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Several bases of a game space and an
application to the Shapley value

Koji Yokote, Yukihiko Funaki
December 22, 2014

Abstract

We introduce several bases of the set of TU games. Given a coali-
tion T, Yokote et al. (2013) introduced the commander game in which
a coalition including 1 player in T" obtains payoff. On the other hand,
Shapley (1953) introduced the unanimity game in which a coalition
including all players in T" obtains payoff. We consider the intermedi-
ate between the two games. We introduce a game in which a coalition
including k players in T' obtains payoff, where 1 < k < |T'|. We show
that, if there is a specific relationship between the size of coalition T’
and k, we can construct a new basis. By using the new basis, we give
sufficient conditions under which the Shapley value coincides with the
prenucleolus.

JEL classification: C71
Keywords: basis; Shapley value; prenucleolus; coincidence condition

1 Introduction

This paper is a complement study to Yokote et al. (2013). Yokote et al.
(2013) introduced a new basis that has two desirable properties. First, when
we express a game by a linear combination of the basis, the coefficients related
to singletons coincide with the Shapley value. Second, the basis induces the
null space of the Shapley value. The basis consists of the commander game
defined as follows: the commander game defined for 7" assigns 1 to a coalition
including 1 player in 7. On the other hand, the well-known unanimity game
(Shapley (1953)) is defined as follows: the unanimity game defined for T
assigns 1 to a coalition including all players in T". The above games represent
two extreme cases: a coalition includes only 1 player, or all players. In this



paper, we consider the intermediate between the two cases and introduce
new bases.

We introduce the following game: the game defined for coalition 7" assigns
1 to a coalition including k players in 7', where 1 < k < |T'|. We show that,
if there is a specific relationship between the size of coalition T" and k, then
we can construct a basis. This result includes the bases of the commander
games and the unanimity games as special cases.

We focus on the basis that consists of the games with the following prop-
erty: the game defined for coalition 7" with even number of players assigns
1 to a coalition including half players in T". By using this basis, we give suf-
ficient conditions under which the Shapley value coincides with the prenu-
cleolus. We show that the games defined for coalitions with even number
of players span the set of all games satisfying PS property, introduced by
Kar et al. (2009). As they proved, under PS property, the Shapley value
and the prenucleolus coincide. We also give new sufficient condition of the
coincidence. The results enable us to construct a linear subspace where the
coincidence holds. For other approaches to the subspace, see Chang and
Tseng (2011).

This paper is organized as follows. In Section 2, we introduce notations
and definitions. In Section 3, we prove that the set of new simple games
constitutes the basis. In Section 4, we give sufficient conditions under which
the Shapley value coincides with the prenucleolus by using the new basis.

2 Preliminary

A TU game is a pair of (N,v), where N is a finite set of n players and v is
a function from 2V to R and satisfies v()) = 0. The value v(S), S € 2V,
represents the attainable payoff for players in S when they cooperate. In the
remaining part, we fix player set N. So, for simplicity, we write v instead
of (N,v). Let I' denote the set of all games with player set N. For any two
games v,w € I' and a € R, we define the sum and the scalar multiplication
as follows: (v + w)(S) = v(S) +w(S) for all S € 2, and (av)(S) = av(9S)
for all S € 2V. Then, we can identify the set I' as 2" — 1 dimensional vector
space. For a set of games {v"}7 . m e N, vF e TN forall k=1,--- ,m, we
define the set spanned by the games as follows:

Sp({v"}it,}) = {Zakvk o eRforallk=1,--- 7m}_
k=1

We consider a desirable rule that distributes the total attainable payoff
v(N). Such a rule is described as a solution function. A solution function v
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assigns an n-dimensional payoff vector to each game v € I'. In the remaining
part, we focus on the following two solution functions: the Shapley value
and the prenucleolus. For a player ¢« € N, a game v € I' and a coalition
S C N,i¢S, we define the marginal contribution of player i to coalition S
as follows:

Ap(S) =v(SU{i}) —v(9).

The Shapley value, introduced by Shapley (1953), is defined as follows: for
any v € I'V,

$i(v) = Y 5] n'f' L' (v(S) — v(S\{4})) for all i € N.
SCN:igS

Forany v € I',) S C N, S # (), and x € R", we define the excess of coalition S
with respect to # in v as follows: e(S,x,v) = v(S) — > ,.q ;- For any = and
y € R", y >, * means that y is greater than x in the lexicographic ordering
of R". Let 0(z) = (6,(x),04(),...,09n 1(x)) € R*~! denote the sequence
of excess of S C N, S # (), with respect to x, where 6,(x) > 0,41(x) for all
t,1 <t < 2" —2. The prenucleolus v, introduced by Schmeidler (1969),is
defined as follows: for any v € I'V,

v(v) ={x € I(v) : 0(y) >, 0(x) for all y € I(v)},
where
I(v) = {3: ER":Y = u(N) foralli € N}.
iEN

For a game v € I" and 3 € R", we define v+ by (v+5)(S) = v(S)+>_,cq bi
for all S € N, S # (). We say that a game v is strategically equivalent to w if
there exists a vector 3 € R" such that w = v+ 3. For a game v € I'V, player
i € N is called a null player if v(SU{i}) —v(S)=0forall SC N,i ¢ S.
For a game v € I" and a permutation 7 of N, we define v by wv(S) = v(nS)
for all S € N, S # (). We give axioms satisfied by a solution function ).

Weak Strategic Invariance For any v € 'V and 8 € R", we have (v +
B)=v(v)+5.

Efficiency For any v € TV, 3.\ ¢:(v) = v(N).

Null Player Property Let v € I'V. If i € N is a null player, then v;(v) =
0.

Symmetry Let v € I' be a game and 7 be a permutation of N such that
v = 7v. Then, ¥ (v) = mY(v).

Both the Shapley value and the prenucleolus satisfy all axioms above.
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3 Extension of basis

In Yokote et al. (2013), we introduced the commander game ur for each
coalition T' € 2V\(). The game @y is defined as follows: ur(S) = 1if |SNT| =
1 and 0 otherwise. On the other hand, the well-known unanimity game ur,
introduced by Shapley (1953), is defined as follows: ur(S) = 1if |[SNT| = |T|
and 0 otherwise. The two games capture two extreme cases. In the game
ur, only one player in T" yields payoff, while in the game ur, cooperation of
all players in T yields payoff. We consider the intermediate between the two
extreme cases.

Let TC N, k€N, 1<k<|T|. We define 4. by

i 1 if|SAT| =k
u§<s>:{ -

0 otherwise.

Note that u}. = 7 and a'TT‘ = up.

Shapley (1953) and Yokote et al. (2013) respectively proved that the set
{ur}reonyp and {Ur}reonyy are bases of I'. In this section, we show that we
can also construct a basis by using the game @%. In order to do that, we
need a specific relationship between the size of coalition 7" and the number
of intersection k. Let us introduce a function that is used to describe the
relationship. Consider a function [ : {1,--- ,n} — {1,--- ,n} satisfying the

following conditions:

Cl: I(1) =1.

C2: l(t)=1I(t—1)orl(t—1)+1orl(t—1)—1forallt=2,--- n.
We have the following result:

Theorem 1 Letl be a function which satisfies C'1 and C2. Then, the set of
games {ag'Tl)}@?ngN is a basis of I'.

Theorem 1 generalizes the result by Shapley (1953) and Yokote et al. (2013)
in that both sets {ur }7eong and {tr}reanp can be expressed by {ﬂff(lTl) Yorren
with a function [ satisfying C1 and C2. Before giving a precise proof, we ex-
plain the outline. The proof highly relies on the following lemma saying that

the game 4. can be expressed by the addition of games with the superscript

k—1:
Lemma 1 Let TC N, |T| > 2, k€N, 2<k <|T|. Then, we have

_ 1 _(k—1 _(k—1
= 7 <Zi€T U(T\{z‘}) — (Tl =k + 1)U(T )> :



For the proof of this lemma, see Appendix. The proof of Theorem 1 proceeds
by induction. First, it is already proved that the set {@} }reong is a basis.
Given this inductive base, we increase the sum of the number of superscripts.
The inductive step is completed by using Lemma 1.

Proof of Theorem 1. We introduce three notations with respect to the func-
tion [.

K(l) =) k),
k=1

M(l) = max{l(k) : k=1,--- ,n},
Q) ={k: l(k) = M(1)}.
If K(I) = n, then I(k) = 1 for all k = 1,--- ,n, the proof is completed by

the result of Yokote (2013). We establish the inductive step. Suppose that

the result holds for all [ such that [ satisfies C1, C2, and n < K(I) < p. We

prove the result for K(I) =p+ 1, where n < p < % _1

Assume, by way of contradiction, that the set of games H?'Tl), K(l) =

p+ 1, is not a basis. Then, there exists (Ar)gpzrcny # 0 such that
> ™ =o. (1)
TCN:T#D

Let ¢ > 2 denote the natural number such that i(¢) = M(l) and ¢ < k for
all k& € Q(1). Then, the following equation holds:

llg—1)=1lqg)—1>1
From equation (1), we have
Z /\Tﬂfl(«lTl) + Z Asﬁgq) = 0.
TCN:TA|T| £ SCN:[S|=q
By applying Lemma 1, we have

S ™

TCN:T#0,|T|#q

>\S _(l(q)—1 _(l(gq)—1
b s (St -t s 0 ) =0 (@)
SCN:|S|=¢q

We define I’ by

T LGOS
"l -1 itT=g



We show that {" satisfies C1 and C2. Since ¢ > 2, I'(1) = I(1) = 1, which
proves C1. Since I(q) = M(l), we have

l(g+1)=1(q) ori(q) — 1.

Ifl(g+1)=1(q), then '(¢+1) =l(¢g+1)=U(q)+ 1. Ifl(g+1) =1(q) — 1,
then I'(¢+ 1) = (¢ + 1) = I'/(¢). Namely, I'(¢+1) =1(q) +1 or I'(g). In
addition, I'(q) = M(l) —1=1(¢ — 1) =1'(¢ — 1), which proves C2.

By using the function I, equation (2) can be written as follows:

S ™

TCN:T#0,|T|#q

As _1(1S\{i v
Y i (Sel i - et ) =0 @)
SCN:S0,|S|=q

Since K (I') < p, equation (3) contradicts the induction hypothesis. O

As Yokote et al. (2013) proved, the set {@} }grrcny has two desirable prop-
erties. First, when we express a game v by a linear combination of the basis,
the coefficients related to singletons coincide with the Shapley value. Second,
the set of games defined for coalitions with no less than 2-players spans the
null space of the Shapley value. In order that the new basis {ﬂ¥|T|)}T€2N\ N
has the same property, we need additional conditions on the function /. The
important fact here is that, in order to induce the null space of the Shapley
value, the worth of the grand coalition in the game ﬂf}‘T), TCN,|T|>2
must be equal to 0. In other words, we must have [(|T|) < |T| for T C N,
|| > 2. So, we consider a function [ : {1,--- ,n} — {1,---,n} which
satisfies the following conditions:

Cr: I1(1)=1(2) =1,
C2: lt)=It—1orl(t—1)+1lorl(t—1)—1forallt=3,--- n.
Theorem 2 Let | be a function which satisfies C'1' and C2'. Then,

T
T

1: The set of games {u )}@;ggv is a basis of .

2: When we express a game v € I' by a linear combination of this basis,
the coefficient of ﬂ}i} is equal to ¢;(v) for alli € N.

3: The set {E%‘Tl) :T'C N, |T| > 2} spans the null space of ¢.



Proof. The set is a basis from Theorem 1. Let 7" C N, |T| > 2, and
j € N\T. Then, for any S C N\{j}, we have |SNT|=|(SU{j})NT|. It
follows that j is a null player, and we obtain ¢, (@?T‘ ) = 0. From symmetry
and the fact that TL?T')(N) = 0, we have qsi(a?‘T')) =0forallie N. As a

result, 3 holds. It remains to prove 2. Let v € I' be given. Let (ar)recavg

denote the coefficients in the linear combination representing v by ang\).

Then, for any i € N,

¢i(v) = ¢z‘( aTﬂngl))

Te2N\0

= Y argu(al!™)

Te2N\0
=D _apoiag)
jEN
- a{l}?
where the fourth equality holds from ¢i(ﬂb}) = 1 and gbi(ﬁ% ;1) = 0 for all
je N\{i}! O

4 Basis and coincidence condition

The purpose of this section is to give sufficient conditions under which the
Shapley value coincides with the prenucleolus by using the basis introduced
in Section 3.

Let us consider the following function f : 2¥ — N:

1 if 7] = 1,
f(T) = |T|TH if |T| is an odd number, |T'| > 2,
1A}

if |T| is an even number, |T'| > 2.

For a coalition 7" with even number of players, the game ﬂi];(T) captures the

situation in which a coalition including half players in 7" obtains payoff. From
Theorem 1, the set of games {ﬂ:];(T)}@;ﬁgg ~ is a basis. Thus, any game v € I
can be represented by a linear combination of the basis. Let ¢(7T,v) denote
the coefficients in the linear combination, that is,

v = Z q(T’ ’U)rl_//gw(T)

Te2N\0

2

!These equations immediately follow from null player property and efficiency.
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For any v € I, we define v°" by

v = — Zq({i},v)ﬂ‘l{i}.

1EN

Note that, from Theorem 2,

o(v5") = o(v) = Y _a({i}, v)(ugy)

ieN
= 0(v) = Y di(v)d(a,) = 0.
ieN
The game v°" is called the excess game with respect to the Shapley value.

For any v € I', we define
Q(v) ={T € 2"\ : ¢(T,v) # 0,|T| > 2}.
We have the following result:

Theorem 3 Let v € I'. Then, ¢(v) = v(v) if at least one of the following
conditions holds:

Condition 1: 7,7’ € 2M\0 and |T| = |T"| > 2 imply q(T,v) = q(T",v).
Condition 2: T' € Q(v) implies |T'| is an even number.
Condition 3: T,7" € Q(v) and T # T" imply |T| = |T"| and TNT" = 0.

We divide the remaining part into three subsections and prove each condition
of Theorem 3. It will be proved that Condition 1 is equivalent to saying that
that game v is strategically equivalent to a symmetric game, and Condition
2 is equivalent to PS property introduced by Kar et al. (2009). Condition 3
is a new condition in this paper.

4.1 Proof of Condition 1

We prove that v is strategically equivalent to a symmetric game if and only
if v satisfies Condition 1. We say that a game v € I' is symmetric if

|S| = |T'| implies v(S) = v(T") for all S,T C N.

From Symmetry, the coincidence between ¢ and v immediately follows in
symmetric games.



Proposition 1 Letv € I'. Then, v is strategically equivalent to a symmetric
game if and only if v satisfies Condition 1.

Proof. Let k € N, 1 <k <n. We define the game @* by

= Y @

TCN:|T|=k

Let k = f(T), where T is a coalition such that |T'| = k. In this game, we

have
S| IN\STY . -
a*(S) = <;;>'<k_/5) i8] =k,

0 if1<1(5] <k

It follows that @* is a symmetric game. The set of symmetric games is a
linear subspace of R?"~!, and the dimension is equal to n. Since the set of
games {u*}7_, is linearly independent, the set spans the space. As a result,
we obtain the following statement:

A game v is symmetric if and only if T, 7" € 2N\@) and |T'| = |T"| imply
q(T,v) = q(T",v).

Now, the change in the coefficients q({i}, v), i € N, corresponds strategically
equivalent transformation, so the proof is completed. |

4.2 Proof of Condition 2

We prove that Condition 2 is equivalent to PS property introduced by Kar et
al. (2009). Let us review the definition. A game v € I' satisfies PS property
if the following condition is satisfied: for any ¢ € IV, there exists ¢; € R such
that

A(S) + Aw(N\(SU{i})) = ¢ for all S C N\{i}.

The condition says that, for any player ¢, the sum of marginal contributions
to a coalition and its complement is always constant.
We have the following result:

Proposition 2 Let v € I'. Then, v satisfies PS property if and only if v
satisfies Condition 2.

Before giving a proof, we briefly explain why this proposition holds. The
statement of Condition 2 raises the following question: why the result holds
only for even number. In order to answer this question, let us take a coalition



T € 2N\() where |T| is an even number, and go back to the definition of ﬂz}(T) :

The game assigns 1 to a coalition S if S includes half players of T'. Note that,
for any coalition S € 2V, we have the following: |S N T| = @ if and only if

(N\S)NT| = L Tt follows that
a1 (9) = w1 (N\S) for all S € 2V. (4)

It is worth mentioning that if |7’| is an odd number, then the above equality
does not necessarily hold. On the other hand, PS property can be character-
ized as follows:

Lemma 2 Let v € I'. Then, v satisfies PS property if and only if v3"(T) =
vSM(N\T) for all T € 2V.

For the proof, see Appendix.
Let us give an additional notation. For a coalition T' € 2V\f), we define
' b
er.N\T € y

1 if S=Tor N\T,

0 otherwise.

|

We can easily check that the following equation holds: for any 7' € 2V\(),
¢(ermr) = 0. (5)
We now give a precise proof.

Proof of Proposition 2. Let I'"® denote the set of all games which satisfy
PS property. Then, from Lemma 2,

P8 ={v el :v""T) =v""(N\T) for all T € 2"}.
We define the set of games I'? by
e = Sp({ﬂ{p(T) : T €2V |T| > 2,|T| is an even number} U {ugy 1€ N}).

Our final goal is to prove that 'S = I'?.
Take an arbitrary player £ € N and fix. We define

I* = Sp({ermr : T € 2M\0,k ¢ T} U {uy, : i € N}).

Claim 1 The set of games {ex 1 : T € 2Y\0,k ¢ T} U {ﬂ}i} ci € N} ois
linearly independent.

10



Proof. Take two vectors (8r)rean\prer and (ayiy)ien such that

Z Brer.nmr + Z Oé{i}ﬂ}ti} =0. (6)

Te2N\Q,k¢T iEN

From linearity of the Shapley value,

Z Bro(ernr) Z@{z}¢ Uigy)

Te2N\0,k¢T iEN
0=—a. (7)

By substituting equation (7) to equation (6), we have

Z 5T€T,N\T =0,
Te2N\D,k¢T
which implies that (87)rcongrer = 0. O]

Claim 2 I'"* =T,

Proof. Proof of I'"S C T'*: Take an arbitrary game v € I'P®. Then,
v9"(T) = v*"(N\T), which implies that v*" € Sp({ernmr : T € 2¥\0, k ¢

T}). Since
= q({i},v)ag, + o
iEN
we obtain v € I'*.
Proof of I'* C I'P®: Take an arbitrary game v € I'*. Then, from Claim 1,
there exists a unique vector (87)reon\grer, (fiy)ien such that

v = Z Brer,n\r + Z a{i}ﬂ}i}. (8)

Te2N\D,k¢T iEN

From Linearity of the Shapley value and equation (5), we have

¢< Z 5T€T,N\T> = Z Bro(ernr) = 0.

Te2N\Q,k¢T Te2N\Q,k¢T

From Theorem 2, the set of games {ﬂé(T) : T € 2V |T| > 2} spans the null
space. So, there exists a unique vector (yr)reav rj>2 such that

Z 5T€T,N\T = Z VTU;];( )~ (9)

Te2N\Q,k¢T Te2N:|T|>2

11



By substituting equation (9) to equation (8), we obtain

V= Z 'yTﬂf}(T) + Z a{i}ab}.

Te2N:|T|>2 ieN
Since the set of games {ﬂ%;(T) : T € 2V\(} is a basis of T, we must have
agy = q({i},v). (10)

By substituting equation (10) to equation (8), we have

v="3" Brerar+ Y al{i},v)al,.

Te2N\0,i¢T ieN

Sh
v = E BTGT,N\T-

Te2N\D,i¢T

It follows that vS"(T) = vS"(N\T) for all T € 2V. From Lemma 2, v € I'FS.
U

From Claim 2, our final goal is to prove that I'* = I'“. Clearly, I'? C I'*
holds. In order to prove that the converse set-inclusion holds, we prove that
dimI'* = dim ',
dim I = {T € 2"\0: k ¢ T} +n

= {T € 2V\"\@}| + n

= |{T € 2¥""\() : |T| is an even number}|

+ {T € 2M\"\Q) : |T| is an odd number}| + n

= |{T € 2"\() : |T| is an even number, k ¢ T'}|

+|{T € 2"\0 : |T U k| is an even number, k ¢ T} +n

= dimT9.

4.3 Proof of Condition 3

In order to prove Condition 3, we give some preliminaries. For a subset
T C2NM\0, we define 1 by

1 ifSeT,
XT(S>:{ 1

0 otherwise.

12



We define Shapley collection introduced by Chang and Tseng (2009). We
say that a subset 7 C 2V\() is a Shapley collection if the following condition
is satisfied:

o(x7) = 0.

For a coalition T' € 2V\(@, we define

C(T) = {Se2Mp:|Tns|= @} if |T'| is an even number,
| {se2M\p:|TNnS| = —‘TQH} if |T'| is an odd number.

The following lemma holds:

Lemma 3 Let 11,15, ---,T} € 2N\® be coalitions such that T;NT,, = 0 and
| = |Tp| for all l,m = 1,---  k, I # m. Then, NF_,C(T}) is a Shapley
collection.

Proof. Let T = NF_,C(T}) and t = f(T;), | = 1,--- k. Then, y7 is the
following game:

(S) = 1 if|SNnT=tforalll=1,--- k.
XL 0 otherwise.
Take any two coalitions T; and T}, i # j. Let i/ € T; and j/ € Tj. Since

T;NT; = 0, we have ¢’ # j'. Consider a permutation = on N which satisfies
the following conditions:

(i) =5\ 7(T;) = T;,n(T;) = T
m(T) =T foralll =1, - k1#ih# ]

Note that the permutation 7 is well-defined since |T;| = |T;|. Let S € 2%.
The following equations are equivalent:

x7(S) =1,
|ISNT|=tforalll=1,--- k,
m(S)Na(T})| =tforalll =1,k
IT(S)NT|=tforalll=1,--- k,

x7(7(9)) = 1.
It follows that for any S € 2V, we have x7(S) = x7(7S). From Symmetry,

i (N, x1) = ¢4 (N, x7). Since i' and j’ are arbitrary players, for any i, j’' €
U¥ T, we have ¢y (N, x7) = ¢;/(N, x7). Efficiency completes the proof. O

13



We define three families of subsets of 2V\N.

P={T C2M\N : T =C(T) for some T € Q(v)},
R={T C2M\N: T =n._,T;, where T, € P foralli =1,--- 1,1 <1<|Q(v)|},
S ={T C2"\N : T is a Shapley collection}.

In the remaining part, we introduce some notations in measure theory. Let
X be a set and X be a family of subsets of X. We say that X is a Dynkin
class if the following three conditions are satisfied:

1 XedX.

2 Let 7,7’ € X be sets such that 7 C 7’. Then T'\T € X.

3 Let {7x}32, be a family of disjoint sets in X'. Then, U2, 7} € X.
Lemma 4 S is a Dynkin class.

Proof. Step 1: From symmetry,
P (xon \N) =0.

It follows that 2V\N € S.
Step 2: Suppose that 7,7' € S, T C T'. From linearity,

d(xr\7) = o(x77) — O(XT) = 0.

It follows that 7'\7 € S.
Step 3: Let {7}, be a family of disjoint sets in S. We define T = U2, 7.
From linearity,

d(x7) =Y _d(x7) =0.

k=1

[e.e]

It follows that 7 € S. O

Let o(P) denote the o-algebra generated from P. Let D(R) denote the
Dynkin class generated from R. With respect to Dynkin class, the following
result is known:

Remark 1 (Dynkin’s 7-\ theorem) Let X be a set and let X be a family
of subsets of X. Suppose that T,T' € X implies T NT' € X. Then, we have
D(X) =o(X).

14



This theorem implies the following lemma:
Lemma 5 ¢(P) C S.

Proof. Note that from the definition of R, for any 7,7’ € R, we have
TNT € R. In addition, from Lemma 3, R C S. From Dynkin’s 7\
theorem,

where the last set-inclusion holds from Lemma 4. O

We are ready to show that, under Condition 3, the Shapley value and the
prenucleolus coincide. In the proof, we use the following result proved by
Kohlberg (1971):

Remark 2 (Kohlberg (1971)) Letv € I' and x € R". Then, x = v(v) if
and only if for any a € R, {S C N, S # 0 :e(S,z,v) > a} # 0 implies that
the family of coalitions is balanced.

Proposition 3 If v € I' satisfies Condition 3, then ¢(v) = v(v).

Proof. Let S € 2N\ be fixed. We define A(S) by

A(S) ={R e 2"\0: R € C(T;) if and only if S € C(T;) for all s = 1,--- , k}.

Then, from Lemma 5, A(S) is a Shapley collection, especially, balanced. In
addition,
v3"(S) = v*"(R) for all R € A(S).
Then, for any k € R, {T € 2V : v5"(T) > k} # 0 implies
{T e 2N ’USh(T) >k} = UT62N\®:vSh(T)2k'A(T)'

Since the union of balanced coalitions is again balanced, together with Re-
mark 2, we have

v(v) =0 = g(v).
From Weak Strategic Invariance,

o(v) = p(v™") + o(v) = v(v™") + B(v) = v(v),

which completes the proof. 0
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Suppose that a game v satisfies Condition 3. Suppose also for any 7' € Q(v),
|T| is an odd number. Then, from Propositions 1 and 2, the game v is not
symmetric, and does not satisfy PS property. However, from Proposition 3,
¢(v) = v(v) holds. In this sense, new sufficient coincidence condition of this
paper is described by Condition 3.
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Appendix

Proof of Lemma 1. Let T C N, |T|>2,keN,2<Fk<|T|. We prove that

the following equation holds:
k 1

_ k (k—
i = - (Sier ufi) — (71— b+ V).

Let S C N, S # (). We calculate the worth of S of both sides.

Case1 0<|TNS|<k-2.

From the definition of @4, we have u%(S) =

the game ugic\{l]?, 1eT.

Ifie S, (T\{{})NS| <k 3.
Ifi¢ S, |(T\{i}) N S| <k —2.

It follows that ugg\{l]?(S) =0forallieT.

Case 2 k+1<|T'nS| < |T).
From the definition of %, we have u4.(S) =
the game ﬂgﬁ\f{g, 1e’T.
IftiesS, [(T\{i})NS|>E.
Ifig S, [(T\{i}))nS|>k+1.
It follows that ﬂgg\{l]?(S) =0forallieT.

Case 3 [TNS|=k— 1.

_(k—1)

asr

(S) = 0. Consider

(S) = 0. Consider

From the definition of @, we have @4 (S) = 0. Let i € T

Ifies, (T\{[{})NS|=k—2.
Ifi¢ S, |(T\{i})NS| =k —1.

That is, if i € SNT, then u;\{l})(S) = 0. As a result,

Z“T\{z = _g\{l})

€T 1€T\S

:Z_(kl

1€T\S
= |7
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where the second equality holds from the fact that (T\{i})NS =TnNS
for i € T\S. Together with —(|T| — k + Dasr () = —(|T| — k + 1),
the right-hand side is equal to 0, which is equal to the left-hand side.

Case 4 |[TNS|=k.
From the definition of %, we have " (S)=0. Leti € T.
IfieS, [(T\{i}))nS|=Fk—1,
Ifig¢ S, [(T\{i})NS|=k.

It follows that »_ . .. ﬂ;ﬂg\f{g (S) = k. By multiplying 1, the right-hand
side is equal to 1, which is equal to the left-hand side. O

Proof of Lemma 2. 1f v satisfies PS property, as Kar et al. (2009) proved,

we have o c
o) =vlv) = (5., F).

We know that v*"(N) = v*"() = 0. We proceed by induction. Suppose
that v*"(R) = v*"(R) for all R C N, |R| = r, and we prove the result for
TCN,|T|=r+1, where r > 0.
Let ¢« € T'. Then,
o(T) — v(T\{i}) + v((N\T) U {i}) — v(N\T) = ¢,
C; C;

VHI) — oIV + o (D) U ) o (VD) = = & = S =

From the induction hypothesis, v5"*(T\{i}) = v5"((N\T) U {i}). It follows
that

(T = v3"(N\T).

Conversely, suppose that v°"(T) = v>"(N\T) for all T € 2V. Then, for any
T ¢ 2V,

vI(T) = v (T\{i}) + o™ (N\T) U {i}) — v™"(N\T) =0,
v(T) = v(T\{i}) + v((N\T) U{i}) — v(N\T) = 2¢;(v),

which means that PS property holds. (]
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