
~° =
=
1

0

72 74 76 78 84 86 88 90 92 94 96 98 00 02
— Bond — Filter
—— Stock —— Smoother

O 5.2 Returns, filtered and smoothed probabilities in the three
regime estimation. Shaded areas show that the corresponding

periods have the smoothed probability above 0.5.



Os0 0O00000OO0ODOODOODOOobOood

98

T T — S0
H {90
\\l}\/ 1o
o
o
D
L _ 180 E
T Z
colgwol —
Z2o0lzwol4 ——
r TolTwol4 — it
SaNliqeqoId UoNISUeI | aYelS
10 00 66
. , —0
H {oz
— - e M
r 10V g
E
H {09
coms —
z9omrs ——
[ Tems —— 108
SemINeloN %0015
10 00 66
. , — ST
L 11

- e

— g0

1ST

x4

SuIMay >o01S

wmay

00

66

00

gaps —
r| cores —
TS —

SanejoA puog

swnjay puog

o

It}
=
o

hal
=]

0
=
(<]

N
=1

uoneguod

e}
]
=}

@
<]

) o~ “ o

Ayivejon

~

O 5.3 Estimated parameters in the three regime, expanding

window estimation.



5.7  Conclusion

99

160

140

120

100

T
—— Bond Index

—— Stock Index

80
99

00 01

0.8 -

0.6 [

04

0.2

T
— Portfolio Weight to Stocks

99

00 01

O 5.4 The actual bond and stock index and the portfolio weight
to stocks. The case with a fixed target volatility.



100 Os0 0O00000OO0ODOODOODOOobOood

160 T
—— Bond Index
—— Stock Index

140

120

100

99 00 01

T
— Portfolio Weight to Stocks

O 5.5 The actual bond and stock index and the portfolio weight

to stocks. The case with a state-dependent target volatility.



101

060

oo od

Jooboogouobobboooouoobood
googogd

000,00000000000000000 &O0000,0000000
000000000000, (0210,200400 JAFEEDOOO, 000
0,20040 80 4-50.)

6.1 OO

gojood,0doooo,jdoooooooooobobo
gooboboooobobboooobobboooobobobooooob,bog
gogod,toodgg,bbooooggooooooooooboobooooboo
ooo.0ooobooooboobobobo,bob 200bO0.o04o,b0Oon
gooboboooobooboooobbboooobbog,booobobog
goobobooooboboooo,oobboooobobboooooboboo
gogooboobooooooobooob. bbb, bbboooooooboboobog

goobobooooboooooobbooo,oooboboooooboboga



102 oo6d O0OO0OODOODOODOOOO

ggo. gooobo,0obobobbooooooboobobbooooooooooboog
gooboboo,joobbbdooobbboooobobooooboboo
ggbobogobobooobbo. bbooobbogobbooobog
g, gbobgoboboob,boobooobooobooobooo,bd
ggoooooo,oooooooobobobob,obobobobobboboboog
goobooobobboooobbooob0. oo, obbooooboog,
goobboooobboooobbboooo,gobboooobbod

gobooooboooboooo.

gogodd: b0bboboobobobb, 0000000 oooob,00gd

0ooo0,0000,00

6.2 OO

gobooo,0gobobooobboooobbooobbooooobo
gooob. bbobboboooooobobbooooooooboboo,bog
ggodoooooobb,ooooobboboobobobooog,bbbood
000 (Chancellor, 1999). 000000000000 O0O0ODOOOOOOO
gooooboboooooob. bbobbbooooooboobob,bbbog
goooooooooooobo,0o0bobbooog,o0bobobbboboog
gob.dgobbooooobbooobboooboogo,goobobog.
Daniel Kahneman 000 0000000000000 O0OODOOOOOO
gooboboooobbooo,oobbboooobobooooboboo
gogobbuoooobo,bbdgobobbuoooobboooobobod
gooooooooooooo. bbb, 00U ooODbD,00gd
gooboboooobooboooobboooobbboooob,obbog
gobooobooboboobboobooobooobooboboooboo
0. 0000000,0000000000000,(1))O0O0ODOOOOO:



6.3 00O 103

oo, oooooboobooooboo,boboboobobooboog
0000000000000 (Kahneman and Tversky, 1979), (2) 00O
ggogpobobbob: gogobbbbbdoooooob,gboboobodg
goobooboooooboo,bbdgobobbooooboboooooboobog
000000, (3)000000000: 00000000 oOoUoOo, o
0o00,0000000000D0,00000000000000O (00O,
1997, 00,2003) 0000, 0000000000000DO0000C0OOO.
ggooo,0gggog, b0 ooooooobo
god,gobobbooobbbdooobbbooooboboooobobog
o0, 0000b0b0o0b0boobbooboboobbooboboooobooo.
goobboooobooboooob,bbbooooboboooobobod
ggbooobdooboboobbooboooboooboooo.
o0, b, oo oooboobo
gogobbuoooobboooubbooo,ggobboooobobog
goooobooogogooooob. bbooooooobobobooogoogo
goooboboooobooboooobboooo,ooboboooobobog
gooobobo,0obobobobo0oooogobobbbooooooobo.obog
oobooobOo0oooOo. 020000000000 OObObOObDboOobDo
oooobooobuoo,booboooobouooboob. 0 30b0bOon
goooooooobobbobobobboooogogo,0o0gogg,boog
ooooU0o (boo,000,000000)0000000000. 04

goobooooog.

6.3 OO0

gogoboo,bboooobbbdogoobbbdoooobboooon

goboo.oggoobgo,0bogbooobooboobooboobo,oong



104 oo6d O0OO0OODOODOODOOOO

ggoooobooooooobooboobob. boooo,ogoooooboobog
gooboboo,djoobbbdoobbboooobobooooboboo
g, 0bogdgboobbgooboobbo.gob,ggboobobooog

gooogno.

64 OU0O0OOOOOOOOOOO

000000000,000000000000000000000. O
ooot¢(¢t=1,...,7)0000,0000 KOOOOOOOOOOOO
0000,000000000Y ={Y;,;t=1,...,7}000000. O
000 Y, 000000 {e1,...,€k...,ex}000. 00, ex € RE (k=
1,...,K)0,000 k0000 1000,00000000000000
0D0000000000. 000,0000000,K 000000000
0000000000000 0000000000. 0000,00 t00

goboooboobooobooboboooo:

L(k) 2 (Yier) (k=1,...,K)
:{ 1 (Vi=ex),

0 (otherwise) .
000,00000000 I(k)D,0000 v, 0000 e 000000

gogbooobogoobo. oo,

E[L(k)] = B[(Yi,ex)] = Pr(Y =e¢y) .

0000 vV,0 100 MarkovOODOOGQOOOO. OOOO,00 ¢t0O0O0O
D0000 e 00,00¢t+1000000 O00D00O0OO0OO0OODOO

oooo0o0o0oo,000,

plk:Pr(}/t+1:€lD/t:6k)20’
ooog,P= (plk)1§l,k§K )



6.0 0000 105

D0O0DD. 0DD,00 ¢t00 t+10000000,00 KOOO
D00000000000000000000, K, pret =1000.
VEo(Yh,....Y,)000. 000, My 2Yy, —PY, 000000, 00
0 )-0000000000. 00000,00000000000000
0000000000000000000000:

Yij1 =P Ys + Myyq . (6.1)

gob,0o0ooooboobb,bo0boobboobogooobog
ggjoooooobo,oo0ooooobbobo,ooooobobobooboboboo
goboooboooooo.

0000 Y, 0000000000000000R=A{Rs; t=1,...,T}
g, gbobd m0bogoboobbgoboooboooboo,ood

goboooood:

Ry |Yy = B'(Vi)z: + o(Vi)er (6.2)

00,z eR™' 0,000 0000 1000,000000000000

uagd mDDDDDDDDDD.DD,stIFDN(O,l)DDDDDDD.

6.5 0000

0000000000000 @ 0000, 0000 EMOOOOOOO
O000000. 0000000000, 000 @ oonoooooao,
OE-0000 (Expectation Step)J00OM-0000 (Maximization Step)O
00000000000 (j=1,2,...)0000000. 0000000 4
gooooooooo eU-Y o, oooo0o0oo eV ooooo. OO0
O,E00000M-0000000000000000,00000000
O000000. 000,0000000000000000000000

oooooooooo,e¢V-HYxe) opooooon,0ononn 0



106 oo6d O0OO0OODOODOODOOOO

D000 ©=eY) goooo0o. 0000,0000000 j+10
0000000000000 000000D00000,E00000 M-O
D000O0D0O00O000O0o0d.
# =o0(Ry,...,R,)000. D00DO0ODOOODO, 0000000
0000O00000000000Od,

AN

M2 )y < = <f (Ri|Y: = e, B @)) (t=1,....03)

1<k<K

ét\T—(fkt|7—)1<k<K (Pr(Y}:ek L@T;@)) (t,r=1,...,19.4)

1<k<K

gob.0boobooobogo,bogbbooboo:

_ e ®€t|t—1 6
S V(n:OQ&y-n) (65)
Eiv1t = P&yt (6.6)
Eyr =&t © {P/ : [£t+1|T(+)£t+1|t} } . (6.7)

000 &; 000000 (filter), &), 00000000 (predictor) O O
0. 0000000 ¢t0000000000000000,000 ¢000
00000000,000¢-1000000000000000000. O
0,00000000000000070000000000000000
00000 ér 000000 (smoother) 100D, Kim (1993) 0000
000000000000000000000000.

E-00D0000000,000000 logf(%r,% ; ®UtY)Y o000
oooooo eUtYgooo,0oooooooooo oW ooooo
00000,000 4 000000,000000000000000 Q
0D000.0000000000000:

QOU:00), %7) 2 B |log f (%, % ; ©U) L@T}

t

T K
4) 3
=> Y E®V[L(k M%ﬂbngﬁDQqu,®U+”-+§:Eﬁ” (1, (k)|%7] log Pr(Y1 = ey,
=1 k=1 k=1

Zo; @(j+1))



_l’_

6.0 0000 107

K

(J)
S ECV Ly ()1,(k)| %) log Pr(Y; = ex[Yiy = e;©0+D)
=1

E
M=

-+
[|
N

k

Il
—

_ A ~ AU (k) )2
() (+1) ( B (k)1
£ log 27 4+ 2log o (k) + :

1 wlT 2 (U(]H)(k))z

B
M=

1
2
t=1k

K T K K
+ Zél(ﬁ\T log py; AR Z Z Zgl(cjl,)tlT Ing AR

k=1 t=2 k=1 1=1
ooo,

gl(cjl',)t\T =Pr(Yi_1 = e, Yy = ex|Zr; G(j)) ’ (6.9)

ggoo.

M-ODODOOO,BE-00000000 QOO, QOUtY.el %), 0
0000,00000000000000000000,0e0UtY ogoooon
oooo.

maximize Q(®UtD; @) %)
euG+)

pU+D subject to Zp(]H) 1 (I=1,...,K),

K

Z J+1) _

k=

oooooo pYt™, oooooooooo pUtY, gUtY(k), 00000
00 ¢Ut)(k) 0000 KKTOOO,0OOOOO0OO0000000;

T

ZPr (thl:elaxfzek’@TQG)(]))

pith = 22 , (6.10)

ZPr (Yt_l = ¢|%r; @U))

(G+1) _ 51?%&

j+1

oy x5 (6.11)
ko1 Gt

-1 T
/B(j"rl) (Z fk t|Tmt—1m:€> (Z fl(j’leRt:I:t> s (612)
t=1



108 oo6d O0OO0OODOODOODOOOO

T
(W) = i S (R =BT Wy2) - (613)

=
>t ot 1=1

00000,0000000000000000 YY), 00000000
DoDo gUt(k), 0000000 Ut (k) DODOODO

0D0000,0000000000000000,000000000
0000 Hidden Markov Model, 00 0000000000000000O
000000000 (Elliott, 1993; Hamilton, 1994). 00, 000000
00000000000000000000000000000000O0,

Perez Quiros and Timmermann (2000) 000000,

6.6 OOOO

gooooobobooboooogoogooooooobo,bbobbbooooog,
gooboboooobooboooobobboooobobboooooboboo, ™
goobo,bbbog,gogoooboobooooooboboooooooboog,
0000000000000 000000. 000D ooO,0000 (6.2)
0000000,0000 (DODO000000O0)0D0D0O00DO0O0DOoOo

ggoo,ggbooobuoobobdado. gob,bogoboon.

6.6.1 0O0O0O

goog

00000000, 000000(TOPIX)DODDOOODOOOD (OO
0,000,00000)0000,20010 10400020030 11000
ooobooo,9s00o0obooboob. o0, 0boboboooooooon
Ooooooo, TOPIX, 0O O,000,00000000000000

gooogoo,0goboobooon.
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gooooobdooboboobbooboobob.boo,0obbooob.

6.62 0D0O0O0ODOOOO0OOODOOODO

00000, 00000 boo0doooooobobooooooooo
0000, Chen, Roll and Ross (1986) 00 OO0 ODOOO0O, 000000
oo, jjidd, oo .

000000000 oOo0o0ooooOo0ooooDoooooooD,o000 30
ooooa.

e JI0ODOODDOUODDOOODOODOO
e JO0DOOOODOIOODODOOOODO

e 0D OODDOODLDOUODLOODODOUODDOO

gg,goobobooooooboobodoo,oobbbooooobobobg,
gooboboooobooboooobbboooob,0obobboooobobog
0000000000000. 000,00000000 =LOG(OUOOO
00000 /00oo0oooooo)ooo.

ggboooobooobod

ggoboboboogoobobooooobbooo,gobbboooooo
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Saunders (1993) 0, 1927000 1989 0000000000000 0O0O
oooOooog,192000 1990000000000 0D0O0OOObOO
gogoboboooobo,bbbdoobobbooooboboooooboobog
gobooboob.boob,o0booboboo,booboooboooo
g, gbbggobuogo,buoobbuodbboobogoboobo

Hirshleifer, D. and Shumway (2003) O, 1982 000 1997000000
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gobooooboboooooboboooo,oooboooobbooogo
ggboooobooobod
gooob,ggooobooboiboodoooooooboboooog.
o, ooooobobo,ooboobobooboboboog
oobooooo.
gobbogoooobbooobboooobbo,bbooobboogbb
goobbooooooooooboboooobbogoo,goboobog
goooobooo,ogbbboooobob,bbboo,ooobbo,obog
go,0b000,0b0o0, 0000, 0bbo0obbooobooo.
gg,boboodgooooooooooobbooobooooog, bbb

goboooboobooobo,oobuooboboobooobooog.

000000 =00000000/00000000

00000 =|0000000/000o0ooo -1
100000 =0000 -0000

00000 =0000000/0000000

ggbodo=000000 -booboo

000000000 =000000000/000000000

0000000 =0000000/0000000

00,06.1000,00000000000000*, 00000000

gogbooobooboob,oobboobooobooobobog.

*lgpoo0, 7000 (0), V00000 (%), 000000000000000

0000 = 0.81T + 0.01U(0.997 - 14.3) + 46.3 .
2 000000000000000000000000000, 00 680,00000

VIF(Variance Inflation Factor) 0 1000000, 000000000000000
00000000000, 00, VIF=1/(1-r2)000,r0,0000000.
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0000000000000000000,000000000

gobo0o,00boo0oboobboooboon
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* 0000 1,000000,00001,000000,00000.
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oooobooboooobobo,0obobooobOooobobo sUoboon
o0 40000000000, 00DO0O00OO0ODODUOODODDODOOOn,
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gobuogobogboooboobo
gooooooo,b0boboobobbooobbooobobooooobn
000000000 (6.2) 000000000 OOOOOODOOO:

R Y, = Boo (Ye) + Boo (Ye)zoo 4 + Boooo (Ye)Toooo e + Boooo (Yo)Zoooo 4
+Boo0 (Y)zono e + Booooo (Ye)Tooooo,e + Booo Yo)zooo e + Boo (Ye)zoo
+5E|DD(n)fUDDD,t‘FﬂDDDDDD(Y;t)QUDDDDDD,t+ﬁDDDD(Yt)fUDDDD,t
+B000 (Ye)zooo + + Pooo Ye)zooo e + Booo (Ye)zooo +
+Bon0 (Yo)zono e + Booo Yo)zooo « +o(Ye)er (6.14)
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EEEEEEEEEE AIC ooooo
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EEEEEGEEEE -6469.9145 0.5807
000000000000 AIC ooooo
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062 O0000OOOOOOODOOOOOOOOOOO

0000000000 TOPIX | AIC [ Doooo
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oo 1 -10678.35 | 0.910845
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oooo 0.0013 0.00441 0.29791 0.7658
0oooo -0.0003 0.0003 -0.9636 0.3355

00 0.8084 0.00839 96.325 0

[ Dooo2 p = —0.00102 o = 0.00025 |
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oooo -0.00097 0.0005 -1.92 0.0557
00 0.7647 0.0145 52.76 < 0.0001
[ ooooo ] 1 =-0.0005 & =0.00002 |
[ oooo oo oooo tO PO |
00 1.68E-06 0.00013 0.0132 0.9894
oooo 0.0013126 0.00441 0.2979 0.7658
oooo -0.000287 0.0003 -0.9636 0.3355
00 0.8084692 0.00839 06.3252 0
[ oooo2 p =-0.00114 & =0.00026 |
[ oooo oo oooo tO PO |
00 -0.0005 0.0005 -0.965 0.3348
oooo -0.02659 0.0262 -1.0166 0.31
oooo -0.00377 0.0009 -4.1954 < 0.001
00 0.56833 0.0291 19.5192 0

065 00O00O0O0OO0O0O0OOOOOO



122 oo6d O0OO0OODOODOODOOOO

[ 0ooooo | |
[ oooo oo oooo tO PO |
00 0.000168 0.00026 0.64 0.5192
oooo -0.003492 0.00939 -0.37 0.7099
oooo -0.001105 0.00058 -1.89 0.0585
00 0.5961 0.0168 35.51 < 0.0001
[ ooooo ] 1 =-0.00006 o =0.00003 |
[ oooo oo oooo tO PO |
00 0.0003 0.0002 1.6605 0.0972
oooo -0.0054 0.0063 -0.8614 0.3893
oooo -0.0007 0.0004 -1.6496 0.0994
00 0.6108 0.0121 50.5454 0
[ Dooo2 n=-0.0012 o =0.0003 |
[ oooo oo oooo tO PO |
00 -0.0007 0.00053 -1.3004 0.19378
oooo 0.0221 0.02514 0.8787 0.3798
oooo -0.0035 0.0011 -3.162 0.00162
00 0.5245 0.0293 17.9016 0
066 00000 0OOOOOOOOOO
[ 0ooooo | |
| oooo [ oo oooo to PO |
00 0.00029 0.00026 1.13 0.2579
oooo -0.00662 0.00927 -0.71 0.4752
oooo -0.00071 0.00058 -1.24 0.2162
00 0.4333 0.0166 26.12 < 0.0001
[ ooooo ] 1 =0.00018 & =0.00003 |
| oooo [ oo oooo to PO |
00 0.00043 0.0002 2.299 0.0217
oooo -0.00141 0.0065 -0.2156 0.8293
oooo 0.00067 0.0004 1.60015 0.1099
00 0.40077 0.0123 32.5747 0
[ oooo2 p =-0.00074 o =0.00018 |
| oooo [ oo oooo to PO |
00 -0.00016 0.00044 -0.36748 0.71334
oooo -0.02827 0.01718 -1.6459 0.10012
oooo -0.00592 0.00095 -6.2187 < 0.0001
00 0.52604 0.02511 20.951 0

067 0D00OO0ODOOODOOODODOOO



6.7 00O

123

| oooooo
| oooo [ oo oooo t0 PO
oo -0.00002 0.0052 0 0.9964
oooo -0.00353 0.0081 -0.44 0.6624
oooo -0.00107 0.0005 -2.12 0.0343
0o 0.7654 0.0145 52.64 < 0.0001
oooooo -0.00003 0.0001 -0.25 0.8047
00000 -0.0805 0.0617 -1.3 0.1926
100000 -0.00016 0.0001 -1.56 0.1187
00000 0.00015 0.0001 1.99 0.0472
ooooo 0.0011 0.0011 1.02 0.3071
IEEEEEEEE 0.00049 0.0005 0.98 0.326
0oooooo -0.00026 0.0058 -0.04 0.9649
SEEEEEE 0.00062 0.0007 0.86 0.3894
0oooooo -0.00064 0.0007 -0.92 0.3581
0oooooo 0.00041 0.0007 0.58 0.5622
SEEEEEE 0.00033 0.0007 0.47 0.6373
| 00000 I p =-0.00048 o =0.00002
| 0000 [ oo oooo t0 PO
oo 0.00454 0.00294 1.5415 0.1235
oooo 0.0013 0.00442 0.2927 0.7698
oooo -0.00025 0.0003 -0.832296 0.4055
oo 0.80758 0.00848 95.243 0
oooooo -0.00011 0.00007 -1.618 0.106
ooooo -0.02394 0.03604 -0.6641 0.5068
100000 -0.00004 0.00006 -0.7481 0.4546
00000 -0.00001 0.00004 -0.3076 0.7585
ooooo -0.00042 0.00063 -0.6645 0.5065
IEEEEEEEE -0.00023 0.00028 -0.8297 0.4069
0oooooo -0.0032 0.00326 -0.9825 0.3261
SEEEEEE -0.0004 0.00041 -0.9781 0.3283
0oooooo -0.00039 0.0004 -0.9802 0.3272
0oooooo 0.0003 0.00039 0.7604 0.4472
SEEEEEE 0.00014 0.0004 0.3517 0.7251
| oooo2 ] p =-0.00079 o =0.00022
| 0000 [ oo oooo t0 PO
oo -0.035598 0.01211 -2.939 0.00337
oooo -0.0757 0.02536 -2.9833 0.00293
oooo -0.0042 0.00088 -4.7495 < 0.0001
oo 0.6239 0.02954 21.1203 0
oooooo 0 0.00022 0.15 0.8808
ooooo -0.1234 0.11983 -1.0301 0.30323
100000 -0.0008 0.00025 -3.1755 0.00154
00000 0.001 0.00016 6.0057 0
ooooo 0.0073 0.00203 3.5973 0.00034
SEEEEEEEE 0.0047 0.00115 4.11 0.00004
0oooooo 0.0286 0.01322 2.1659 0.03057
SEEEEEE 0.0038 0.00165 2.3176 0.02068
0oooooo -0.0016 0.00158 -1.017 0.30941
0oooooo -0.0006 0.00161 -0.3602 0.7188
SEEEEEE 0.0007 0.00156 0.4763 0.63399

068 O000D0ODOOODOO TOPIXOOO



oo6d O0OO0OODOODOODOOOO

oooooo
oooo [ oo oooo t 0 PO
0o -0.0008 0.0053 -0.16 0.8749
oooo -0.0034 0.0082 -0.41 0.6829
fEEE -0.0011 0.0005 -2.08 0.0375
0o 0.7866 0.0148 53.03 < 0.0001
0ooooo 0 0.0001 -0.2 0.8445
Do00o -0.0832 0.0629 -1.32 0.1866
EEGEE -0.0002 0.0001 -1.56 0.1182
EEEE 0.0002 0.0001 2.06 0.0394
0oooo 0.001 0.0011 0.93 0.3535
000000000 0.0004 0.0005 0.88 0.3794
0oooooo 0.0007 0.0059 0.11 0.9092
0000000 0.0006 0.0007 0.87 0.3858
0oooooo -0.0006 0.0007 -0.86 0.3888
0000000 0.0006 0.0007 0.79 0.4295
0oooooo 0.0003 0.0007 0.36 0.7203
00000 I p =-0.0005 & =0.000016
oooo [ oo oooo t 0 PO
0o 0.0038 0.00308 1.2322 0.2182
oooo 0.00155 0.00463 0.3355 0.7374
fEEE -0.0002 0.00032 -0.64 0.5223
0o 0.83109 0.00886 93.8069 0
0ooooo -0.00012 0.00007 -1.6796 0.0934
00000 -0.03015 0.03768 -0.8001 0.4239
100000 -0.00005 0.00006 -0.8099 0.4182
EEEE -0.00001 0.00004 -0.162 0.8714
0oooo -0.00044 0.00066 -0.6677 0.5045
Doo0o0o0o0000 || -0.00023 0.00029 -0.7624 0.446
0oooooo -0.00237 0.00341 -0.6948 0.4874
0000000 -0.00046 0.00043 -1.0802 0.2803
0oooooo -0.00043 0.00041 -1.0264 0.305
0000000 0.00041 0.00041 0.9946 0.3202
0oooooo 0.00005 0.00042 0.1151 0.9084
oooo2 ] n =-0.00076 o =0.00023
oooo [ oo oooo t 0 PO
0o -0.03805 0.0124 -3.0689 0.00221
oooo -0.08133 0.02645 -3.0745 0.00217
fEEE -0.00443 0.00089 -4.9544 0.000001
0o 0.62582 0.03054 20.491 0
0ooooo 0.00015 0.00022 0.6826 0.49502
Do00o -0.09083 0.12245 -0.7418 0.45841
EEGERE -0.00077 0.00026 -2.9786 0.00297
EEEE 0.00098 0.00017 5.8918 < 0.0001
00000 0.00773 0.00206 3.7442 0.00019
000000000 || 0.00427 0.00117 3.6396 0.00029
0oooooo 0.02975 0.01358 2.1911 0.02869
0000000 0.00477 0.00168 2.8322 0.00472
0oooooo -0.0006 0.00162 -0.3724 0.70972
0000000 0.00062 0.00166 0.3718 0.71016
0oooooo 0.00132 0.0016 0.8235 0.41041

069 000O0O0OOOODOODOODO




6.7 00O

125

ooooog |
oooo [ oo oooo to PO |
00 0.0047 0.0061 0.77 0.4418
oooo -0.0051 0.0094 -0.55 0.5841
oooo -0.0011 0.0006 -1.94 0.0522
00 0.5959 0.0169 35.36 < 0.0001
000000 -0.0001 0.0001 -0.62 0.5352
ooooo -0.0495 0.0715 -0.69 0.489
100000 -0.0002 0.0001 -1.38 0.1673
ooooo 0 0.0001 0.51 0.6089
ooooo 0.0019 0.0012 1.54 0.1229
IEIEGEIEEEE 0.0007 0.0006 1.27 0.2045
0ooooooo -0.0066 0.0067 -0.98 0.3285
0oooooo 0.0012 0.0008 1.48 0.1389
0oooooo 0.0009 0.0008 1.07 0.287
0oooo0oo 0.0004 0.0008 0.47 0.6373
0ooooooo 0.0018 0.0008 2.26 0.0242
Doooo I 1 =-0.00009 & =0.00003 |
oooo [ oo ooooQ to PO |
00 0.01082 0.00418 2.5852 0.0099
oooo -0.00587 0.00628 -0.9357 0.3497
oooo -0.0007 0.00041 -1.7057 0.0884
00 0.61335 0.01213 50.5757 0
000000 -0.00006 0.0001 -0.6197 0.5356
ooooo -0.02801 0.0516 -0.5428 0.5874
100000 -0.00008 0.00008 -0.9194 0.3581
ooooo -0.00007 0.00006 ~1.1109 0.2669
ooooo -0.00103 0.00091 -1.1324 0.2577
IEIEGEIEEEE -0.00049 0.0004 -1.2165 0.2241
0ooooooo -0.00831 0.00463 -1.7972 0.0726
0oooooo 0.00002 0.00058 0.029 0.9769
0oooooo 0.00007 0.00056 0.1192 0.9052
0oooo0oo -0.0004 0.00056 -0.7145 0.4751
0ooooooo 0.00101 0.00057 1.7795 0.0755
oooo2 ] 1 =-0.00053 & =0.00022 |
oooo [ oo ooooQ to PO |
00 -0.03395 0.01182 -2.8729 0.0042
oooo -0.0196 0.02269 -0.8639 0.3879
oooo -0.00244 0.00103 -2.3673 0.0181
00 0.55317 0.02768 19.987 < 0.0001
000000 -0.0005 0.00024 -2.078 0.038
ooooo -0.1473 0.11494 -1.2816 0.2003
100000 -0.00069 0.00024 -2.8873 0.004
ooooo 0.00065 0.00016 4.0836 < 0.0001
ooooo 0.00938 0.00196 4.7947 < 0.0001
000000000 0.00674 0.00109 6.1648 < 0.0001
0ooooooo 0.0193 0.01302 1.4825 0.1386
0oooooo 0.00514 0.00164 3.1323 0.0018
0oooooo 0.00548 0.00159 3.4588 0.0006
0oooo0oo 0.00301 0.00158 1.9121 0.0562
0ooooooo 0.00538 0.0015 3.5902 0.0003

06.10 DODOOODOOOOOOOOOOO
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[ oooooo i |
| oooo [ oo ooooQ to PO |
0o 0.00648 0.00597 1.09 0.2782
oooo -0.00867 0.00928 -0.93 0.3505
oooo -0.00079 0.00058 -1.37 0.1724
oo 0.4355 0.0167 26.08 < 0.0001
EGEEE -0.00011 0.00014 -0.84 0.399
ooooo -0.0694 0.0708 -0.98 0.3272
100000 -0.00014 0.00012 -1.19 0.2339
ooooo 0.00002 0.00008 0.19 0.8525
ooooo 0.00185 0.00124 1.5 0.1347
IEIEGEIEEEE 0.00048 0.00057 0.84 0.4025
0ooooooo -0.00753 0.00664 -1.13 0.257
0oooo0O0o 0.00137 0.00083 1.65 0.0997
0oooooo -0.00056 0.00081 -0.69 0.4907
0ooo0Ooo 0.00027 0.00081 0.33 0.7426
0oooooo 0.00127 0.00081 1.57 0.1173
| ooooo I 1 =0.00004 o =0.00004 |
| oooo [ oo ooooQ to PO |
0o 0.01344 0.00468 2.87386 0.00415
oooo -0.00947 0.00718 -1.31879 0.18756
oooo 0.00002 0.00046 0.04534 0.96384
0o 0.42363 0.01346 31.46786 0
000000 0.00001 0.00011 0.11082 0.91178
ooooo 0.053 0.05633 0.94085 0.34703
100000 -0.00008 0.00009 -0.83445 0.40424
ooooo -0.00002 0.00007 -0.22857 0.81925
ooooo -0.00125 0.00098 -1.27718 0.20186
IEIEGEIEEEE -0.00059 0.00045 -1.3078 0.19126
G -0.01154 0.0052 -2.21835 0.02677
0oooo0O0o 0.0014 0.00066 2.13045 0.03339
0oooooo 0.00033 0.00064 0.52347 0.60077
0ooo0Ooo 0.00075 0.00063 1.18493 0.23635
0oooooo 0.00073 0.00064 1.14433 0.25278
[ oooo2 1 =0.00013 o =0.00009 |
| oooo [ oo ooooQ to PO |
0o -0.08424 0.00761 -11.0705 0
oooo 0.01144 0.01353 0.8453 0.39814
oooo -0.00436 0.00071 -6.1584 < 0.001
oo 0.4424 0.01749 25.2877 0
EGEEE -0.0006 0.00015 -4.123 < 0.001
ooooo -1.92435 0.08176 -23.5371 0
100000 -0.00154 0.00017 -9.2398 0
ooooo 0.0001 0.0001 0.9926 0.32118
ooooo 0.04028 0.00152 26.5421 0
000000000 0.00617 0.00067 9.2152 0
G 0.05645 0.0084 6.7191 < 0.001
0oooo0O0o 0.00225 0.00103 2.176 0.02981
FEEEEE -0.00495 0.00102 -4.8651 <0.001
0ooo0Ooo -0.00435 0.0011 -3.9601 < 0.001
FEEEEE 0.01255 0.00106 11.8658 0

06.11 ODODOOODOOOOOOOOOOO
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70

Joooood 1. oo
oo
HRN

ooooboooobbooobobboooon
J-REITOOOODOOOOOOO

gobo,bo0bbooobooobooboog.
obobgo,bobobobooboobooooon.
goboo,ggbooobooobooon.
JAREFEOOOOOOOOO.

7.1 OO

oo, oobobobobbob,ooooooobooboo
O000o0oDooooO00ooDooO0oO0O0,00o0ooogdoO J-REITOD

gogbooboooooboboooboboooobb.obboooboboooobg



128 070 0O0O0O0O0OOO 1:00000000000000000A0

gobogoboobooboobboobo,boobboobobooobobog,
00000100 MarkovOOOOOOOOODOOOOOOODO 20000
oO00oooOo,EMO00000CO00O0OCO00DOOO0OOODOO. oOoo
goobo,0bbmoboogobobmobobooooobobooooobooog

gob,bo0booboboobbooobooboboobooooboon.

(2 0OO0O0O

20000 1100O0ODOOOOO0OO0O00O00OU0UOUOO,0D000UUOoo
goboooobooboooooboboooo,0oobboooobbooogo
gobbodgg. bggobooogoboboogobo,boooobbood
goboooobo,0o0boobooobouobo. oob,boobod
REIT (Real Estate Investment Trust) 000 0000000000000
0000,000000000 REIT,000J-REITOOOCOODOOO.

gogobbboogoo,obbboooobbbooobbboooon
gobogoboobo,bogoboooboobbooboboooboboa,
goboobobooo,booboobobooboo.gbobo,obboobg
oo, oooobobobobboooo,bbboboog
goboogo.

ooo,000000O0, J-REITODODOOOOODOOODOO,00000
goboobobooobo,0oboobbooboobb.oo,0boobg
ggogoooooopbboooo,bbbobbboododoooooo, g
gobobooobboooobooobbooobobooob.oobog
goboobog,bbooobooboobooobooboobo,ong
gooooboboboboooooob. bbb, 0bobbbooooooooboobog
goobboogobboooobobbooobobbogoobbo,bbod

ggboooobooooboobooog.
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ggoooob,0oooobbobobbboooooooooobooobobooo
gooboboooobobobooo,oobbboooobobboooobooboog
O000ooooo,00000ooDooo J-REITOOODOODOOOOODOO
gd. goo,goobooobooooooooboobbooooooobooobog
oo0oOdo,000 J-REITOOO,000 J-REITOOOODOOOOOO
O0,J-REITOODOOOOOOOOODOOOO.

gogbo,ggbbooobbogoboooboooboobboaonbog,

gogbogoobooboboobboobo,ooboooboooboon.

goboooobogoooo

gbo,b00boobboobooo,oboobooboobboobn
gobooboooboboobooboboobbooboobooobo. o,
gogobbuoogoobboooobboooo,gobboooobobog
goooo,djdgg, bbb oog,ooo00oogogog
000000.0000000000 Kelly (1956)0, 000000000
O00ooOooooo,o00,Cover0000000O0ODOOOOOOOO
(Cover-Thomas, 1990).

00,00000D000000000O0D00OQOO0O00, Hakansson
(1971) O Thorp (1971) 0000000000 DO0O0O0O0O0OOO. O
go,00oddjddjdd0, oo ooobobobooo
goobboog,oobbbdoobobbooooboboooooboobog
00000000, 00000000o0ooo. oo0ood, Luenberger
(1993) 000000, 000000000000OO0O0DOODOD.

ggbogobuooobuoobbogbbooobooobuoonoobagn
ggoooooo,ooooooooboboboobo,oopobobooboobobobobooo
000000000000000000D0 Long (1990) 00000000
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ggoobo. ooob,b0bbodooooboobobbooooooooboobog
0O, Karush-Kuhn-Tucker(KKT) OO O 0000, 0000000000
O00Oo000ooU0o0Do. DDODoO0DoOo0,00 KKTOOO,O00000O0
gobooobdoooboboobooobooobooboboobbooobo
g, dgobobbooobbboooobbbooooobobooooobooboa
goboobo.0obo,0bbooboobobooboooo,ob0bboobg
0 (00o00,0000000000) 0000000000 UOOOOnD
0000000000000 0000000000ooo00 (Theorem 1,
Long, 1990) 0 000,000000000000,J-REITOO0OOOO
gobooooboobooooo.

goobobooogoobobooooob,bboooobbboooon
gooboboooo,0obbbdooobobboooobobooooobooboa
00o0000. 0000000000000 0 (boboooo)o,b000
gogobbobboooooobbobooooogooboboobog. ggg, g
000000000000 o0oUooD (CAPM)ODU0OOOOOOODOO
O0000.000,CAPMOO,000000000000000000
ooooooooobobobo,0o0b0b,00ooopooooobobobooo
gobod,boobbgooboobboo.obo,gboobboood
god,gobobboooobbboooobobooooonobobooboboog
gooooboboboooooob. oo, obbbboooooooboboobog
o0, oooobobobobboooo,bboboboog
gogooobooboooooooboboobbodo. ogoooboooboo,bod
gobooobdooboboobobooobooobooboboobbooono
00000000000 oDoooO0. ooOg, TOPIXOODOOODOODOO
00000,00000000000 TOPIXODODOOO,0000000
gobooobdooboboobooobooobooboboobbooono
00 (Roll 1973, Long 1990, Platen 2003).
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goboooobooboboooo

googoo,boooboboooboooooobooooooboon, o
goboogooboobobooboooboobb.oboobbbo,0bo
00,000000000000000000000D00O. J-REITO, 00O
gogbogoboobboobboobooobuoobboobbooobo
go,o0dd,bobboooogoooooobobobooboboo,bbboboboobg
god,oobobbooobbbdooobbboooobobooooboboo
Oo0. 00,J-REITOODO, 0000000000000 O0OODOO0O
ooobooooboOooobO,0b00o0bo0obDOoooooobo, J-REITODOO
ggooobooboboooogoooooboobo. oo, 0gggooooooog
OO0, J-REITODO0ODOODOOOOOOOODOODOOODOODOOOO
oooooooooo. oooo, J-REITOODODOOOOODOOOOO,
goboboooboobooobobooobobooooboobo. bbooobog
opooooo,JREITOODODODOOOOOOOODOOOOOO,D000
gobbooooooboboooooobobobooooogbobbooooogg
. ggg,bbbbooooogoooobobb,o0o0ooooooo
goobooboooobooboooo,gobbbuooooboboooooboobog
00000000000, Hamiton 000000000 ODOODOODODO
0 (Hamilton, 1989). 00 O0ODO0OODOODOO,00,0000000000
gogooooboboooooo. opob,obobobbboooooooboobooboo
0000000000000, 00000000000 (AR)ODODOO0OOO
gobooboboobo. oo, 0ooopbooboobbo,b0boobg
gogoboo,bbooobbbdggboobbuoooobobooooboobod
gogood. bbb, Lo g, og

ggooobooboboooogoobobobbooooo. oo, oboboobog
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ggoooooo,bboooooooooooooooooog. oo, d
0000100 MarkovOOQOQOGOOOOO,000000000000R0O.
gogboo,gbbobobbogbobdgob,bbuoobboubogodg
oob200000000000O0O0,0DbO00DOOOODOUOOODbDO
O000.d0o,00000,Kalman OO0 OO0OOOOOOOOOODOO
00000000000 00000D00000. 00 HamitonO OO OO,
goobboooobboooobbboooobobo,bboooobbod
goboopobooboooboobobooooo.
oo0ooboobooboboo. b2000,00b0000DOODO
goobobooooooboooobobobo,boooobooooboboog
ooooooboo0ooOoDbOobooO0.030boO0,0ooboopOoboooon
ooodooO0ooOOoooOobD. 0 4000,00000 J-REITODOOO
oob0bobOobOobobooooo.osbO,0OoboOooDOg.

(3 0oOQd

731 0O00O0O0OO0ODOOO0OOOODOObDOObOon

10000000 nO0000D0O0O0,0000¢=0,1,...,7 00
000000000000, OO0 ¢+000000000000 S, =
(S1;...8%...S») 000,0000000000000000000. O
0Dt—1000¢+000000000000 ¢+000.0000 ¢t0000
0000000000,000 140000, Xy = (Xy... Xi... Xn)' O
00. 00, X =S54/Sy—1 000. 00,00 ¢+00000000000
0000 z;,000.

0000,000 ¢+-10000,00 ¢+00000000000000
0D0O00. 00,00000000000000000000,00000

(self-financing) 0, 000000000000 O0OUOOO. OOOOOOO
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0,0000000000000000000000,000000000
0000000000000 000. 0000000000000 0000
0000000000, {bot by = (b1z...by...by) } DOD. 0O0OOO

oooo,

{bo,g € R, b, ERn|b0t+b;1: 1} s

00D0.0000o00oo,00ooooooo v; o,

‘/t = ‘/;_1 (botib'f,t + b;Xt) = ‘/t—lXt )

0000.00,000000000000000000 X; 2 bz se+b, X,
0000.0000,000000 V,0000000,000000000

oooo,

T
VT — ‘/b HXt = ‘/E) . ezg‘:l log X — ‘/0 . eIOg(VT/VO) ,

t=1
0000.000000 Vp000D000DO0OO,log(Vy/Vp)O,000
ggouogoobogobooon.
goooooO,0boboobobobon0 vpOOOOOOODOOO, O
0000000000000 0000 logX, O0OOOOODOODO. OO
oo00O,0000000000DbDO0O0bOO0O0ODOD,0D00D00t—-100
gogbooobdoobbogboooboobboobbooboooog

gg,bbgoboooboogoboobobooboboo tobogoog.

P maxgmize E;_1[log X¢] = Ei_1[log (borz 1 + b, X))
t t

subject to  bo + b1 =1.

000,00 P,O0D00OO0OODOODOODOOOOO, 00 Karush-Kuhn-
Tucker (KKT) 00D, 00000000D0O000O0ODODOOOOOODO
gooooogo. oo PO KKTOOO, OO0 300000000
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{3, b7 s v} OO0

o [xft} =1, (7.1)

Xt
X .
B4 {X,f} =1(G=1,...,n), (7.2)
t
vi=1. (7.3)

00, v* € RO Lagrange 00000, X; =b,zs, +b/X, 000. (7.1)
0,(r2)00000,X;00000000000000O000OO00OOO
0DD0000D0000D000O0, Xf =V4/Vy,0000. 000,
Xy =Si/Sy—1 00000000, (7.2) 000000000000

X Sit— Sit| .
By [X:] =1 «— 21 —F,, [Vt] (i=1,...,n). (7.4)

t—1
000,0000000000000000000 (DODODOO)ODDOOO
ggoddooo,oooooooobobooboobo,bbbobbbobobog
ggoooboobo. boogo,dggooboobobboooooooooboobog

0ooooooooo. (4 000,00000:

v\
<v:> S

(v5)00,0000000000 §,;0,0000000 SyrO000000

Sit = Et

:Et|:( t*+1' :+2'---'X;:)_1'SiT (7.5)

oododobooooobooooobooooobooooooooooooao
gooo. ooo, 0000000 ooooog,ogoooooog
oooooooooooboooooboooooboooooboooooooa
0000, 0fdd0d00oobboboooddogoooooboboooooo
O (Theorem 1, Long 1990) 0000, 000000000OOO, J-REIT
godoooooooonooooooooon.
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732 000O0O0O0ODOODOOODOObOObDOObObDOO

000000, 10000000 nO00000000O000O0OO
oooooo0oO0. 0oooo t( =0,1,...,7) 0000, 0000
K OoooOoOooooooooooo, ooo Yé{Yt;tzo,...,T}
DDD,f{éa(YO,Yh...,)@)DDD. 0000 Y, 000D0D0D
{e1,...,ex,...,exg} 00. 000, e, € RE (k=1,...,K)0,000 k
00000 1000,00000000000000.

0000 ¥; 0,100 MarkovOODODOODODO,00 ¢t00000000O
00,00 t+100000000 e, 0000000000D0O0000

gooooooag,
P = (pkl)lgk,ng = (Pr(Yi = exlVs = 1) )1§k,l§K ’ (7.6)

000.000,0000 py O,

K
pklZO(kJ:lv'”vK)’ Zpkl:l’ (77)
k=1

oo0oO0.0000,0000 v,OOOOoOoooooo,000o0000n
gooo:

Yip1n =PYy + Myyq (7.8)

00,M;; 0 F/-000000000000.
00,00 ¢+00000000 ¥%00000,0000000000,
/
Ri"g:(Rﬁ‘;g...Ri‘;g...RIOg),DDDDDDDDDDD,DDDDDDD

nt

oobooooooo:

RY2)Y, = p(Yy) + (Y e (7.9)

00, u(¥s) = (m(¥y)...m(Ys)...pn(¥:)) D0D0DDO00D0D0000

g, gbogoooobbogobbooobooo,bboobogooobog
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DDDDDDDDDDDDDDDDDDD.E(Yt):(aij(Yt))lSi,an:
(o (Ye)...o0(Ys)...oL(Y})) DDDDDDDDDDOOOO000O0.
e ~ N(0I)0,0000000000000000000. 0O,
FREo (leg,...,Ri‘)g) FRYL(FR FYY noo.
00000000000000000000,000000000000
0,0000000000000000000.

(1), k), w(K)Y, {21, S(k), .., S(K)} . (7.10)

gogdo,g0¢toooooooobobbboooooboboogoooo, g
0t¢+t0o00b0od00 v 00000, 00boogoo0ooooooo:

n() =3 (i, en) (k) | (7.11)

M= 11

S =S (Y, en) S(k) . (7.12)

>
I

1

oo,00 (,)000000.000,(7900,00000000000
gogobooboogooobooooboooooboo,bbboooooboboog
goboooboobboobboobbooobooobooob.

00,00 ¢«00000000 Y,00000,000000000000
goboogopoboobooon.

ro8Y; = rp (V7). (7.13)

oo, b,oooooopbobooboboboboo
ggoo.

{re@),....rp(k),...,rp(K)} . (7.14)

gooo,00t¢t00oodooogoo,0b+t000bo0d0oD vy ooo
oo,0000booobgooooo.

K
F(Y) = (Vi ex)rp(k) . (7.15)
k=1
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(7.15)DD,DDDDDDDDDDDDDDDDDDDDDDDDDDDD
goooooooo.

000000 (Campbell-Viceira, 2002) 00O, 00000000000
I A A I N I R O R I Y I A

Yy =Yy, (7.16)
R = R[Y, ~ SA)) (7.17)
000, M%) E0:(Y)el(Y) D000, AY) = (M(Ye) . Ai(Ye) .. Au(¥2)
gooo.

oo0o0oO0oooo,1 0000000 nO000O0DOODOODOODOODO
ooo0ooobo. oo ¢+t+—10000000000000000O0000
ooooooooog, 0ogooooooooooooon {bOt, b, =
(blt...bit...bnt)’}DDD. gooo, 00 +0b0ooooogooon

g,00+0boodoooobobobbbooooooobo,oooooboobog

goooo.

Ry|Y; = boy(14]Y3) + b (Re|Y7) (7.18)
gdodoooo,0doooooug,

RESIY, = RJY: — SO A(Y)b: (7.19)

00, A(Y;) = S(Y,)2/(Y,) 00000, (7.19) 00, (7.18), (7.16), (7.17)
ogoooooo,

RP®|Y, = pup(bor, bi; Yi) + B (Yr)ey - (7.20)
ooo,
pe(bons b Y2) S bour (V) + V(i) — SHLA(Y)bs + SHANT21)
goboo. ooo,

pp(bos, by) = (Mp(boubt; e1) ... up(bot, be; ex) ... pup(bot, by €K)> ,
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oooo,
pp(bot, by i) = pp(bos, by) Vs, (7.22)

goo0o. obobbo,b0b0bobo0d0oooobobobbooooooooboobog

oo,

T T
VT> ( Vi ) =]
log | — ) = E lo =Y R/,
g<VO t=1 © Vi1 =1 '

000.000, R =1log(V,/V,.,) 0000000000,

o0bO0o0o0o0oO 1:oooobooo
oo, ooobobobobobobboooo,bbobob

goooooboooon,

T
E[log @z) f({f,f;] _ ZE[é;og
t=1

gogodgdg,bbbbbbiboooooddooooooooog,bbbe

T
f(f,f%f] = pp (bor, bi; V7).
t=1

oooo,doooooobooonoooooooouoooooonoa
goooooooao.
maximize bot, by; Y,
o br] MP( 0t Ot t)
P = bour (V2) + Bypa(Ye) — bLA(Y)br + 30A(YTRS)
subject to bo +bj1 =1 .

00 P(Y;) D000 KKTOOO,0ODOOODOoOOoOO.
. 1
AY)b; = p(Ys) = rp (V)1 + SA(V:) | (7.24)
b, + b1 =1. (7.25)
gooo,000oobobo0o, 0000000000 oooooobooog

gobooooboooobog,

log Pl
Cov (Rtog, R®™

— S(Y))E(Y)b} = A(Y)b; .

FRLFY ) _ COV(mm LS (Ve upb. b V) + bYS (Ve

*7:tR—17Y;5>
(7.26)
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).

(7.24)00 (7.26) 000000,

1 o, plog *
H(YE) = 7 (V)L + GA(Y:) = Coviy (RIS, RS

1
0000, mi(Y,) —rp(¥e) + 52(%) = Covey (Rﬁ‘t’g,Rlog* t) (7.27)
(7.27)DD,DDDDDDDDDDD (=G Uo000000ooaa,
1 og *
G (YE) = s () + pAa(Y) = Viea | R |vi] L (rs)

(7.27)0, (7.28) 00O,

log plog*
Covt_1<Rit , Rl

I

= Bi(Y2) (uG(Yt) —ry(Y3) + ;AG(Yt)> (7.29)

i}
]

goboo.ob,oobooooo %)\DDDDDDDDDD Jensen 00O

}/t>
1 Slog *
(V) = 5 (V) + S (%) = Vi |

‘/t 1 |:Rlog*

ooo,

it

COVt_l <Rlog Rlog *

>

Bi(Yr) (7.30)

‘/t L |:Rlog*

0.(7.29)00,Y; =e, 000,
) + 5 u08) = 77(0) = F08) () + Ac0) = s 8)) (5 = 1. (80)

oooo.000,0000 Y, 000000000000000,0000
0O KOoOoooooooo,ooooooooooooooooooooo
000000000000000oU0O0oD0oooooooo. ooa, (7.16)
O, (717)000,
() = rul¥i
pel¥) + SX(¥) = B [RalYi] |

1
pa(Ye) + 5/\(;(3@) =E; 1 [Ra|Yd]



140 0O 70 0O00O0O0OO0OO 1:000000000000000000

DDDDD,(7.29)DDDDDDDDDDDDD.
oo [Rul¥i] - (rs]¥:) = B:(Y)) (E (ReulYi] <rf|Yt>) - (7.32)

(7.31)00 (7.32) 000, (7.29)000000000000:

000000000,000000000000000000000000
0000000000. 0000000000000000,000000
00000000000000000000000000000000, 0
0000000000000000 6(Y,)000000000000000

oo0oooooo 20000
gobooo0oboooboobbooboobobooobooobooo
gogoog,gbbooboooboooobg,

e[os (57) ] - e[

RY} ZNP (bot, be)&sje—1 -

/
0o, & 1— [Yt Yi- 1} = <Pr(Yt =e1|Y—1)...Pr(Y; = eK|Yt1)>

gogoo.

goo,00b0boobooobooboo,oob tobog,0boon
goboooboobbooboooboobobooboboooboooo:

maximize bot, b _
p,| " 1P (bot, b )&rje—1 (7.33)
subject to  bo; +b;1 =1 .

00 P,O0O0O0O KKTOOO,

K K 1
(3 s AR )b = 36| () = s 1) + 500|724
k=1 k=1

bi + b1 =1. (7.35)

gogobo,bbbooobbbdggobobbuoooobooonobobog
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0ooo, (7.26)00000,

1 ol
Cov <Rt°g, Rlog~

K
:ZE|:<}/ta er)

k=1

ftR{) g [cov <R}fg, oz

v, # )|y

Ytl] A(k)b; = <é§k,t|t_1-/\(7€))bf . (7.36)

(7.34)00 (736) 0000000, 000000000O0ODO.
K 1 )
ka,t\t—l [,u(k:) —rp(k)1+ 2)\(19)] = Covy_1 <R}€0g’ Riog*>
k=1

K
D000, Y &yt [ﬂi(k) — (k) + ;Ai(k:)] = Covy_1 <R§§g, Ri‘“@?}ﬂ

k=1

(r37)00,0000000D000D0 =GO0O0O0ODO0O0ODOOOD0,

K . i
ngr,ﬂt—l [MG(’C) —re(k) + QAG(k)} =Vi_1 [Riog*] . (7.38)
k=1

(7.37)0,(7.38) 000,

log plog*
COVt_l (th s Rt )

sz:lgk’tltl [m(k) —rp(k) + ;)\i(k)] = Vi, {Riog*]

e
K

=53 €uates k) = 1) + A0l (7.39)
k=1
DD,@écmf1G$%E$W>A61F$“}DDDD.Ugwmm,m
000 Y, 00000000000000000000000000000
0000000.0000,00000000000000000000 (O
000000)0,0000000000000000000000000
0000000000 00000. 00,000000000000000
D00000000000000000.00,000000 3A0000

000000 Jensen OO OOO.
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(729)000000,(7.39) 00,000 +00000000 Y, 0000
00000000000000,000 CAPMOOOO,00000000
000000000000000000000000000000 100

goboooooboooo.

JREITOOOOD0O000000O0D0D000000O00, (7.29) 0, (7.39)
000000,000000000000000000000000000

gobog,0bogoboobboobooobods

e JUUDDOOOLODOOODOLDO,000DLDOODLDLDOOOD
ggoboobboooooooboooooboobooooo,bbbooo
O00o0oooooooooD. ooo,CAPMODODODOOOoOOoOO
goboooobooboboooboboooboobobooboboooboo
gogbogoooo.

e 100000,0000000D0000OO SPOPOOOO (Ishijima-
Shirakawa, 2000) 00 000000000000, 00000000
00000000000 0O0oDOoO (S&P500,DJIACD)DOODO
0000000000000 (Roll 1973, Long 1990, Platen 2003 O
000U0o0ooooooooooon).

e JI0DOUODODUODD,0DDOUODbOUO.ODO,ODODO0DOOO
gg,bogobogbboobooboooboobo.gob,ad
ooooooobooooboooboooboooobo 20000
goooobobobboooooo. obb,oobbobboogoo

gobooooog.
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74 EMOODOODOODOOOOOOODOODO

(7.32)[||:||:||:||:J,DDDDDDDDDDDDDDD.
RalYi — rolYi = as(Y1) + B:(Y) (RGt\Yt - nm) (V) (7.40)

00,m ~ N(0,1)000. (732) 00000, a(Y;) 00000000
0, CAPM OO Jensen 00 00000000. 00000, oy(Y,) 000
00000,00i00000000000000000000000OO0.
00,e(Y,) 00000000,000000000000000000
0000000000. 0000, (740)000000000000

Ry =B (Y1) Zi +~(Ye)n: (7.41)

/

/
00, BY) = (aim) @-(n)) 7= (1 RGt) 0000.000, R
00000000000, R 0000000000 DO0OODODOO0
oo.

00000 ©0000,00000EMOO0O0OOOOOOOOOODOO
0.0000000000,000 €9 000000000,0E-0000
(Expectation Step)000M-0 000 (Maximization Step)00 000000
0ooo0 (j=1,2,...)0000000. 0000000 j000000
oooo eV Yo, opooooon YW ogoooo. 000, E000
OO0 M-OOODOOOOOOOOOOO0O0O0,0000000000000
oo.

000,000000000000000000000000000
ooooo,eV-Ux~e ogoooooo, 00000 e 0nood
©=0eY)oooooog

0000,0000000000000000000000MO000,

gogoboobooooboobooooobb,bbooooobobboooooboo
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ooooOooO EMODOOOOOODOOODOO.

741 0O0OOOOODO

% =o(Ri,....R), % =0(Y1,....,Y,) 000. 000000000
(quasi-likelihood function) O,

T

f(#r;0) = f(Ry, #r-1;0) = [ [ f (Rt |%:-1;©)

t=1

Il
o
] =

Pr (Yt = ey, Ry |«@t—1;@)

o~
Il
—
B
Il
R

1
o

T
M &je—1 = H 1 (m ©€t|t—1) : (7.42)
t=1

0o0,(GO0,0000000000000D000D00O0DOO. OO0,

t=1

A
et =f (R |Ys = ey, Zi-1;0©) (7.43)

A
Epp—1 =Pr (Y = ex |%:-1;0©) , (7.44)

0000.0000,0000000000000,000000000 (O
oooooo)oooo.
742 OU0O0OOOOO: ODODODOO,0000O0OOO,bDboO

go

Hamilton (1994) 000000000, EMO00000DOOOOOOO

goboooboobooobooboboooo:

Ui @Et|t—1
= , 7.45
S v (77t @5t|t—1) ( )
&1t = P&yt (7.46)
Er =&t © {PI : [£t+1|T(+)£t+1|t} } . (7.47)

00,(+)00000000000000O00O0DO0ODO0ODO.
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000, (745), (746) 00000, &, 0000000 (filter)O, &,
000000000 (predictor)DOOD. O000O000 ¢+000000
000000000000,000¢t00000000000,000 t—1
000000000000D000000.

00,000000000000000 7000000000000
000000000000 0000000000. 000000000
(smoother)0J OO0 O, Kim (1993) 0000000000000000,
(747)00000000000000.

743 00OODOOODOOODOO

00000 f(%r; ©) 0000,0000000 f(%r,% ; ©) 00
Od. doogooooooooobooooooooooooogooog
(Hamﬂton,1990>.DDDDDDDDDDDDDDDDDDDD:

f(%r, %r;©)
T

= f (R, Y1 | %0, %;©) [ [ f (R, Y2 | %11, %-1;©)

t=2

I
]~

Li(k)Pr(Yi =er|F0;0) f (R Y1 =er;©)

>
I

1
T K K

<TID0D  Loa(DI(k)Pr (Y = e [Yis = €;©) f (R |V = €4 ©)

t=2k=1I=1

000, L(k)2 Y, e) (t=1,...,7) 0000 (0O (,)000000).
oooooooooog,

log f(%r,%r;©®)
T K K
Ii(k)log f (R |Y: = ex;©) + > I1(k)log Pr (Y1 = e | F0; ©)
=1 k=1 k=1
T
2

~+

K
A3 Y > LaL(k)logPr (Vi = e [Yi1 = €;0) . (7.48)

t=2 k=1 (=1
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gobooooboobmobooobomwooob,ooboooboo
ooo,0000000 j+10000,EDOOCO M-OO0ODDDOOD
gogoogo.

744 E-ODOOO

(748) 000000000000 log f(%r,%r ; OU))y 000000
oooDo euUth gooo,Do0o0ooooDoo eYW ooooooo
000,000 £ 000000,000000000000000. 00
0,0QO00000000

Q(G)(j+1);®(j),,%T)éEe(j) [logf(%:m@T ; @UTD) |%T} .

0000,QO000000000000000000:

T K
QU 0, %1) =33 ¢l) pog f (Ru [V = e ©0+1))

t=1 k=1

JFZ:Z:zzf’ijl)tlTlogPlr Y, = ex|Vio1 = e;; ©Y(TH4)

D00, &), = Pr(Yi = el#r;i®9) , &7, = Pr(vi =
er|%r; ©V)) fl(c]z,)ﬂT = Pr(Y,oy = e,V: = e#r;09) 0O
oo.

000000000000 (741)000000000000,00000
oooo,

_ ﬂ/(j+1)(k)zt)2
2

_ 1 ,
bgf<Rth§:H%;@“+”>::_* bg%V+2bgv“*”%)+( .
2 (v +D (k)

oood. p,(cj—H) =Pr(Y; = ¢ L?O; euth), p,(jﬁl) =Pr(Y; = ex|Yi1 =
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;00U 000, (749)000000,Q0000000,

S ] ) YGRS IOAY 2
Zfzi]t)m log 2m + 210g~y(1+1)(k) + ( ,@ ( )2 t)
Th=1 2 (fy(ﬁl)(k))

T K K
1 1 1 1
hrlogal ™ 3N e plogp ™ (7.50)
1 t=2 k=1 1=1

Me

Q(@(JH) eu Rr) = 1
2
t

+

M=

>
I

745 M-OOOO

0000000 j+10M-O000000,E-00000000000 Q
00 QeuUth.el) %) 0,0000,000000000000000
Ooooo0,evt) ooooooondo. (749)0,0000000000
000 (7500000000 QUOO0OO0O0O0OO0OO0O, 000000000
o0:

maximize Q(G)(j+1);@(j)7«@T)

eG+1)

pl+) subject to Zp(JH) 1 (I=1,...,K),

K

Z (G+1) _

k=1

(7.51)

00 PUTY 0po00,000000 p¢tY 0000 KKTOOOO,

T
> oPr(Yir = e, Yi = ey |#7:09)
U = =2 . (7.52)

ZPr <§Q_1 = ¢ ’@T; ®(j)>
t=2

Dooooooooo Y™ oooo KKToooo,

| é,‘:i .
p(J-i-l) kAT

Zéfﬁiw

(7.53)
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BUtU(k) D000 KKTODOO,

T LT
o = (Setzz) (Sebienz) . sy
t=1

t=1

AUt (k) D000 KKTOOOO,

T
(0 00) = Y e (R g0 W) )

G) =1
> &hr
t=1

(5 0000

0000,0000000000000000000000000000
000000000000000000000000,J-REITO000O0
00,000000000000000.
00000000000000000000000000,000000
000000000000000000,000000000000000
00,000000 REITOOO TOPIXO 200000. 000, J-REIT
000D000000,0000000000000,000000 200
000000,0000000000000000,J-REITO00000
000000000000, 00,000000000000000000
00000000,000000000000000000000000
00000. 00,0000000000000,00000000000
0 (NBF),0000000000000000 (JRE),000000000
000000 (JPR), 000000000000O0O (JRF), 000000
000000 (OJR), 00000000 (PIC)0 600 J-REITOOOO
oo.
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751 OOREITOODOOOREITOOOOO

oO0,000000000bDO0O0O0O0C0O REITOOOOODOD, OO
000 JREITOOOOOODOOCOOOOO. 00 REITOOOO, 2003
04000000000D0000D00ODO0O0OO0ODOODOO0ODODOOOD, OO
O, TOPIXOODOOUOOOOODODO,00000D0O0O0O REITOODODO
ooodoOOo0ooobo0oboOobouoboo.Ooo,boooo, 2003040
0020030 1100000000,0000 J-REITOO0O0OOOOOCO
ooooooboooog.

000000000000000000000

000,00 REITOOO00000000D0D0000000000 REIT
000000000000000 g;0000.0730,00000000
00O0000000000D000000.
07300,(A)0000000060100000000,(B)000
00000 40100000000,00020000000000000
000.000,000071000000

071 0JO00O00OOODOOOCOOOOREITOODOOOCOCOOOO
gboooobodoboboo.oobobaobog,oba.

oooo A oooo B

0oQ oooo 3 0oQ oooo 3
00000000 (JRE) 174,208 12149 | 000000 (JRF) 104,616 0.9082
000000000 (JPR) 114,810 1.1324 | 00000 (OJR) 90,492 0.5188
000000 (NBF) 193,683 1.1130 | 0000 (PIC) 39,474  0.3854




150 070 0000000 1:000000000000000000

O00710,000000000000,0000 A0O0OO0OOOO
oo, 0dddoogooobbboboboo0oooouoooboobooooboon,
0000 BOOOOOOOOOO,0000D000C0O0000O0O0DODOD
ooodooOooOOoOooOobDOobO. obo,0b0 REITODOOOODOOO
gooboboooobooboooobboooo,0oboboooobobog
000 REITOODOOOOOODODOO,000000000000RO.

ooboooobooobooboboobooo

J-REITOOODOOODOOOOODOODUOOOoOOooooooo,od
O0O00OoO0DODOOOoOOOO REITODOOOOOOOOO J-REITODO
ooooooooooooo,bov1000d.

000 v1000,J-REITODO0O0O0OO0ODOOOOOOOOO,DO000
ooobobobooob 1o, 00oboobooboobOob,coooogoo
gogboboooobobooobobuooobbooo. ogobbooooboog
0000 100000000 5000060000, 00000000D000
gogobbuogoobboooobobog,uggooboboooobobod
oooOOd0oo0,00000 JREITOOOOOOOOOOODOODOODO
obod. 0000 20,0000 10bobOooboOoo.

gooo0ob0o00o0obOobOooooDobooobobOo,b0 740000
0000 v20,00000000000D000000DOOO pOODOOO
gooogoo.

oooOv200,000000000000000 BOOoOoooOo, O
00000 go000000000000O0OO0OO0. OCoOoOoooooooo
oobooo0ooO0ooobooOo,00oo0oBO 100DOOO0bDOO0ODOODO
000000000, 0720000.00,000000,0000 A00
ggooboboboooooobobobbooooooobooboobo. oo,bog

oooobooboboo,0bo0obooobooboOobobgooooo 740, 0
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072 00D00O0ODO0OO0OO0OO0OO0OODO REITOODODOOOOOOO
goooooooo. ooooooog.

0oQ 00o0ooo 0o0oooo

00001 00002
(A)0DO0000000 (JRE) 1.2149 1.2531 1.1729
(A)0Oooooooo (JPR) 1.1324 1.1748 1.0426
(A)0O0O0O00 (NBF) 1.1130 1.1470 0.9299
(B)ooOOOOO (JRF) 0.9082 1.2454 0.5422
(B)oODOO (OJR) 0.5188 0.7916 0.3693
(Byoooo (PIC) 0.3854 0.1087 0.3857

o0o0dooooDOoO0ooOoooooOooo 50000, 00000000
0,0000BOOO,00000000 f000,00000000000
gogbog,gbooobgaooboobg.

00000000 BOO,0000000000000 0100000
goooooooobob,ooooobobobo,ooooopobobobboboo
ggooboboboog. ggoooobobobodoooog,gooboobodg
ggoooboobooooooobooboobbooooooooob. bboo,bod
00000000 A0O0,0000000000000,00000000
o0odDoD0o0oo0ooDO00ooO0oOoooooooOo,0o0g,00do0 BO
goobboooobboooobbboooobbodgo,goobobog
gogobooboooo,gbbbdooobobbooooboboooooboobog
goobooooogd.

00,0000 A,BOOODODOOOOOOOOO,0000000000

gogoo.
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e 0000 100 A00D00,00 R2O000.
e 000D 200 40000,00 R2O000.

00,0000100,00000000000000000000000
0000000000,00000.000000100000,00000
4,00000000000000000000. 00,000 R20000
00000,000000000000000000000,0000, 80
000000000000000000000000000. 00 R200
000000000000, 000010000,00000000000
0000000000000000000000. 000,0000000
0000000000000,0000300,000000000000
OMO000MO00000000 300000000000000000
0,0000000000000000000.0000000,00000
0000000000, 00001000000000040000, R?20O
000000000000,080000,00 R0O000. 000,000
00 JREITOODOOODOOOOODOOOOOOOOOOO 710000,
000000000000000,500600000000000000
000000000, 000000000000000000000000
000.000000,000200000000000000000, 30
000000,00000000000000000000

00,0000200,0000000000000,400000000
00,00000000000000000000.00,00000000
00000000 R2000000,0000100000,400000
00000000000000000000.

00,0000000000000 AICO00,00000000000
0 AICOO0000000,000000000000 AICO0O0000O
000000, JREITOOOOOOD,000000000O000O000
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gogoboboooobobooo,gobbbooooobooooobooboga

gobooooboooo.

752 TOPIXODODO JREITOOOOO

goobo,0b0bb0o0o0o0obobb0oooobobbooooooboon
000000 TOPIXOO,0000000C0COO J-REITOODOODODO
ooooooooO0. 0ogd,0000dbo0oo0oD J-REITOOOOO
ooooobD.o0o0,00000,20030 1000 20030 11000000
ooo.

000000000000000000000

000, TOPIXOOOOOOOOODODOO0O0OO0OO,00 J-REITOOO
000 g, 0000.0750,00000000000000000000
oooooo.

0007500, A0 p00,000000000000000000
0,0000000000000 CAPMOOOOOOOOO, J-REITOO
00000000000000000. 000,000000000000
00,CAPMOIOCOOOOOO0OOOO JREITOO0OOO0OOOOOCOO

gogoo.

gogbooobogoboobbgooboo
J-REITOODODUODODODOOOOODODODOOOODODODODOOOO, 00
000000000000 TOPIXOOOODOODOOD J-REITODOOOOD
obobobooo,b 73000,
oboov3000,000000000O00DbDODODOO,0b00O0O
ooooobooboo 10,0000 obobobobo,boooooo
oo0o0o0bO0obO0oobOoOoOobDbOOoobOoobOo. 5000060 bOOoO
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ooo0O10booooobo,booboboobooboo. 1boboboo
10000000000, 0000000b0o0b0oo0bOobobooDbOoo
ooooooo,1200000o00boooooboOo,boobooDbooo
ggodooooooobobobo,ooobobobobooboboooog,bbbood
goobobooooboo,bbdoobobbooooboboooooboboo
ooo00. 000,1000000 10000000000DODOODO0
gg,boggdgoooooooobb,oooooobobobooobobobog
obobobobob.oooo 20,0000 1b0obobobo.
00,00000000000000O000O00O00DOO0oOo0O 7600
00.00,000010,«0000000DO0DO0O0O0O0DOODOODOOO
gogoooobob,0b,0dppbbbbbb0ooooooobobobbodg
oooo. pO00000O0,0000 200000000,000000 B
0000o0oo0oD 10% 000 pOOOOOOO.
00,000020,0000000000000000000000, 6
oooboooobooobn,c0oobobooobbooooo,booo 1
goobobooooboobooooboboooobb,0boooobobog
gobooooboooboooo.
o000oo0o,000000 BOOODOODOOOOOO,0000O
gogboooboobooo,gbooobooobooboooobog.
00,0000000000000 AICODO00,00000000000
0O AlCODO0000O0O0,000000000000 AICOO00O0OO
ooo0ooOo,0000bD0bO0O J-REITODODODOOO,000000O
gooboboooobooooooboboooob,0obobbooooboboga

gobooobooboboobbooooo.
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753 00OO0OO0OOOO

ggobo,0bbboobbbooobobboooooobobbooooooon
ooooOOooOooOoooOoooo, JREITOODODOOOO,000000
gooboboooobo,0bbdoobobboooobobooooboboo
o0oooooO, JREITOODODODOODOOOOOOOO,00000O
goboooboobooon.

go,bo00boboobbooobogobo,0bboobooobboon
ooooooooooo, J-REITOODODODOOODOOOODOO0OO0O
goobboooobooboooobboooo,ooboboooobobog
ggoooooooo.

000,000 J-REITOOODOOOOOOOO,0000000000
gogobbuogoobboooob,bbbuoooobboooobobog
ggboo,ggboooboooobogobboobooooo.

gg,b0oo0ooog, bbb ooooooooooobo
o0, bobobobo,oopopoboboboobobooo
00,00000D0000 J-REITOODOOOOOODOOOOOOOO
goo.

7.6 OO

ggooo,bboooobobboooobbboooobboooon
goooooooo, JREITOODODODOOODODOOOOOoOoOOOogd. J-
REITO,000000000000D000OCO0ODOOOOOOODOOOOO
gooboboog,ggobbbdooooboooobbboooooboboog
ggbooooboooboooo.

gooboboooobobooobbbooooobobbooooboobob, o
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O0000oooooooooon,0oooo 100 MarkovOOQOQOOQOO
00o00o0ooo0D 2000000000, EMO0O0O0O0ODOO0O
goooboobodog. ggoooobobob,bbbogoogoboobod
gogobooboogoooob,bbggobobooooobobooooobooboog
gobooobooboooon.
J-REITOODOODOOOOOOD,0000000000D00000O0
gogobo,bobboooobbbdoooobooooobobooooobood
ggooooboooooooboobob. bbooooooooobo,bbodg
ggooooooobobobob,obobobbobobbbbooooog,boog

ooboooobooboboobboooboobobooboboooboooo.
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Q I5] R? AIC
NBF | —0.000153 1.1130 0.7251 —1339.6484
(0.6479) (< .0001)
JRE | —0.000426 1.2149 0.6819 —1276.2052
(0.2938) (< .0001)
JPR | —0.000169 1.1324 0.4139 —1115.2144
(0.797) (< .0001)
JRF 0.0004 0.9082 0.4938 —1242.0904
(0.4295) (< .0001)
OJR —0.0003 0.5188 0.1765 —1176.4411
(0.6150) (< .0001)
PIC —0.0002 0.3854 0.1282 —1212.5878
(0.6342) (< .0001)

073 00000000000000000000000020030
400110000 REITOOO0 REITO0.000000 p0.00
0,000000000000 (NBF),0000000000000
000 (JRE),000000000000000 (JPR),00000
000000000 (JRF),000000000000 (OJR),00
0oO0ooo (PIC)DOO.
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oooa 1l gooag 2
AlIC « 15} R? « 15} R?

NBF | —1398.953 | —0.0001 1.1470  0.7155 0.0001 0.9299 0.8347
(0.6546) (< .0001) (0.1489) (< .0001)

JRE | —1324.7310 | —0.0023 1.2531 0.6072 0.0001 1.1729  0.7480
(<.0001) (< .0001) (0.8303) (< .0001)

JPR | —1220.3910 | —0.0011 1.1748  0.3628 0.0002 1.0426  0.5286
(0.0662) (< .0001) (0.4395) (< .0001)

JRF | —1323.8270 | —0.0005 1.2454  0.6201 0.0008 0.5422 0.3851
(0.1616) (< .0001) (0.0004) (< .0001)

OJR | —1303.6420 | —0.0010 0.7916 0.1685 0.0002 0.3693 0.3606
(0.0466) (< .0001) (0.2700) (< .0001)

PIC | —1332.7390 | —0.0064 0.1087  0.0007 0.0003 0.3857 0.3047
(<.0001)  (0.7327) (0.2524) (< .0001)

074 00000000000000O00000O000020030 4
00110000 REITOOOD REITOO0.000000 p0.00
0,000000000000 (NBF),0000000000000
000 (JRE),000000000000000 (JPR),00000
000000000 (JRF),000000000000 (OJR),00
000000 (PIC)DOO.
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159

« 15} R? AIC

NBF 0.0000 —0.0538 0.0072 —1524.8075
(0.3544)  (0.2046)

JRE | 0.000491 —0.0547 0.0061 —1477.7204
(0.4105)  (0.2456)

JPR | 0.000469 0.0139 0.0003 —1426.1972
(0.4833)  (0.7929)

JRF 0.0005 0.0308 0.0021 —1498.1695
(0.3541)  (0.4936)

OJR | —0.0001 0.0391 0.0041 —1539.5531
(0.7965)  (0.3400)

PIC 0.0001 0.0289 0.0038 —1658.8459
(0.7255)  (0.3578)

075 00000000000000000O0000O0O020030
1001100 TOPIXO REITOD.000000 p0.000,0
00000000000 (NBF),0000000000000000
(JRE),000000000000000 (JPR),00000000
000000 (JRF), 000000000000 (OJR),00000
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oooo 1 oooo 2

AIC a B R? a 3 R2

NBF | —1650.844 0.0010 —0.1536 0.0199 0.0003 —0.0156 0.0028
(0.0453)  (0.0349) (0.1197)  (0.428)

JRE | —1584.5840 | —0.0011  0.0007 0.0000 0.0008 —0.0630 0.0207
(0.0380)  (0.9939) (0.0131)  (0.0315)

JPR | —1548.7880 | —0.0011  0.1113 0.0050 0.0009 —0.0016 0.0000
(0.1002)  (0.2902) (0.0074)  (0.9568)

JRF | —1650.2180 | —0.0004  0.1305 0.0129 0.0011  —0.0097 0.0011
(0.4109)  (0.0902) (< 0.0001) (0.6199)

OJR | —1705.5130 | —0.0020  0.1392 0.0188 0.0009  0.0015 0.0000
(< 0.0001)  (0.0404) (< 0.0001) (0.9242)

PIC | —1798.8250 | —0.0046  0.1018 0.0157 0.0008  —0.001 0.0000
(< 0.0001) (0.0615) (0.0008)  (0.9959)

076 000000000000000000O0O0000O20030 1
001100 TOPIXO REITO0.000000 p0.000,00
0000000000 (NBF),0000000000000000
(JRE),000000000000000 (JPR),00000000
000000 (JRF), 000000000000 (OJR),00000
ooo (PIC).
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071 20030 40 10020030 110 280000 REITOOD
00 REITOO000O0O0O0OOO.0000000000,000
0100000 (00000)00500000.00000000
00000.00,A000000000000 (NBF),B:00000
00000000000 (JRE),C:00DD000000000000
(JPR),D:0000D0000000D0O00 (JRF),E:0000000
00000 (OJR),F:00000000 (PIC).0O00.

JREEBBINEE
0.04

0.04

=

T T T T
-0.02 -0.01 0.00 0.01 0.02

T T T
-0.01 0.01 0.02

SEERE I TS DB

T
SHIERE I THEH O IRBITEE -0.02 0.00

072 0000 REITOODODOOOOOOODOODOO (NBF)O
00000000 poO0,0000 REITOODOODOOOODOOOO
00000 (JRF) ODOODOODOOOD g00.000000000
gooooo,0ob0ooboboboooo.
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0000000000000 0500000.0000000000
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0000000000 (JRE),C:000000D00000000O0
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00000 (OJR),F:00000000 (PIC)DOO.
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074 20030 40 10020030 110 280000 REITOOO
0000000oD0ooDO0Oo (NBR)OOODOODOOD,000000
0.0000000000,000010000000000000
0500000.
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075 20030 40 10020030 110 280000 REITOOO
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oo0.00o0o0000000,0000 1000000000000
0o0500000.
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8.1 UO0OODODOODO

8.11 UDOUODOUOUODbOObObDOODbO

0810000000000, 00+00000000OO0OOOC0OO
06, = (¢,...,0i4...,0,,) 00,00 ¢t000000000 8, =
(S1t- - Sty S,;)0000,000000000000000,

Vi=) 0:4S; =65, . (8.1)

1=1
000,00000 /000 (transpose) 000. 00,00 ¢+10000,
“000000”00000000000,

Vil = Zei,tsz‘,t—i-l =0,S:11 . (8.2)

i=1
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a R
(o) A —
R—rIHVAMEEEL)NFUR
'J:\E‘/Z'ﬁ‘ﬁd} + Vt- 0, Isr-l = Vr 1
R—bT4) A i & A [RE
(% (53
& (Income) +Y, + Y
HE
(consumption) -G ~ G
HEBZRO V;:V, +Y,-C, =V,1—V,.1+y;.1’ct1
R—bT+1) A i {E
YINSURBED I/[: ﬁ ' i, thzotvllstvl
R—bor i | [ By
B t t+1
081 O0O0OO0OODODODDOOOOOO
N %

8.1.2

ooo,0o0tooot+100oooo0 c,0 G 0ooo,

Vi=V, +Y. - Cy,
Vier =Viiq + Y41 — Cigr -

Cor1 =V — Vi1 + Y-

Ci = 9;_1515 - 0;St + Y,
Ciy1 = 0,811 — 0,181+ Y, .

{ Co=V, —Vi+ Y,

gooog.
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8.13 ODDOUODOUOUODbODbDOODO

0o0oo0obooooooooooobo,ooooo (time—additive)l:l
O000,/00000 (impatience factor) 0000, 00 ¢t0000000O
gooooooooooooaa,

max})mize fletscoqpns ooy Cogjyennsy)

1>

Et Z 5jU(Ct+j)
_‘7:0

= FE; [U(ey) +0U(ciq1) + ... + 67U (cesg) + - . ]

= F,

| +0U(Ohy - 1Se4j — 041 ;Srj + Yery) + ..

gonooooo.

8.14 Ruler00ODOODODOOO
10000000 (first order condition) OO,

OlCncun i) g g01(6) 4 68U/ (ersn)] = 0
t

(0000000 "D“0000000")
— S U'(c;) + B¢ [6S:41U (ci1)] =0 (-“000000"00)
5U’(ct+1)}
U'(ct)
— S =E; [Si41M4]

< St = F; |:St+1

A 5U/(Ct+1)

where M. =——— . 0oooooooooo,
41 0(cr)
St [ [ Siim 1
Sit = Fy Sity1 | My
St L\ S+l i

U0, 1S:— 6,8, +Y:)+ 06U (60,8111 — 0,1 St41+Yiq1) +

(8.3)
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< Si,t = Et [Sz',t+1Mt+1] (Z = 1, ey n) (84)

S;
— 1=F, [ S’t“

it

Mtﬂ} (i=1,...,n) (8.5)

00 (8.4)00,

ooot:toooooo<000 5,.0,1000t+100000000
Sit+10 M4, 0000000000000000000000

00000000, 0000, M 0000000000000 (pricing

kernel)DOO OO O0ODOOO (SDF; stochastic discount factor)D0 0 0. O

Sit+1 — S .

DD,RLHlé%DDDDDD,&?’”j:l—l—Ri,tHDDD,(S.L’))
it ”

ggd

1=FE; [(1 + Ri,t+1) Mt+1] (86)

oooo,000 Ry O0O0O0O0O0O0O0OOOCOOOOOOO. ODOOOOOo

00000 (Euler Equation)D D00 .

.2 OU0O0OUbbObOUOUbDbbUOoUOUobDbO
ooooboogd

(1)

00 ¢, 000000000000000 Y, 00000000000
0 «C,Y,) 0000000000000 0000000O0DOOO0OD
ud yooooobobobobobbbbbooodoooooobooboobooog

v ={v1),...,4(k),...,7(K)} 00000

(@710t) 177(’“)

U(Ct,th:e}a:@' 1—’}/(]{3)
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C;000010o000go

5u(Ct, }/;5 = ek)

5 = (071c,) "™ . (8.8)

(2)

Y, 000000000000 000000000000Y, =
{e1, .- ek, ..,ex} 0000000P = (pp)yy e 000000000
D0000000000O00p, 000000 ¢, 000000 ¢ 0000
00000000000 ¥, 00

Yit1 =PYi + My, (8.9)

oooooooooooooM,OO0OOoOoDODOOCDOOOOO

(3)

OO0 S, 00000 Euer00DDOOOOO D, 000OODO

u' (Ciq1,Ys
o Pl

— u(Cy,Y1)S: = Ey [p{u/(Cy1, Y1) Se1 + 0 (Cog1, Yey1) Digr }]
— S(C.Y;) =E; [,0 {§t+1(ct+1a Yit1) + Diy1(Ceya, Y2+1)H5-10)

oo,

gooo.oboooog,

Si11(Ciyr) = (§t+1(Ct+17 €1) .. Si+1(Crprsex) - - Se1(Crp, €KX}3-13)

- - - - /
Dt+1(Ct+1) = (Dt+1(0t+1, 61) .. 'Dt+1(0t+1, ek) ce. Dt—i—l(ct—i-l» 6}{3)14)
ogooaa,

<St(ct)7yt> = pEy [<§t+1(ct+l)a Yt+1> + <Dt+l(0t+1)a Yt+1>]
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080 0000000 2. 0000000000000000

(811

+pEt |:

<St+1 Cis1) + Dyy1(Cryn), Yt+1>}

B |
[<St+1 (Ci41) + D11 (Cosr), PY; + Mt+1>]
B |

(Cit1) + Dyy1(Cryn), PY}H

1(Ce11) + D11 (Cey), Mt+1>}

> Y/5:(Cy) = pE; [YZP/ {St+1(0t+1) + 1~7t+1(0t+1)}]

+pE; [ t41 {5t+1(0t+1) + Dt+1(0t+1)H

= th/P,Et [St+1(ct+1) + Dt+1(ct+1):|

+pE, [MZH] E; |:St+1(ct+1) + Dt+1(0t+1)]

({841, Ce41} 0 M1, {Dyy1,Coa}0 My, 000 )
= pY/P'E, [St+1(ct+1) + Dt+1(0t+1)} :

— Y/ <§t(0t) — pP'E, [St+1(0t+1) + Dt+1(0t+1)D =0

S:(Cy) = pP'E, [St+1(0t+1) + Dt+1(0t+1)}

(4)00: K=20000

P11 P12
(1—p22) E, ?1,t+1(0t+1)
P2—1 P2—2 Sa t+1(Ct+1)
(1—=p11)
P11 P21
(1=p11) E, S1,t+1(0t+1)
P12 P22 S2.t41(Ciy1)
(1—pa22)

0 00 0 Gordon and St-Amour (2000), p. 10230 (12) DO0O0O0O00ODO
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090

Jooodod 3: g0ogg
oo od
HRERERERE

91 DODODOODOD RulerDODODOODODO
ooog-?

UlCy)ooooo,c,0000o00on (Aggregate Consumption), ¢ 0
00, p0000 (impatience factor) 00 0. OO00, 000000000

oobooooboooboobobooo.

oU (¢
Sis = By [Si,m ( t“)}

U'(ct)
000, Xy :=Sit, Xeg1:=Si41, e ?:=0, E| |F#]:=E][ |000

Oo0:
U'(Cy1)

U'(Ct)

Xt == EP |:€_p Xt+l‘gt:| (91)
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nopooo,0000000 Y% opooooo,
A U'(Cig1) U'(C41)
My, 22000 — log Myyy = log ———= (9.2
t+1 U'(Cy) mi+1 Og Mi4+1 og u(c, (9.2)

O00. myp1 0, “O000000007”00000. OO0 EulerO0O

oo,

X
Xt - EP [6_p+mt+1Xt+1|gt} — 1 - EP |:€_p+mt+1 %ng\t (93)
t

gooooboboooo. oo, 0obobobbooooooooboobog
O000,Euler00000000O0OCO0ODOOOODOOODOOOOOO

go.dobobgo,obbooboboobobo oo,

X1 Xiy1
1 = <> ="
og( X ) " Xy “

00000,000 Ewer0000OO00,

1:1#’k—ﬁm”ﬂeﬂga]:1#’%“—M+mwwga . (9.4)
000. 00,00 (94)000000000000000007 0000
0DOD000000 My, 0000000000, 0000000 (00 ¢

0000D00000000)0 dFP(Myq|M,,---,M,) 00000000
0, (9.4)00,

EP[e“—W+qu5a (myp1 =log M, 1, OODO)
= /e(r_p)erHldFP(MHl]Mo,--~,Mt)
:/dFQ(MtH‘MO,...,Mt)Zl (9.5)
00000000000, 00,
AFQ(Mysr|Mo, - -, M) 2 =P Fmecs qpP (M, 1| My, -+, M), (9.6)

Oo000.000,0000D0O0O0000DoOooOO0og0ooD,0o00 ‘00”0

0000000 My, 00000000 dFP(Myq|Mo,---,M,) 0,00
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0000000000000000000 dF9(Myq|M,---,M,) 000
Dooooo0Oo0. 0ooo,

dFQ(My 1| My, - - -, M)

— e(r=pP)+met1 — pr r—p 9.7
dFP(Mt+1!Mo,-“,Mt) e t+1€ ) ( )

000,00000 =000000000000. 000,100 ‘000

O (Change of Probability Measure)” 00O .

9.2 Radon-Nikodym 0O [

Joooooooooooooboooo. oooooo,2000000
ododoooooooooon:

dQ dF9(My, -, My) 1 dFQ(M,|M, M, 1)

v 05 ) T :H t 0y« t—1

dP ~ dFP(My, -, My) dFP(M,|My, ..., M;_y)

(9.8)

T
— H e(r=p)tme _ o(r=p)T+3{ me (9.9)
t=1
000, “Radon-Nikodym O O” OO O. OO, 00O ¢t0O00O0 Radon-
Nikodym OO O OO0OO0OO0OO0OO0OODOODOOOODOO:

_ dFQ(M077Mt)

gt B dFP(M()a"'?Mt) ‘

(9.10)

00 ¢t000 Radon-Nikodym OO & 000O0O00DOOO0OO. O0O0OO
00, Radon-Nikodym OO OO0 POOO,00 ¢t000000O0O0OO
goooooo,

BP [dQ] _/dFQ(Mo,-~-,MT>
Y |dP| ) dFP(My,---, Myr)
_/dFQ(M07'",Mt)dFQ(MtJrl,‘"7MT|MOa"'aMt)
) dFP(My,---, My)dFP (M, -, Mp|My,- - -, M)
_ dF9(Mo,-- -, M)
~ dFP(My,---, M)

:gta

dFFY (Myyq,- -, Mp| Mo, - - -, M)

dF" (M1, - -, Mr| My, - - -
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O00O00.0000,00 ¢t000 Radon-NikodymOO & O,0000
0000000000 000:

_ dFQ(Mo,-- M) _ pp[dQ
"TdFP (Mg, -, M)

dP

dF® (Mo, -,My11) dFQ(Myy1|Mo, -, My)-dF? (Mo, My)
§t+1  dFP (Mo, M) _ dFP(Myj1|Mo,—,M,)-dFP (Mo, -, M)

{t B dFQ(M07"'7Mt) - dFQ(MO""th)
dFF (Mo, My) dFP (Mo, M)
_ dF9(My1| Mo, - -, M) (9.12)
dFP (Mys1|Mo, - - -, My)
00O, (9.7) 00
€t+1 — 6(T—p)+mt+1 (913)

&t

oo0D.t<7<TO00O,W, 000000000000

& B 16 W
dFQ(Mo,m,Mt,m,MT)

dFFP (Mg, -, My, M,
—/ d(F‘QO(MUﬁ“’Mt) ) 'WTdFP(Mt+17"‘,MT’M(),"‘,Mt)

dFF (Mo, My)
dFQ(Msy1---M,|My,---,M;)-dF 9 (My,---,My)

dFP(Myi1---M,| Mo, ,M¢)-dF P (Mgq,---,My) P
4FQ (Mo, M) WrdF (Mo, Mo | Mo, -, My)
dF P (Mo, M;)

:/WTdFQ<Mt+1,---,MT\MO,---,MJ

= E2[W,] (9.14)

0D00.00,7=t+100000,

EP[Wit1] = & B [601Wii]
= EP[er=Ptmeriyy, ] (9.15)

O00. 000, Duan(1995) 0 Lemma A.1.00D0O000DOOO.

03 ODOOOOboobOoOOd

(1) 00000000000
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ggoooooob, oo, bbb ooouoooooo
gooooboboo,boo0ooooobobbooooooobo. oobobog

oo0o0ooooo,00 pPO0O0O,00000D0O0OCODOOO0O0O0O:

S 1
log < ?1) ' Ty = g1 — §Ut2+1 + Ot 1€441
t

L,
=(r—r)+pe+1 — 50t+1 + Ot41€641

Hi41 — T L o
=T+ =041 — 50441 T Ot41€¢41
Ot+1 2

1
2
=7r+ )\O'H_l — §Ut+1 + Ot+4+1€¢+1

1
:zvp<r+xm+1_20gl,ail), (9.16)

(-O0000O0o“Do0o’oooon)

Doo, A 287" _ppp 0, 0000 ‘00000000 (market

Ot+1
price of risk)” O OO .

(2) 000000000000

Assumption 9.3.1 000000000000 ODOO, 00000000
00000 (time separable) 000, 000 (additive) 000000, 00O,
0o0o0o0o0o0ooobOO0oO0o,000 30000000, 00000D00DOO
gooad:

1. 0000000000000 0O (CRRA)OUOO,000O00ODO
o0od0OooOOobOO0bOobOo POOQ0UOOODOUODOUODOUOROROC
goooag.

2.00000000000D0O0OO0O (CARA)ODDO,0D0DOODO
oobo0o0oOo0o pOC0OOOCOUODOODOOODOODOOO.

. 00ooooooog.

(3) 0000000000
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Theorem 9.3.1 (000000000 0) 0O0000DO0OO 93100
00000,00 POOOD “OO0O0 (absolutely continuous)” 0000

000 (equilibrium price measure):

dQ = er=PT+E Mg p (9.17)
000000000, 00,0003000000000:

1. 00000000000000000000000 (@O0 =1+
DO0000), 0000 220,00 Q0000000000

.

2. 0000000000O00O000ODO0OODODOUOODOOO,DO0

goboooobooobooob.oobo,

E? {5%+1y;¥;} —¢" . (9.18)
St

5. 00000000000000000000,00 POOOOOOO
000000000,00 QOO000000000O0000000
0.0000,

Var®? [log (%T) ' ft] = Var? [log (Sf;) ' 9}] .(9.19)

000 300000 ‘0000000000 (LRNVR: Locally Risk-

Neutral Valuation Relationship)” 000 .

gogooooooo,gg0oogao EtQD “O00pDoono’ooog,d
good VtQD ‘00000 (DOD0D0O0DOU0O0ODOO)Y 00000000
ooooooboooog.
(4 00000DO0DO0ODOOOOOO

000000000 0oooo0ooDooO0oooooon. D0 QUoOOoOoOo
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gogooooo,

gooog.

(0) (9.20000,Duan00000000000000000.

94 ODUOOO0OO0OOOOOO0O Black-Scholes O OO
00

oobo0o,0000000000000000,00¢t000000D00
0s,000000K,00T0O0O0000O0OODODOOOOOOOODO
goo.

goboooboobbooboooboobbooobooo.

S 1
log < gl) ‘ T =p— 502 + o€t (9.21)

000, g ~N(0,1)00000000,pu, 0000000000000
ooo.

0000000000000, (9.21)000000000 QOOO0O0O0
ooooooo.

1 3
log (S;T) ‘ Fy =Tl — iVarf [log <S§;1>] + (Varf [log <S§:1 >]> 5:+1

1
=r— 502 + o€y (9.22)

000,€,, ~N(0,1)00000000,00000000000000

gooogoo.
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070000000000 (922)0000000000.

ST:Stexp{<r—;J2> (T—t)+o ET: e;‘}

i=t+1

—wﬁexp{<r——;02>(T——ﬂ-+avq“—tz} (9.23)

000,22~ N(0,1)00000000,0000000 f(2)000.
0000000000000000 C(S,K,¢)0,000000000
000000000000000000000000000000000

0.000,

C(S, K, t) = e " T~ E®max(Sr — K, 0)] (9.24)
0oo0ooooo.oooo,Sy>KO0O000O (9.23)000,

&@m{<r—;ﬁ>cr—w+a¢T—m}>z(

P log Si/K + (r—30%) (T —1t) 54

oI —t

000.000 (9249 0000000000DO

Ef[max(Sy — K,0)] = / OO(ST — K)f(2)dz
A

_ /Oo [sg exp { <r _ 102) (T—1)+ amz} _ K} F(2)dz

A 2

00Oo0bOobOOobOOo.00,00b020000000000D0DO.00

[ (o) =i s

:[?Smm{(r—éﬂ)@—ﬂ+ﬁ¢T—m}¢%@m<—i)&

_ St/A \/%exp{—;(z VT 1) ~|—7‘(T—t)} iz
1

o 1
:St€r(Tt)A mexp{—z(z—U\/T—t)Q}dz
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000,y22-0V/T—t0000000000.

z‘ A — 00
y‘A—U\/T—t — 00
oood
log S; /K Lo (T -t
Ao T o8 K+ (r+ 50%) ( )é—dl
ovVT —t
goo.ood

— Ster(T—t)

2
exp {—y} dy = Sie"T=D®(d;)  (9.25)

oo V2T 2

DDD.DDD@(-)DDDDDDDDDDDD.DDDDDDDDDDDD
goooooooan.
o) —A
/ (“K)f(2)d> = / (“K)f(2)dz = —KD(—A) (9.26)
A —o00

log S/K + (r — 30%)(T — t)

oVl —t
(9.26)|:||:||:||:|DDDDDDDDDDDDDDDDDDDDDDD.

000, —A2d, =

0000, (9.24), (9.25),

C(S, T, K) = e "D ER[max (St — K, 0)]
= e T [8,e" T DP(dy) — KD (ds)]
= S, ®(d1) — Ke "7 9(dy)

goboooboobobooboboon.
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00t¢t0ooo,00o0ooo S:0,00 7T, 000000 KOOO

gobooboooo,bboobooooo.

C(Sy, T, K) = S;®(dy) — Ke "IV (dy)

ooo,
p _logSt/K+(r+%a2)(T—t) b di — o /T 3
goo.
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9.5 Option Pricing with Hidden Markov Models

by Hiroshi Ishijima, Waseda University and Takao Kihara, Keio
University (2005)

9.5.1 Abstract

In this paper, we derive an analytic formula for pricing Euro-
pean call options under the setting of discrete-time Hidden Markov
Models (HMM). HMM is specified by a state equation with the time-
homogeneous transition probability matrix and an observation equation
which describes asset prices by the log-normal model in which both drift
and volatility parameters switch according to the state. With the setup
above, we derive an analytic formula for pricing European call option.
When compared to the existing option pricing models which characterize
stochastic volatility in asset prices, the advantages of the formula are:
(1) it is an analytic formula, (2) easy to interpret its meanings and, (3)

able to capture the persistence of volatility in the risky asset prices. We
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also implement some empirical analyses to show that HMM is able to

express so-called volatility smiles.

Keywords: option pricing] Hidden Markov Modelsd Baum-Welch

algorithm[ volatility smile

9.5.2 Introduction

The option pricing theory has been intensively studied since the pi-
oneering works of Black-Scholes (1973) and Merton (1973). In Black-
Scholes model, the underlying asset price process is described by geo-
metric Brownian motion in which the drift and volatility parameters are
assumed to be deterministic. It is known, however, that the volatility in
asset price processes in the financial market would depend on the past
information. For example, the persistence in the level of volatility is fre-
quently observed. That is, the days with high volatility will follow the
days with high volatility and, the days with low volatility will follow the
days with low volatility. For these reasons, the implied volatility, which is
obtained when the market price of European call option is equated with
the Black-Scholes model, is not constant but varying with respect to the
time to maturity and strike price of option. This phenomenon is known
as volatility smile. The several time-series models, such as ARCH (En-
gle, 1982) and GARCH (Bollerslev, 1986) models, have been proposed
to characterize the volatility dynamics. Also, Hull and White (1987)
and Heston (1993) introduce stochastic volatility models . Sharing these
issues involved in volatility modeling, we derive an analytic formula for
pricing European call option when asset price processes are subject to

hidden Markov models (HMM). Also we carry out empirical analyses to
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validate the model.

The study of hidden Markov models started in the late of 1960s by
seminal works of Baum and Petrie (1966), Baum and Eagon (1967),
Baum et al (1970), Baum (1972), and many others. Since then, the
models are applied in many research fields such as cognitive science and
biological science. Concerning the literature of time-series analysis in
econometrics, HMM is introduced by Hamilton (1989) as regime switch-
ing models. The model is widely used in detecting structural breaks or
turning points in economic time-series (Hamilton, 1994). Timmermann
(2000) shows that the model is able to express the wide range of mo-
ments in asset prices. Concerning the option pricing with HMM, Elliott
and Buffington (2002) express an option price utilizing the characteris-
tic function in continuous-time framework. Duan et al (2002) derive an
analytic European call option price with two state HMM.

In this paper, sharing the heart of the preceding papers, we address
three issues. Firstly, we derive an analytic formula for pricing European
call option under the setting of discrete-time HMM. Secondly, we esti-
mate the model by Baum-Welch algorithm with scaling in computing
forward-backward probabilities. Thirdly, we implement some empirical
analyses. We estimated the parameters in HMM from the Japanese finan-
cial market data. We then compute the European call option price and
implied volatility with our model, in comparison with the Black-Scholes
model.

The paper is organized as follows. In section 2, we derive an analytic
formula for pricing European call option under the setting of discrete-
time HMM. In section 3, we implement empirical analyses to apply the

model. In section 4, we conclude.



9.5 Option Pricing with Hidden Markov Models 183

9.5.3 Model

We consider a market where a risk-free asset, a risky asset, and a Euro-
pean call option written on the underlying risky asset are being traded.
It is assumed that N economic states exist in the market at discrete time
t (t=0,1,...,7). We denote the state as Yé{Y} ; t=0,...,T} and
write FY 2o (Yo, Y1,...,Y:). The state space of Y; is {e1,...,e;, ..., en}
where e; € RN (i =1,...,N). Here the i-th element of e; is 1 and oth-
erwise 0.

We assume that the state Y; follows a first-order Markov process with

the homogeneous transition probability as follows:
P= (pji)1gi,j§N = (Pr(Yeq1 = ¢V =€) )1§i,j§N - (927)

Here, p;; satisfies:

K
pjiZO(i,jzl,...7N), Zpﬂ:].(’lzl,,N)
j=1

Also we define the initial state probability as

Wé (7T,L~ = PI"(YO = ei))

/

l<i<N (9.28)

where the superscript ’ represents the transpose. Now, the state Y; can

be expressed by a state equation as follows:

Yig1 = PYi+ My, (9.29)

Where M, is a F} -martingale increment.
On the other hand, when the state Y; at time ¢ is given, the log-return

of the risky asset is assumed to be described as an observation equation:

Sy
log <St1 )

Vo= p(Y) - 3o? (V) +o(¥e,  (9:30)
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where &, - N(0,1) indicates mutually independent, identical standard
normal error term under the probability measure P. Also, we write
FRE G (log(51/50) ;... ,10g (Si/Si_1)) and F¥Y £ {FF FY).

Here the drift and diffusion parameters are assumed to take values

corresponding to the state. That is, with the notation
on= (M1~--Mz’-~MN)/, o= (01...02-...01\[)/ ,

the drift and diffusion parameters in the period t are assumed to be:

p(Ye) = (p, Y1) (9-31)
o(Yi) = (o, V1) . (9.32)

Where the operator ( , ) indicates the inner product. The equation above
signifies that the drift and diffusion parameters which characterize the
return and risk in the asset log-return switch from period to period de-
pending on the state.

We also assume that the log-return of the risk-free asset, given the
state Yy, is

r(Y:) = (r, ;) with, (9.33)

r:(rl...ri...rN)/.

This shows that the risk-free rate takes the value corresponding to the
state, too. By the Locally Risk-Neutral Valuation Relationship of Duan
(1995) and Duan et al (2002), under the equilibrium probability measure

@, the asset price process of Eq. (9.30) becomes

os ()
& Si—1

Here € ~ N(0, 1) under the measure Q.

1
Y, =71 — 5aZ(Yt) +o(Yy)er . (9.34)
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If all the states were observable, that is, Y; (t = 1,---,T) were given,

the call option price would be

exp (— Z T(K)) max(ST - K, 0)] ;

t=1

0(07T7 Sva%/) - EQ

under the measure Q. From Eq. (9.34), we obtain the call option price

as follows:

C(0,T, S, FY) = So®(dy) — e~ Zi=1 "I Kd(dy) .

Here dy and dy are given as

4, 10800/ K) + ¥y (r(¥0) + 50 (1))

Y 0%(Ys)

In the market, however, the economic state is unobservable. When the
economic state is hidden, we should consider the trajectory of the state
transition until the maturity 7. Denote the occupation time in the state
e; (i=1,...,N), from time 0 to time ¢, as

T

0423 (Y, e)

t=1

Then the summations of Egs. (9.32) and (9.33) can be rewritten as

T N , N-1 4 N—-1 ,
(V)= (r,Yy) =) ri0h =Y r0h+ry <T— > o;) ,
=1

t=1 t=1 =1 =1

T T N N—-1 N—-1
S o2 = Yot vy = 0205 = 3 20k + % ( > 0%> '
t=1 t=1 =1 =1 =1

Hence take another expectation with respect to the joint probability of
the occupation-time to obtain the European call option price with Hidden

Markov Models of Egs. (9.29) and (9.34):
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C(0,T, So) (9.35)
T
_ Z Z Pr(Oh =1, ,08 "1 = ry_1) [Se®(dy) — e~ va;llmner(szﬁi‘lln)K@(dg)
T1=0 TN71=0
N
= mC(0,T,8, Yy =€) (9.36)
j=1

where 7; is defined in Eq. (9.28) and, the call option price conditioned

on the initial state is defined as

T
A —
C(O,T,So,}/bzej): E PT(O%:’H,"',O,I]Y 1:TN_1|YZ):€]')

TN-1=0

0
X [Socp(d1 ) — e~ T rmmrn (T-X ”)K@(dz()%.&?)
Also, d; and dy are given as follows
_ log(So/K) + 300, (ri+ 507) i+ (v + 50R)(T — 355 )
\/Z . O'Tl-f—O'N(T Z . 7',)
N-1
do = d; — ZO’Tl-f—O'N( ZTZ>

=1

)

As a special case of N = 1, one can easily see that the Eq. (9.36)
corresponds to the Black-Scholes formula.

How to calculate the European call option price based on N-state
HMM? Firstly, one has to prepare input. Besides the initial underlying
asset price of Sy, the strike price of K, and the time to maturity of T', one
needs to estimate the model parameters of r;, o;, m;, pji(i,7 =1,...,N).
We estimate HMM by Baum-Welch algorithm with scaling in computing
forward-backward probabilities to avoid underflow in computation.

Secondly, one has to prepare two functions besides the four rules of

arithmetic. The one is the standard normal distribution function, ®(-),
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which is already provided in most software. The other is the joint prob-

ability of occupation-time, Pr(O%. = 71, - - - ,O¥ -1

= 7n-1). This can be
obtained in the following recursive equations.
The joint probability of occupation-time conditioned on the initial state

can be written as
1 2 N-1
Pr(Or =7,07 =19,---,05 7 =1n_1|Y0 =€)

= PI'(O% = Tl‘YO = €j) . PI’(O% = 7'2|Or}w = 7'1,Y0 = ej) LN

. Pr(Og_l = TN_1|O%~ = ’7'1,0% = T2, '707]:7—2 = TN_Q,)/O :(9338)

where,

Pr(O% = 7'2|O%p =71,Yp =€)

o PI‘(O%_T1 :7’2|Y0:€j) (ifOSTQST—Tl)
10 (otherwise) ,

PI“(OTJY*:l = 7'N_1|O%ﬂ =T, O% =Ty, 071\1/'72 — oy, Yo = ej)
Pr (Og_ézm I TN—I‘ Yo = ej) (if0<7Ty_ 1 <T-— ZZJ\;—12 )
= i=1 Té
0 (otherwise) .

To compute the above joint probability, we need to know the
occupation-time probabilities for each state. These probabilities can be
computed recursively by the following relations.

Write the probability from state i to state j in u times transition as

P(u) = (pji(w)) = (Pr (Vi =eslVi =) (u=1,..(9BY)

1<i,j<N 1<i,j<N
From the Chapman-Kolmogorov equation, we have

Pu) =P (u=1,...,T), (9.40)

where P is the transition probability. Define the first passage probability
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as
fﬂ(t) :PI‘(Y;: = ej,Yt_l 7é ej,...,Yi 75 6]'|YVO = ei) (1,,] = 1,,N, t= 1,(9(14)1)
With Eq. (9.40), the first passage probability, f;;(t) can be computed in
the recursive equations:

fii(t) = pa(t Zp]J k)fji(k) (t=2,....T) (9.42)

f3i(1) =Pr(Y1 = €j|Y0 = €i) = pji - (9.43)
Given the initial state Y, = e;, we obtain the recursive equations con-
cerning the occupation-time probability in state ¢ (i = 1,..., N).
PI‘(OZI == 1‘YO == 6]‘) = PI‘(Yl = €i|Y0 = 6]') = pij 5 (944)
PI‘(O; = O‘YO = €j) == PI‘(Y} 75 Ciy.nn ,Yl 7£ ei\YO = €j)

t
:1—§:ﬁﬂw(h:L“qT), (9.45)

Pr(Oézl\Yozej ZPr w=¢€, Yy 1Fe,.... Y1 #e|Yo=¢;)

t
><Pr< > (Yee)=0 Ygzej>
s=u+1

+Pr(Yt =e, Y1 # ey, Y1 # ei|Yo = ¢)

—me ) Pr(Of_,[Yo =€) + fij(t) (¢ = 2,...(946)

t—7;+1
PI‘(O; = Ti‘Yo = €j) = Z PI‘(YU = ei,Yu,1 75 Ciyenn 7Yi 75 6Z|}/0 = ej)
u=1
t
x Pr ( Z (Ys,ei) =1, — 1Yy = ej>
s=u+1
t—7;+1
}:‘m )Pr (0i_, =7 — 1|Ys = ¢j)

a:,”wT7n:Z“Wﬂ. (9.47)
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Average (%) Standard Deviation (%) Skewness Kurtosis

TOPIX -24.12 22.65 -0.02372  4.23681

O 9.1 Summary statistics for the TOPIX daily log-returns from
Jan. 2000 to Dec. 2002. Here the average and the standard
deviations are shown in annual rate by presuming a year has 250

business days.

Here we use the assumption that the transition probability is time-

homogeneous in deriving Eqgs. (9.46) and (9.47).

9.5.4 Empirical Analysis
9.5.5 Data

Data used in the analyses is the TOPIX daily 740 log-returns which
start from January 2000 and end in December 2002. Table 9.1 reports
the summary statistics. Since the skewness is negative and the kurtosis
is higher than three, it can be said that the TOPIX log-returns in the
sample period are not drawn from the unique normal distribution. Thus
it would be challenging to apply HMM.

We adopt the uncollateralized overnight call rate as a risk-free asset.
In the sample period, it seems to take the same value in historically very
low level. Hence, for the empirical analyses purpose, the risk-free asset
is assumed to be constant regardless of the state in HMM. Namely, we
take 5.57 x 10~* which is the average in the sample period from January

2000 to December 2002.
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95.6 Two State HMM

In this subsection, we report the result of the empirical analysis when
two state HMM is applied. Tables 9.2 and 9.3 show the estimation results
for the two state HMM. From the estimated transition probability, the
probability that it continues to stay in each state is high. While the
probability that it transits to another state is low. These show that
HMM captures the persistence in the level of volatility in the TOPIX
daily log-returns.

In state 1, the asset has higher risk with higher return and the duration
for this state is short. While in state 2, the asset has lower risk with lower
return and the duration for this state is long. Thus, it can be said that
HMM is able to characterize the asymmetric fluctuation in volatility of
the TOPIX daily log-return

Also, we can visualize the above results. Figure 9.1 shows the time-
series of the original TOPIX daily log-returns and the smoothed oc-
cupation probabilities for each state. From this figure, the occupation
probability by state 2 is higher than that by state 1, in most periods.

Using these estimated parameters, we compute the European call op-
tion price with two state HMM and, compare that with the Black-Scholes
model. These are reported in Table 9.4. In the table, the option price
is the one when given the initial state, which is computed according to
Eq. (9.37). Here we computed the option price in several cases when the
initial price of the underlying asset is Sy = 100, the time to maturity is
T = 30, 60, 90 days, the ratio of the initial price of the underlying asset

to the strike price is So/K = 0.9, 1.0, 1.1, respectively. It can be seen
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that the European call option price takes quite different values according
to the initial state.

Figures 9.2 and 9.3 show the implied volatility curve when equating
the Black-Scholes model with the option price computed from two state
HMM, with the initial state being the first and second, respectively. One

can see the so-called volatility smile phenomena very clearly.

95.7 Three State HMM

In this subsection, we report the result of the empirical analysis when
three state HMM is applied. Tables 9.5 and 9.6 show the estimation
results for three state HMM. Figure 9.4 shows the time-series of the orig-
inal TOPIX daily log-returns and the smoothed occupation probabilities
for each state. Compared to two state HMM shown in Figure 9.1, the
expected duration for each state is very short. It can be said that the
shape of the occupation probability for the first state in two state HMM
is very similar to that for the first state in three state HMM. While, it
will not continue to stay in the second and third states in three state
HMM.

As in the analysis with two state HMM, by using the estimated param-
eters, we compute the European call option price with three state HMM
and, compare that with the Black-Scholes model. Table 9.7 reports the
option prices with three state HMM when given the initial state, which
are computed according to Eq. (9.37). Figures 9.5, 9.6 and 9.7 show the
implied volatility curve when equating the Black-Scholes model with the
option price computed from two state HMM, with the initial state being

the first, second, and third, respectively. It can be seen that the initial
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state in three state HMM affects more to the option price and implied

volatility than that in two state HMM.

9.5.8 Conclusion and the Direction of Future Research

In this paper, we derive an analytic formula for pricing European call
options under the setting of N-state Hidden Markov Models (HMM) in
discrete-time framework.

When compared to the existing option pricing models which charac-
terize stochastic volatility in asset prices, the advantages of the formula
are: (1) it is an analytic formula, (2) easy to interpret its meanings and,
(3) able to capture the persistence of volatility in the risky asset prices.

On estimating model parameters, we introduce the Baum-Welch algo-
rithm with scaling in computing forward-backward probabilities to avoid
underflow in computation.

We also implement empirical analyses to show the option price with
HMM represents so-called volatility smile.

The following issues are left for future research. We estimate HMM
when given the number of states. It would be better, however, to simul-
taneously estimate the optimal number of states with other parameters
as in Brants (1996). Although we focus on pricing European call option,
it would be very important to price more complicated option, such as

Bermudan type, under the setting of HMM.



9.5 Option Pricing with Hidden Markov Models 193

TOPIX
Expected Return (%) -2.320  (3.11 x 1073)
State 1 Standard Deviation (%) 37.078  (9.06 x 1079)
Expected Duration (days) 8.5774
Expected Return (%) -26.580  (5.30 x 107%)
State 2 Standard Deviation (%) 20.368  (9.98 x 1079)

Expected Duration (days) 85.639

Log-Likelihood 2108.485
AIC -4202.97

O 9.2 Estimated parameters in the two state HMM with the
standard deviations in the parentheses. Data used is daily
TOPIX log-returns from Jan. 2000 to Dec. 2002. Note that
estimated expected log-returns and standard deviations are re-
ported in annual rate.

The expected duration for each state is calculated as 1/(1 — p;;),

where p;; shows the probability of staying at the state .

To State 1 To State 2

From State 1 0.883 (4.85 x1072) 0.117 (6.14 x 1072)
From State 2 0.012  (6.25 x 1073)  0.988 (3.67 x 1072)

O 9.3 Estimated transition probabilities in the two state HMM
with the standard deviations in the parentheses. Data used is

daily TOPIX log-returns from Jan. 2000 to Dec. 2002.



1940 90 0000000 3:00000000000000000000O000

T=30 T=60 T=90
So/K 0.9 1.0 1.1 0.9 1.0 1.1 0.9 1.0 1.1
BSCall 0.3440 3.1326 9.5032 1.0731 4.4309 10.2443 1.8003 5.4269 10.9491
Call(Yp =€) 0.6044 3.5994 9.7671 1.3221 4.7610 10.4833 2.0179 5.6852 11.1538
Call(Yp =e3) 0.146 3.0176 9.4681 1.0155 4.3213 10.1850 1.7275 5.3188 10.8778

Return

Probability in State 1

Probability in State 2

O 9.4 Numerical comparison of European call option prices be-
tween the Black-Scholes model in the first row and, the two state
HMM with two different initial states in the second and third
row, respectively. Data used is from Jan. 2000 to Dec. 2002.

0 100 200 300 400 500 600 700

0 100 200 300 400 500 600 700

0 100 200 300 400 500 600 700

O 9.1 Estimation results for the two state HMM. The figure in
the first row shows the TOPIX daily log-returns. The figures in
the second and third row show the occupation probabilities by

the first and second states, respectively.
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computed from the two
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implied
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initial in
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Each curve
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the maturity of 30 days
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(x-marked), and 90 days

(*-marked), respectively.

0 9.3 The figure shows

the implied volatility

plotted against So/K
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initial state being in
the second. Each curve
shows the result with
the maturity of 30 days
(o-marked), 60 days
(x-marked), and 90 days

(x-marked), respectively.
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TOPIX

Expected Return (%) -43.430  (2.78 x 1073)
State 1 Standard Deviation (%) 34.75  (6.90 x 107°)

Expected Duration (days) 7.696

Expected Return (%) 232.348  (1.20 x 1073)
State 2 Standard Deviation (%) 15.86  (2.08 x 1079)

Expected Duration (days) 2.050

Expected Return (%) -168.473  (7.76 x 10~%)
State 3 Standard Deviation (%) 15.62 (1.48 x 107°)

Expected Duration (days) 3.538

Log-Likelihood 2115.120

AIC -4202.24

O 9.5 Estimated parameters in the three state HMM with
the standard deviations in the parentheses. Data used is daily
TOPIX log-returns from Jan. 2000 to Dec. 2002. Note that
estimated expected log-returns and standard deviations are re-
ported in annual rate.

The expected duration for each state is calculated as in the Table

9.2.

To State 1 To State 2 To State 3

From State 1 0.870 (6.41 x 1072) 0.129 (9.71 x 1072) 0.001 (1.12 x 1071)
From State 2 0.001 (4.02x1073) 0.512 (5.77 x 1072) 0.487 (7.06 x 1072)
From State 3 0.032 (1.94x1072) 0.251 (4.41 x 1072) 0.717 (4.57 x 1072)

O 9.6 Estimated transition probabilities in the three state
HMM with the standard deviations in the parentheses. Data
used is daily TOPIX log-returns from Jan. 2000 to Dec. 2002.
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T=30 T=60 T=90
So/K 0.9 1.0 1.1 0.9 1.0 1.1 0.9 1.0 1.1
BSCall 0.3440 3.1326 9.5032 1.0731 4.4309 10.2443 1.8003 5.4269 10.9491
Call(Yp =e;) 0.3856 3.1073 9.5377 0.8987 4.1059 10.0663 1.4317 4.9054 10.5916
Call(Yp = e2) 0.0676 2.2256 9.1923 0.3528 3.1528 9.5171 0.7160 3.8643 9.8944
Call(Yp =e3) 0.0645 22115 9.1886 0.3384 3.1208 9.5019 0.6900 3.8203  9.8684

Return

Probability in State 2

Probability in State 1

Probability in State 3

O 9.7 Numerical comparison of European call option prices be-
tween the Black-Scholes model in the first row and, the three
state HMM with three different initial states in the second, third,
and fourth row, respectively. Data used is from Jan. 2000 to Dec.

2002.
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0 9.4 Estimation results for the three state HMM. The figure
in the first row shows the TOPIX daily log-returns. The fig-
ures in the second, third, and fourth row show the occupation

probabilities by the first, second, and third states, respectively.
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shows the result with
the maturity of 30 days
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